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Abstract
Computer vision is an increasingly growing discipline with the ambitious purpose of enabling machines to mimic the visual skills humans and animals are provided by the nature, allowing them to move effortless inside complex, dynamic environments. Designing
automatic recognition and sensing systems involves a number of very difficult tasks and
requires a large variety of interesting and even sophisticated mathematical tools. In most
cases the knowledge the animal or automatic agent has of the external world is at least
uncompleted or even missing at all. The need of a mathematical description of uncertain
models and measurements naturally arises.
The theory of evidence is perhaps one of the most successful approaches to uncertainty
theory and surely the most straightforward and intuitive attempt to produce a generalized
probability theory. Coming out from a deep criticism of the classical Bayesian theory of
inference, it stimulated a wide discussion about the epistemic nature of beliefs and chances.
During the last decade, a renewed interest in generalized probabilities or belief functions
has seen the born of many applications of this theory, mainly in the field of sensor fusion.
In this thesis we are going to show how the mutual interaction of vision and evidential
reasoning can produce a number of new interesting results on both sides. We will describe some theoretical advances about the geometrical and algebraic properties of belief
functions, and introduce in the theory a well-known concept of probability theory such as
that of total function. The introduction of tools widely used in computer and system engineering is definitively necessary to achieve the goal of a valid alternative to the classical
Bayesian formalism.
On the other side we will explain how these questions arise from classical computer vision
problems, namely articulated object tracking, data association and feature integration. All
these problems will find a natural solution in the framework of the evidential reasoning and
stimulate the comparison between evidential and probabilistic approaches.
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Sommario
La visione computazionale è una disciplina in crescente sviluppo, avente l’ambizioso compito di dotare le macchine di quelle capacità visive di cui uomini e animali sono dotati
dalla natura, e che permettono loro di interagire senza difficoltà in ambienti mutevoli e
complessi. La progettazione di sistemi di visione e riconoscimento automatico comporta
una quantità di difficili problemi, che richiedono per essere risolti una grande varietà di
interessanti e talvolta sofisticati strumenti matematici. Nella maggior parte dei casi la
conoscenza che l’animale o l’agente artificiale ha del mondo esterno è quantomeno incompleta, o addirittura del tutto mancante. Emerge cosı̀ naturalmente il bisogno di una
descrizione matematica di modelli e misure affetti da incertezza.
La teoria dell’evidenza (dall’inglese theory of evidence) è forse uno dei più fortunati
approcci nel campo della descrizione dell’incertezza, e sicuramente il tentativo più diretto e intuitivo di produrre una teoria delle probabilità generalizzate. Nata da profonde
critiche alla teoria classica di inferenza Bayesiana, ha stimolato un’ampia discussione
sulla natura filosofica delle probabilità, nella loro doppia interpretazione in termini di descrizione dell’evidenza in favore in una proposizione ovvero di frequenze relative di un
evento associato ad un esperimento aleatorio. Durante il decennio scorso un rinnovato
interesse nelle probabilità generalizzate o belief function ha dato luogo a numerose applicazioni in campo ingegneristico, principalmente nell’ambito della cosiddetta sensor fusion.
Lo scopo di questa tesi è quello di mostrare come l’interazione tra la visione e la teoria
dell’evidenza possa produrre numerosi interessanti risultati in entrambi i campi. Da un
lato, essa descrive alcuni risultati teorici riguardanti le proprietà algebriche e geometriche
delle belief function e introduce in questa disciplina l’analogo di un concetto ben noto in
teoria della probabilità, quello di probabilità totale. Uno strumento, questo, largamente
usato in ingegneria informatica e dei sistemi, e la cui introduzione, insieme agli analoghi
dell’idea di processo aleatorio e di filtraggio, è necessaria per fare di questa teoria una valida alternativa al formalismo classico Bayesiano.
Dall’altro mostreremo come queste questioni emergano da classici problemi di visione,
quali l’inseguimento di un corpo articolato, la corrispondenza tra punti in immagini consecutive e l’integrazione di misure estratte dall’immagine (features). Tutti questi problemi
trovano una soluzione naturale nell’ambito della teoria dell’evidenza, stimolando nel contempo un confronto con l’approccio probabilistico.
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”La vera logica di questo mondo è il calcolo delle probabilità ... Questa branca della
matematica, che di solito viene ritenuta favorire il gioco d’azzardo, quello dei dadi e delle
scommesse, e quindi estremamente immorale, è la sola ”matematica per uomini pratici”,
quali noi dovremmo essere. Ebbene, come la conoscenza umana deriva dai sensi in modo
tale che l’esistenza delle cose esterne è inferita solo dall’armoniosa (ma non uguale) testimonianza dei diversi sensi, la comprensione, che agisce per mezzo delle leggi del corretto
ragionamento, assegnerà a diverse verità (o fatti, o testimonianze, o comunque li si voglia
chiamare) diversi gradi di probabilità.”
James Clerk Maxwell
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CHAPTER 1

Introduction
In the river of scientific research several streams interlaces often originating a rich
production of new results. The interaction between mathematics and physics, for example,
marks out the foundation of modern science since the publication of Newton’s ”Philosophia
Naturalis Principia Mathematica” . The dramatic development of human knowledge during the last century has increased, on the one hand, the possibility of such fruitful relations:
on the other this same growth has produced an apparently unavoidable trend to specialization.
The main goal of this thesis is to expose a complex example of fruitful contact between
very different disciplines.
Computer vision is an increasingly growing discipline with the ambitious purpose of enable
machines to reproduce in same manner the visual skills humans and animals are provided
by the Nature, allowing them to interact effortless with complex, dynamic environments.
Designing automatic recognition and sensing systems involves a number of very difficult
tasks requiring a wide variety of interesting and even sophisticated mathematical tools. In
most cases the knowledge the animal or automatic agent has of the external world is at least
uncompleted or even missing at all. The need of a mathematical description of uncertain
models and measurements naturally arises.
In particular that is true when, at the beginning of its operative life, an agent must build
its own model of the external world from the sheer data it receives from its sensors. The
data is often inherently imprecise, and has to be combined in order to increase the agent’s
knowledge.
In the field of uncertainty description, the theory of evidence is perhaps one of the most
successful approaches and surely the most straightforward and intuitive attempt to produce
a generalized probability theory. Coming out in the late Sixties from a deep criticism of the
classical Bayesian theory of inference, it stimulated a wide discussion about the epistemic
nature of beliefs (i.e. one’s degrees of belief in a certain proposition or claim) and chances
(i.e. the limit values of relative frequencies in random experiments).
The basis notion is that of belief function, as mathematical description of the total belief
on propositions belonging to a set of possible answers, or frame of discernment, induced
by the evidence available at the moment. Shafer has tried to formalize the concept of
evidence supporting a proposition with quantitative strength, even if with some troubles.
Belief functions carried by different bodies of evidence can be combined using the so
called Dempster’s rule: the combination rule is the attractive tool that permits the process
of integrating information in order to make decisions or estimations.
The theory has born as an application of standard probability theory (see Dempster’s papers
on upper and lower probabilities, [97] and [99]): Dempster’s rule itself is a consequence
of the assumption of independence of some underlying probability. Nevertheless it has
been reorganized on an axiomatic basis by Glenn Shafer with its 1976’s essay ([410]).


Isaac Newton, 1687
11
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This two interpretations, belief functions as generalized probabilities, and belief functions
as independent description of partial beliefs, together with several others still continue to
convive at the present day.
Why a theory of evidence? In my own experience the most popular objection against
the use of uncertainty management techniques alternative to standard probabilistic methods is: why spending energy and efforts on learning a new more complicated theory only
to satisfy philosophical curiosity? The implicit remark here is that probability is sufficient
to solve any practical question arising in real-life problems. In most cases people agree
when you point out the greater naturalness of evidential solutions to several questions but
seem to regard it a matter of esthetic taste when well-established probabilistic techniques
exist.
Belief functions are the most straightforward and natural way of extending classical probabilities, therefore they have the biggest chance of being accepted by the largest spectrum
of scientist and researchers.
In this thesis we will neglect almost completely the interpretation of belief functions in
terms of evidence, preferring their nature of generalized probabilities. In any case, we will
not bother the reader with vacuous debates about the existence of the correct approach to
uncertainty theory: our work on the theory of belief functions is strictly technical, and
aimed to solve beautiful mathematical problems arising from equally interesting computer
vision questions. It suffices to point out that several authors (see Chapter 3) have supported
the idea that a battery of tools has to be used according to the specific problem we have to
face, without prejudices.
Objectives. During the last decade, a renewed interest in the evidential reasoning,
and uncertainty description in general, has born mainly in the field of sensor fusion applications, since the idea of combination of evidence is intuitively appealing in this context.
A situation in which data coming from different cameras, or very different measurements
or features extracted by an image must be integrated in order to estimate, for example,
the structure of a scene, or to decide what kind of action is being executed in front of the
camera is very common in vision.
We will describe a set of theoretical advances about the geometrical and algebraic
properties of belief functions and introduce in the theory a concept well-known in probability theory such as that of total function. Our long-term goal is to introduce in the theory
tools analogous to filtering and random processes, widely used in computer and system
engineering and definitively necessary to achieve the goal of a valid alternative to the classical Bayesian formalism. The theory of evidence is relatively young, and still lacks a
number of tools, as we will point out. Its major limitation is of course that is bounded to
finite frames, even if a few attempts have been made to generalize it to continuous domains
(for instance the theory of random sets).
In this work we wish to make a first step in the direction of the completion of this mathematical framework, whose complexity on the other sides generates problems completely
new for someone with a standard probabilistic background.
On the other side we will explain how these theoretical questions arise from classical
computer vision problems, namely articulated object tracking, data association, feature
integration and action recognition. All these problems can find a natural solution in the
framework of the evidential reasoning and stimulate the comparison between evidential
and probabilistic approaches.
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Outline. The thesis is divided into three parts. In the first one we will introduce the
core of the evidential reasoning formalism (Chapter 2) along with the basis notions necessary to the comprehension of what follows, even if the limited space has prevented us
to adopt a more didactic approach, for example by placing a large number of examples to
highlight the most important notions.
As we mentioned above, many theories have been formulated in order to integrate or substitute the classical theory for different reasons, ranging from philosophical to strictly applicative ones. Some of these methods for the treatment of uncertainty are depicted in
Chapter 3, where we will attempt to give a comprehensive view of the matter, as it has
evolved during the last twenty years. A large sample of the recent theoretical advances together with flavors of the applications present in the literature is given, included a section
on computer vision tasks.
Part II is in a sense the core of the thesis. Starting from Shafer’s axiomatic formulation
of the theory of belief functions, and motivated by the problems exposed in Part III, we
will introduce some new theoretical advances about the geometric and algebraic structure
of belief functions themselves, and their domains.
In Chapter 4 the geometric properties of belief functions are investigated, by reconstructing
the shape of the space of all the belief functions defined over a given domain (belief space).
This will lead to a geometric description of the effect of conditioning and a geometric
interpretation of Dempster’s rule.
In perspective, this geometric approach seems to be useful to solve important problems, for
instance the question of reconstructing the canonical decomposition of a belief function
in term of its simple components (see Chapter 2). The problem of finding the “right”
probabilistic approximation of a b.f., necessary to extract pointwise estimates from a belief
functions, can also find a natural formulation in this environment.
Stimulated by the conflict problem, i.e. the fact that not every collection of belief function
(representing for example image features) is combinable, in Chapter 5 we will analyze the
algebraic structure of the families of compatible frames of discernment (the finite domains
of belief functions), proving their lattice properties. In the next Chapter we will deepen
the notion of independence of frames, as elements of a semimodular lattice, and propose a
solution to the conflict problem based on a pseudo-Gram-Schmidt algorithm.
In (Chapter 7) we will discuss an evidential solution to the model-based data association
problem, in which feature points measuring the positions of markers on a moving articulated body (for instance a human one) are detected at each time instant. Correspondences
 and   must be found in presence of occlusions and missbetween point in
ing data, mainly by means of a battery of Kalman filters taking care of each point. Belief
functions can be useful to integrate the logical information carried by a topological model
of the body with filter outcomes.
In this context the necessity of combining combining conditional belief functions under a
prior arises, leading to the evidential analogous of the total probability theorem. This is the
first step, in our opinion, to a theory of filtering in the context of generalized probabilities.
Unfortunately, only a partial solution to this total belief problem is given, together with
hints of the future directions of the investigation.
In Part III we will illustrate the computer vision applications that have stimulated the
search for new methods in the ToE.
Chapter 8 expose the use of the evidential fusion scheme to solve the problem of estimating
the pose and configuration of an articulated object with a number of degrees of freedom.
In this context the question of conflicting measurements arises, together with the need to

14

1. INTRODUCTION

compute the probabilistic approximation of a belief estimate in order to get a pointwise
estimate of the object parameters.
Chapter 9 introduce a long-term project on action recognition in an unsupervised context,
i.e. when no a-priori knowledge about the nature of the motion is available. A first result
on the compositional property of the chosen model is shown, and the evidential reasoning
is proposed for the final stage of the classification process.
Finally, a brief Appendix provides the indispensable basis for the algebraic analysis of
the collections of frames and the idea of independence as developed in Chapters 5 and 6.

Part 1

Evidential reasoning

CHAPTER 2

Shafer’s mathematical theory of evidence
The theory of evidence[410] has been introduced in the late Seventies by Glenn Shafer
as a way of representing epistemic knowledge, starting from a sequence of seminal works
([93], [99], [100]) of Arthur Dempster, Shafer’s advisor. In this formalism the best representation of chance is a belief function (b.f.) rather than a Bayesian mass distribution. They
assign probability values to sets of possibilities rather than single events: their appeal rests
on the fact they naturally encode evidence in favor to propositions. The theory embraces
the familiar idea of assigning numbers between 0 and 1 to indicate this degrees of support
but, instead of focusing on how this numbers are determined, it concerns the combination
of degrees of belief.
The formalism provides a simple method for combining the evidence carried by a
number of different sources (Dempster’s rule) with no need of any a-priori distributions.
In this sense, following Shafer, it can be seen as a theory of probable reasoning. A formal
definition of the different levels of detail in knowledge representation is introduced, when
the concept of family of compatible frames reflects the intuitive idea of different descriptions (features) of a same phenomenon.
The most popular theory of probable reasoning is perhaps the Bayesian theory, due
to the English clergyman Thomas Bayes (1702-1761), claiming that all degrees of beliefs
must obey the rule of chances (i.e. the proportion of the time one of the possible outcomes
of a random experiment tends to occur, see Definition 1). Furthermore, the fourth rule of
the Bayesian theory gives a precise way a Bayesian function must be updated when we
learn that a certain proposition is true:

       


it is called Bayes’ rule.
We will see that the Bayesian theory is contained in the theory of evidence as a special
case, since both Bayesian functions are belief functions, and Bayes’ rule is a special case
of Dempster’s rule of combination.
In the following we will neglect most of the emphasis Shafer puts on the notion of
weight of evidence, for we judged it unnecessary to the comprehension of what follows.
1. Belief functions
Let us first review the classical definition of probability measure, due to Kolmogorov.


   associated to a sample

 % $
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 )  then   ,+            (additivity).
# if  ; $ '( *

D EFINITION 1. A probability measure over a -field
 such that
space is a function
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Now, if we relax the third constraint allowing the function to have the value obtained
by additivity as a lower bound, and restrict ourselves to finite sets, we obtain what Shafer
called a belief function.
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D EFINITION 2. Suppose is a finite set, and  denote the set of all subsets of . A
 such that
belief function over is a function  
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The third axiom, called superadditivity, obviously reduces to additivity when we substitute
the inequality with an equality: that is why belief functions can be seen as generalizations
of the familiar notion of finite probability.
The domain should be interpreted as a set of possible answers to a given problem, exactly
one of which is the correct one. For each subset (proposition)  the quantity 
assumes the meaning of degree of belief that the truth lies in .
Of course there would be no sense in claiming that these axioms are the exact mathematical representation of degrees of belief: they can nevertheless be rigorously justified
(see Chapter 3).
Example: the Ming vase. A simple example (extracted from [410]) can be useful for
a first approach to these objects. We are looking to a vase that is represented as a product
of the Ming dynasty, and wondering if it is genuine. If we call  the possibility the vase
is original, and  the possibility it is counterfeit, then
   !""#



 



is the set of possibility, and





$  ! !"#

is the set of its subsets. A belief function  over will represent the degree of belief
    # , and the degree of belief the vase is a fake as
that the vase is genuine as 


$
 ""# (note we refer to the subsets  and " ). Axiom 3 of Definition 2 poses a
 $&%  . The value of  in , in a sense, represents
simple constraint over  and $ : 
evidence that cannot be committed to any precise answer.







1.1. Basic probability assignment. Following Shafer [410] we will call the finite set
of possibilities frame of discernment (FOD).
D EFINITION 3. A basic probability assignment (b.p.a.) over a FOD is a function
     " ! such that
' %$    
'    
(*)

  is called basic probability number
The quantity '
assigned to and measure the belief
)   . The elements of   associated
committed exactly to
to non-zero values of m are

'

called focal elements and their union core:
+-,  
(*)

.
*/ 0 1

(32563
4 7
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For a note about the intuitionistic origin of this denomination see Rosenthal, Quantales and their applications[383].
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Now suppose a b.p.a. is introduced over an arbitrary FOD.
D EFINITION 4. The belief function associated to the basic probability assignment m
is defined as:

  



) (

 

'

P ROPOSITION 1. Definitions (2) and (4) are equivalent descriptions of the notion of
belief function.

 

Now we can understand the intuitive meaning of belief functions: 
represents the total
belief committed to a set of possibilities . As the above example teaches, belief functions
readily lend themselves to the representation of ignorance, that is exactly the mass given to
the whole set of possibilities. The simplest belief function assigns all the basic probability
to the whole frame and is called vacuous belief function.
The Bayesian theory, instead, finds some trouble with the representation of ignorance, for
it cannot distinguish between lack of belief and disbelief: that is obviously due to the
   .
additivity constraint,
The only way to represent absence of evidence is giving an equal degree of belief to every
outcome in the frame: as we will see in Section 7.2 this produce incompatible results when
considering more refined descriptions of the same problem.
The basic probability assignment producing a given belief function can be uniquely

recovered by means of the Moebius inversion formula
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so that there is a 1-1 correspondence between the set functions '
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1.2. Degree of doubt and upper probabilities. Other expressions of the evidence
    and, more important,
producing a belief function  are the degree of doubt 
the upper probability

   
 
(2)
 

  



 

that expresses the plausibility of a proposition or, in other words, the amount of evidence
not against . Again,
convey the same information of  , and can be expressed as

   

( 6
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1.3. Bayesian theory as a limiting case. As we have anticipated above, in the theory
of evidence a probability function is simply a peculiar belief function which satisfies the
additivity rule for disjoint sets.
D EFINITION 5. A Bayesian belief function is a belief function  satisfying the additivity condition:



        

Obviously it meets the axioms of Definition 2 too, so that a Bayesian b.f. is a belief
function. It can be proved that



See [505] for an explanation in term of the theory of monotone functions over partly ordered sets.
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P ROPOSITION 2. A function  is Bayesian
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  &

  

2. Dempster’s rule of combination
Belief functions representing distinct bodies of evidence are combined together by means
of Dempster’s rule of combination, or orthogonal sum.



D EFINITION 6. The orthogonal sum 
$ of two belief functions is a function whose
focal elements are all the possible intersections between the combining focal elements and
whose b.p.a. is given by
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Figure 1 graphically expresses the algorithm beneath Dempster’s rule.

    
   

 



F IGURE 1. Dempster’s rule
on the y,x axes are de of combination:

picted the focal elements
and
of  $ respectively.



Called '
and '  the b.p.a.s associated to  and $ respectively, we can take a unit
square representing out total probability mass and commit horizontal and vertical strips  to
the focal
elements
  
and
  
, their area equal
to their
own mass '
,



'
'
'
. The intersection of two strips has measure
and is committed to

. More than one rectangle can be committed to the same subset , so we simply
sum all these contributes
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Of course, some of these intersections can be void, hence we need to discard the quantity
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by normalizing the resulting basic probability assignment.
It is important to note that two belief functions are combinable iff their cores are disjoint.



P ROPOSITION 3. If  $ are belief functions over the same frame
lowing conditions are equivalent:

#



, then the fol-

+-,  $
     . ;


$ does not exists; + ,
their cores are disjoint,
 $ 
s.t. 
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2.1. Combinability. The normalization constant in the above expression measures
the level of conflict between belief functions for it represents the amount of probability
they attribute to contradictory (i.e. disjoint) subsets.
D EFINITION 7. We call level of conflict between
normalizing constant in the Dempster’s rule
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and

the logarithm of the
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/
It is interesting to note that weights of conflict combine additively:

 

 

P ROPOSITION 4. Suppose     $
pose 
$ exists. Then

are belief functions over a frame

        $           $     
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These concepts are easily extended to the general case of combining several belief functions, by simply iterating the algorithms explained above.
2.2. Conditioning belief functions. Dempster’s rule describes the way the assimilation of new evidence  changes our beliefs previously encoded into a function  , determining new beliefs given by 

. This way a new body of evidence is not constrained to
be in the form of a single proposition known with certainty, still essential to the Bayesian
theory. Yet the assimilation of new certainties is permitted as a special case.
In fact, this kind of evidence is represented by belief functions of the form





  



 
   

    
   

where is the certain proposition. Such a b.f. is combinable with  as long as 
and the result has the form



    

or, using the upper probabilities,
(4)
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 ,+         
    

           


an expression that is very similar to the Bayes’s rule of conditioning and Shafer calls Dempster’s rule of conditioning.
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2.3. Combination vs conditioning. The way the new evidence is combined with a
previously existing belief function, by means of Dempster’s rule, is clearly symmetrical
(due to the commutativity of set-theoretical intersection).
In the Bayesian theory, instead, we are constrained to represent the new evidence as a
probability, and condition the Bayesian prior on that proposition. There is no obvious
symmetry, but far more important we must assume the impact of that new evidence is to
support a single proposition with certainty!
3. Simple and separable support functions
A body of evidence usually supports a number of propositions of a frame of discernment,
but the simplest situation is that where the evidence points to a single non-empty subset
 is the degree of support for , the degree of support for a generic
. If %
%
 is given by

 







 
  
         (   
(5)

   
D EFINITION 8. The function    
  '  " ! defined
   a
  , ' by Equation
   (5)andis ' called
simple support function focused on ; its b.p.a is


 for every other  .
3.1. Heterogeneous and conflicting evidence. We often need to combine evidence

  $
pointing to different subsets, and , of our frame of discernment. When
this two propositions are compatible, and we say the related belief functions represent

heterogeneous evidence. In this case, if  and - are the masses committed to and




by two simple support functions 
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This means that the combined evidence supports
with degree - , as our intuition
would suggest.
 we say the evidence being conflicting: in this situation the
Instead, when
two bodies of evidence reduce the effect of the other. For example, the introduction of 
reduces the degree of support for from  to
  $
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$



3. SIMPLE AND SEPARABLE SUPPORT FUNCTIONS
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Example: the alibi. A criminal defendant has an alibi: a close friend swears that
the defendant was visiting his house during at the time of the crime. This friend has a
  to the innocence of the
good reputation: suppose this commits a degree of support of
defendant (  ). On the other side, there is a strong, actual body of evidence providing a
 for his guilt ( ).
degree of support of 



Formalizing,
 # , the friend provides a simple support function focused on #


 

with  #
, while the other evidence corresponds to another simple support


   . The orthogonal sum yields
function  focused on  # with  
 #

       #    
 #





























the effect of the testimony has mildly eroded the force of the circumstantial evidence.
3.2. Separable support functions and decomposition. In general, belief functions
can support more than one proposition at a time: the next simplest class of b.f. is that of
separable support functions.
D EFINITION 9. A separable support function is a belief function that is simple, or is
equal to the orthogonal sum of two or more simple support functions, namely
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where 
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A separable support function can be decomposed in different ways;
+ for example, given one
of this decompositions 
$ with foci
    and the core of  , all of the
following
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where $
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is the vacuous b.f.;
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   , where
 
+     is the simple support function focused on 
with 
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for all ;
are valid decompositions in terms of simple belief functions.
On the other side
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P ROPOSITION 5. If  is a non-vacuous separable support function with core
then
there exists a unique collection     $ of non-vacuous simple support functions satisfying the following conditions:

 

1.
2.
3.
4.
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This unique decomposition is called canonical decomposition.
An intuitive idea of what a separable support function is, is given by the following result.

  $



P ROPOSITION 6. If  is a separable belief function,
 , then
and
is a focal element of  .

and



two of its focal elements,

In other words,  is coherent in the sense that if it supports two proposition, then it must
support the proposition naturally implied by them, i.e. their intersection. That gives us a
simple method to check if a given b.f. is a separable support function.
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3.3. Internal conflict. Since a separable support function can support pairs of disjoint
subsets, it indicates the existence of internal conflict.
,
for a separable support function
D EFINITION 10. The weight of internal conflict
 is
0 if  is a simple support function;
    $ for the various possible decompositions into simple support func 
tions 
$ if  is not simple.
, 
    $ where 
$ is its
It is easy to see (see [410] again) that
canonical decomposition.

#

#      

 

    

    

4. Families of compatible frames of discernment
4.1. Refinings. One of the amazing ideas in the D-S theory is the simple claim that
our knowledge of a given problem is inherently imprecise. New amount of evidence could
allow us to take decisions over more refined environments.
One frame is certainly compatible with another if it can be obtained by introducing new
distinctions, i.e. by analyzing or splitting some of its possibilities into fine ones. This
argument is embodied into the notion of refining.

   



D EFINITION 11. Given two frames and , a map

is a refining if it
satisfies the following conditions:


1.
 #



;
  ;
 #
 #

2.


3.
 #
.

The finer frame is called a refinement of the first one and we call a coarsening of . Both
the frames represents sets of possible answers to a given decision problem (see Chapter 3,
too) but the finer one is a more detailed description, obtained by splitting each possible
answer 
.
will consists of all the possibilities in that are obtained by splitting
the elements of .
Let us see some of the properties of refinings.
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P ROPOSITION 7. Suppose
is 1-1;
 ;
 ;

# 
#  % $  $
#    
#   +  
#      
#    
# if (  
# if (  

     

is a refining. Then

  +    ;
  ;  
        ;
      iff   ;
then 
      $ iff   $ .
then 

A refining        is not, in general, onto; in other words, there are subsets  

that are not images of subsets of . Nevertheless, there two different ways of associating
each subset of the refinement to a subset of the coarsening.



D EFINITION 12. The inner reduction associated to a refining
given by
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is the map 
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D EFINITION 13. The outer reduction associated to a refining
 given by
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 #
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Roughly speaking, 
is the largest subset of
subset of that is implied by A. In fact,

 $



   ,    

 

    

is the map 

that implies A while 


is a refining,
P ROPOSITION 8. Suppose
  the outer and inner reduction for . Then
iff
.
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is the smallest



      and , and . Let  and
 iff

4.2. Families of frames. Provided this basis tools the intuitive idea of different descriptions of a same phenomenon is encoded by the concept of family of compatible frames
(see [410], pages 121-125).



is a family of
D EFINITION 14. A non-empty collection of finite non-empty sets
compatible frames of discernment with refinings  , where  is a non-empty collection of


refinings between couples of frames in , if and  satisfy the following requirements:
1. composition of refinings: if

 and  

  are in  , then
  is in  ;
2. identity of coarsenings: if

and 

   " "# then are in   and

"
   
 #
and
  ;
  ;
 
and  
are in  , then
3. identity of refinings: if
4. existence of coarsenings: if
and
    is a disjoint partition of then

there is a coarsening in corresponding to this partition;


5. existence of refinings: if 
and 
then there exists a refining



in  and
such that
 # has n elements;
6. existence of common refinements: every pair of elements in
has a common

refinement in .
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The basic idea, here, is that two frames are compatible iff they concern proposition related
one to the other, i.e. can be expressed as proposition in a common, and finer, frame.
From property (6) a collection of compatible frames has many common refinements. One
of these is particularly simple.

)



 

T HEOREM 1. If
     are elements of a family then there exists a unique ele
ment
such
that

1.
 
 refining;
 
2. 
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(6)
 #
 #
    " # 
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  of the collection
This unique FOD is called the minimal refinement 
     . It is the simplest space in which you can compare propositions belonging to
different compatible frames. In fact,

 



 



P ROPOSITION 9. If is a common refinement of
     , then 
  is the only common refinement of
coarsening of . Furthermore, 
that is coarsening of every other common refinement.





 is a


   

Example: number systems. Figure 2 illustrates a simple example of compatible
frames. A number between 0 and 1 can be expressed in several different basis, for instance

26

2. SHAFER’S MATHEMATICAL THEORY OF EVIDENCE

using binary or base 5 digits. Furthermore, chosen a number system (for example the binary one) the figure can be represented with different degrees of approximation, using one
or two digits. Each of these quantized representation of the original number represents
 (red rectangles), and can be expressed in a common frame, for exintervals within
ample choosing a 2-digit decimal approximation. Refining maps between coarser and finer
frames are easily intepreted.

   "!

F IGURE 2. Example of elements of a family of compatible frames.

       "!

       "!

4.3. Consistent belief functions. If
 are two compatible frames, then two
 and $ and
 can be expression of the same
belief functions 


body of evidence only if the agree on those propositions that are discerned by both
and
 , i.e. they represent the same subset of their minimal refinement.
D EFINITION 15. Two functions 
said to be consistent if


whenever

and $ over two compatible FODs

  

$

and

 


                 
If they are defined over frames connected by a refining  then they are consistent iff
   $        


 '  






 are

5. SUPPORT FUNCTIONS



is called the restriction of   to
'
(7)
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and you have
' 

( 
2
6
1
4.4. Independent frames. Two compatible frames of discernment are independent if
no proposition discerned by one of them trivially implies a proposition discerned by the
other. Obviously we need to refer to a common frame: for Proposition 9 it does not matter
what common refinement we choose.

    
D EFINITION 16. Let
     be compatible frames, and


the corresponding refinings to their minimal refinement. They are said to be independent if
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Equivalently, the above
condition can be expressed as

     ! and
if
for

 sets  is empty.

 or one of the first  

#



 










    

then

5. Support functions
Since Dempster’s rule of combination is applicable only to set functions satisfying the
axioms of belief functions (Definition 2), we are suggested to think that the class of belief
functions is sufficiently large to describe the impact of a body of evidence on any frame
of a family of compatible frames. Anyway, not all the belief functions are separable ones.
Let us consider a body of evidence inducing a separable b.f. over a certain frame of a

family : the impact of this evidence on a coarsening of is naturally described by the
restriction of  (Equation 7) to .





(     "!

       "!

is a support function if there exists
D EFINITION 17. A belief function  
 such that
some refinement of and some separable support function 


  .



 

As can be expected, not all the support functions are separable support functions. The
following Proposition gives us a simple equivalent condition for this class of b.f.s.
+
P ROPOSITION 10. Suppose  is a belief function, and its core. The following conditions are equivalent:
+  is a support function;
+ 
has a positive basic probability number, '
.
+

'
, Proposition 10 tells us that not all the belief
Since it is not necessary that
functions are support ones.
The impact of the evidence on a particular proposition is adequately described by two

values: the degree the evidence support and its support to the negation , or degree of
plausibility


 
 

#
#

 

 



  

 

 





mathematically described by the upper probability (Equation (2)) . Hence, the plausibility
function
is another equivalent description of a support function, even if it is not in
general a belief function.

 In its essay [410], Glenn Shafer distinguish between ”subjective” and ”evidential” vocabulary, keeping

distinct objects with the same mathematical description but different philosophical meaning.
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5.1. Vacuous extension. There are occasions when the impact of a body of evidence
on a frame is fully discerned by one of its coarsening , i.e. no proposition discerned
by receive greater support than what is implied by propositions discerned by .





      "!

  


D EFINITION 18. 
is a coarsening of , when

      "! , where

is the vacuous extension of  7
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)

we say that  is carried by the coarsening

2) (  7

 

.

6. Impact of the evidence



6.1. Families of compatible support functions. We now know that a body of ev
idence simultaneously affects a whole family of compatible frames of discernment,

determining a support function over every element of . We say that determines a family

of compatible support functions  #
. The complexity of this family depends on the

following property.
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D EFINITION 19. The evidence affects sharply if there exists a frame
that

carries
for every
that is a refinement of . Such a frame is said to exhaust

the impact of on .
 

When exhaust the impact of on ,  # determines the whole family
#
, for


the support function over any given frame
will be the restriction to of
 # ’s
vacuous extension to 
. A typical example in which the evidence affects the family
sharply is statistical evidence, where both frames and evidence are highly idealized. On
the other side, it is difficult to put an a-priori limit on the specification of detail in the
evidence.





  
  



 )

6.2. Discerning the interaction of evidence. It is a commonplace that by selecting
particular inferences from a body of evidence and combining them with particular inferences from another body of evidence, one can derive almost arbitrary conclusions. In the
evidential framework this remark is reflected by the fact that Dempster’s rule may produce
inaccurate results when applied to inadequate frames of discernment. More precisely, let
us consider a frame , its coarsening , and a pair of support functions  $ on determined by two distinct bodies of evidence. By applying Dempster’s rule in we obtain







$

   







        $    

while if we apply it in the coarser frame
and in general will be different.



the result is



P ROPOSITION 11. Suppose  and $ are support functions over a frame , 
 an outer reduction, 
$ exists, and



(9)
holds wherever

          

is a focal element of  and is a focal element of   . Then
   $              $     








  

In this case is said to discern the relevant interaction of  and $ . Of course if 
$ are carried by a coarsening then it discerns their relevant interaction.
The above definition generalizes to entire bodies of evidence.

and

7. QUASI SUPPORT FUNCTIONS
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D EFINITION 20. Suppose is a family of compatible frames,
#
is the family

is the family of
of support functions determined by a body of evidence , and
#

support functions determined by the body of evidence  . Then a particular frame
is said to discern the relevant interaction of and  if


 





whenever is a refinement of , 
 and a focal element of   .















          
     is the outer reduction,

)

a focal element of

7. Quasi support functions
Not every belief function is a support function, but we still do not know a precise description of these “strange” objects. So, let us consider a finite power set  : a sequence
    of functions on  is said to tend to the limit if

  



  





     







it can be proved that
P ROPOSITION 12. If a sequence of belief functions has a limit, then the limit is a
belief function.
i.e. the class of belief functions is closed with respect to the convergence to a limit. This
new operation finally provides a solution to the nature of non-support functions.
P ROPOSITION 13. If the belief function 
a refinement of and a sequence  $   
that
  




 
 

is not a support function, then there exists
of separable support functions over such







  


D EFINITION 21. We call these class quasi-support functions.
Remark. It can be noted that


 






          


so we can also say that  is a limit of a sequence of support functions.
Let us try to understand the properties of quasi-support functions.



14. Suppose  is a belief function over and 
  P ROPOSITION
 , with         , then  is a quasi-support function.

. If 

   

and

It easily follows that most Bayesian b.f. are quasi-support functions. More precisely



P ROPOSITION 15. A Bayesian belief function is a support function iff there exists 

 .
such that   #



)

As Shafer remarks, people used to think to beliefs as chances can be disappointed
to see them relegated to a peripheral role, as beliefs that cannot arise from actual, finite
evidence. On the other side, statistical inference teaches us that chances can be evaluated
only with infinite repetitions of independent random experiments. 


Using its notion of weight of evidence Shafer gives a formal explanation of this intuitive observation by
showing that a Bayesian b.f. indicated an infinite amount of evidence in favor of each possibility in its core.
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7.1. Bayes’ theorem. For it commits an infinite amount of evidence in favor of each
possible answer, a Bayesian belief function obscures much of the evidence new belief
functions carry with them.

 

    ,
      

D EFINITION 22. A function
is said to express the relative plausibili
ties of singletons under a support function  over if



 #
for all 
on  .

 
, where

)



is the plausibility function for  and the constant does not depend

P ROPOSITION 16. (Bayes’ theorem) Suppose  7 is a Bayesian belief function over
and  is a support function over . Suppose

expresses the relative
   7 exists.
Then  is Bayesian,
plausibilities of singletons under  . Suppose also 
and
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That means that the combination of a Bayesian b.f. with a support function requires nothing
  or the
more than the relative plausibilities of singletons, not even
for
absolute values. It is interesting to note that these functions behave multiplicatively under
combination.

P ROPOSITION 17. If     $ are combinable
support functions, and represents

    ! , then 
the relative plausibilities of singletons under  for
 expresses
the relative plausibilities of singletons under 
$ .

  

 



 

 

 



   

 

This way Proposition 16 may be used to combine any number of support functions with a
Bayesian function  7 .
7.2. Incompatible priors. That could be useful if there was an established convention about putting a Bayesian prior, avoiding us to make arbitrary choices that could affect
the final result. Unfortunately, the only natural convention to establish a Bayesian prior is
strongly dependent on the frame of discernment and is sensitive to refinement or coarsening. More precisely, if we begin with a frame with  elements, it is natural to adopt a

uniform priori as representation of our initial ignorance, assigning mass  to every possibility 
. The same convention applied to another compatible frame of the family
may yield a prior that is incompatible with the first one: as a result, the combination of
evidence with one of these priors can yield almost any arbitrary result.

)



Example: Sirius’ planets. Some scientists ask themselves if there is life around
Sirius. Since they do not have evidence concerning this question, they adopt the vacuous
belief function as representation of their ignorance on the frame
   !""#





where  !" are the answers “there is life” and “there is no life”. They can also consider
the question in the context of a more refined set of possibilities. For example, our scientist
can raise the question whether there even exist planets around Sirius. In this case the set of
possibilities becomes
       #
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where
  are respectively the possibility that there is life around Sirius, that there
are planets but no life, and there are no planets at all. Obviously our ignorance is still
represented by a vacuous b.f., that is exactly the vacuous extension of the previous one on
.
From the Bayesian point of view, instead, it is difficult to pose consistent degrees of belief
over and symbolizing the lack of evidence. In fact, on a uniform prior will yield

   #   , while on the same choice will yield   # 
 


 #
"#
  




#
. But and are obviously compatible, and the extension of onto
gives
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that is inconsistent with
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8. Consonant belief functions
At the opposite of quasi-support functions stand the so-called consonant belief functions.
D EFINITION 23. A belief function is said to be consonant if its focal elements are
nested.
The following Proposition illustrates some of their properties.



P ROPOSITION 18. If  is a belief function with upper probability function
, then
the following conditions are equivalent:
1.  is consonant;



for every
;
2. 

3.
for every
;


(
4.
 # for all non-empty
;
5. there exists a positive integer  and
 simple support functions      $ such that
 

$ and the focus of  is contained in the focus of  whenever
.

 
    
  ,+                
       

 

(   
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Consonant b.f.s represents bodies of evidence pointing all towards the same direction;
anyway, the evidence does not need to be completely nested, as the next Proposition states.

 

 

19. Suppose     $ are non-vacuous simple support
functions with
+-P, ROPOSITION
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foci
  
and

$


is
consonant.
If
denotes
the core of
 + respectively,
,
+
 , then the sets
are nested.

 

By condition 2 of Proposition 18 we have

   %$        '           
    or      for every  . This result and Proposition 14 explain

i.e. either 
why we said that consonant and quasi-support functions represent opposite sides of the
class of belief functions.

CHAPTER 3

Evidential reasoning’s state of the art
It the twenty years since its formulation the theory of evidence is obviously evolved,
thanks to the work of several researchers, and now this denomination includes several
different interpretations of the concept of generalized probability. A number of people have
proposed their own framework as the “correct” version of the evidential reasoning, partly
in response of deep critics sustained by important scientist of the field (see for instance
Pearl’s contribute in [356] and [357]). Several generalizations to continuous frames of
discernment have been attempt, even if none of them is still recognized as the definitive
answer to the limitations of Shafer’s original formulation.
In the last 10 years, the number of applications of the D-S theory to engineering and applied
sciences (mainly its fusion scheme based on the orthogonal sum) has started to increase,
even if its diffusion is still limited compared to other more classical methods.
A very good survey on the topic, from an original point of view, can be found in [256]; a
comparative review about texts on evidence theory is presented in [372].
In this Chapter, we desire to give a flavor of the current state of development of the
theory of evidence, the various frameworks proposed during the years, the theoretical advances achieved together with the algorithmic scheme (based mainly on propagation networks) proposed to cope with the computational complexity of the rule of combination.
The most popular evidential approaches to decision and inference are also reviewed, and a
brief hint of the attempts of formulating a generalized theory valid for continuous sets of
possibilities is given.
Finally, the relation of Dempster-Shafer theory with other uncertainty theories and methods is shortly depicted, and a sample of various applications to the most disparate fields is
exposed, including a description of the few work has been done yet to propose evidential
solutions to computer vision issues.
More references can be found in the bibliography, which is, with more 550 papers, the
largest collection of publications on the theory of evidence available at the moment.
1. The origins: Dempster’s upper and lower probabilities
The axiomatic set up that Shafer gave originally to his work could seem quite arbitrary at a
first glance. For example, to Dempster’s rule is not granted a convincing justification in his
seminal book [410], and it is natural to ask whether a different rule of combination could
be chosen. This question has been faced by several authors ([529], [610], [420] among the
others): most of them has tried to give an axiomatic support to the choice of this mechanism for combining evidence.
Perhaps, the right thing to do is going back to the origins, to the notion of upper and lower
probabilities, introduced in [93], [99] and [100]. What Shafer in fact did, was reformulate
Dempster’s work by identifying his upper and lower probabilities with epistemic probabilities or degrees of belief, i.e. the quantitative measurement of one’s belief in a given fact or
proposition.
33
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The following sketch of the nature of belief functions is abstracted from [423]: another debate on the relation between b.f.s and upper and lower probabilities is developed in [481].
1.1. Upper and lower probabilities and multi-valued mappings. Let us consider
a problem in which we have probabilities (coming from arbitrary sources, for instance
subjective judgement or objective measurements) for a question
an we want to derive a
degree of belief for a related question 8 . For example,
could be the judgement on the
reliability of a witness, and 8 the decision about the truth of the reported fact. In general,
each question will have a number of possible answers, only one of them being correct. Let
us call S and T the sets (frames) of possible answers of
and  respectively. So, given
a probability  on S we want to derive a degree of belief
that
contains
the correct response to 8 .
If we call  the subset of response to 8 compatible with  , each element 
tells
us that the answer to 8 is somewhere in A whenever



 
 

  

  
The degree of belief

   



) 

8

is then the total probability for all answers  that satisfy the

above condition, namely

    






    

#

The map is called a multivalued mapping from S to T; each mapping induces a belief
function over T, together with the probability measure on S

     
Now let us consider two multivalued mappings    inducing two belief functions over

  their domains and     the probability measures over  and
a same frame T,
 and   independent and
  respectively. Weand
suppose the items of evidence generating
want to find the belief function representing the pooling of these evidence. In other words
 
we need to find a new probability space   and a multivalued map from S to T.
  
The independence assumption allows the construction of the product space    
   : two outcomes  )  and $ )   tell us that the answer to 8 is somewhere in
       $  . If this intersection is empty the two pieces
are in contradic   of evidence
over the set of non-empty
tion: this way we must condition the product measure
intersections. Finally we have
   $

   )             $    $ #
            $          $ 
 and the pair of function
It is easy to see that the relation among the new belief function


being combined is exactly given by Dempster’s rule (3).





1.2. Compatibility relations. Obviously a multivalued mapping is equivalent to a
relation, i.e. a subset C of
. In fact, the compatibility relation associated to a mapping
is
  
 #





    )   

and it describes the subset of answers in T compatible to a given s.
As Shafer admits in [423], compatibility relations are only a new name for multivalued
mappings: nevertheless several authors among which Shafer ([421]), Shafer e Srivastava
([431]), Lowrance ([317]) and Yager ([592]), have taken this approach to build the mathematics of belief functions.
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1.3. Shafer’s axiomatic approach. In his seminal monograph [410], Shafer gave
an axiomatic foundation to his theory of probable reasoning calling these objects belief
functions for their ability to represent a mathematical description of degrees of belief.


 

1.4. Random sets. Having a multivalued mapping , a straightforward step is to consider the probability P(s) attached to the subset 
: what we obtain is a random set
in T (see [177] and [329] for the most complete introductions to the matter). The degree of
belief
becomes the total probability that the random set is contained in A.
This approach is been emphasized in particular by Hung T. Nguyen ([172], [346]) and resumed in [430]. In [345] he proves that belief functions can be seen as random sets.
An analysis of the relations between the transferable belief model (see Paragraph 3.1) and
the theory of random sets is exposed in [462].

  

1.5. Inner measures. Finally, belief functions can be associated to the well-known
concept of abstract probability theory called inner measure.
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D EFINITION 24. Given a probability measure P defined over a -field of subsets
a finite set , the inner probability of P is the function
defined by



(10)
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for every subset A in , not necessarily in
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where R is a subset of S. For the above reasons it is natural to define the probability measure
         . The
 relative
Q over this  -field by
inner probability becomes
          
     #
for every subset A of C. Now is natural to define the degree of belief of   as the inner
 of C that corresponds to U, namely
probability of the subset
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It is the degree to which the probabilities of P suggest us to believe A. In our case
compatibility relation C, while

is the
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that coincide with the classical definition of belief functions.
This connection between inner measures and belief functions has appeared in the literature
in the second half of the eighties ([386], [149]).
2. Philosophical discussion
A number of researchers have maintained “hot” the debate about nature and foundations
of the notion of belief function and its relation to other theories, in particular the standard
probability theory and the Bayesian approach to statistical inference. Let us cite some of
the most valuable contributes.
In ([188]), Halpern and Fagin underline two different views of belief functions, as
generalized probabilities (corresponding to the inner measure of Section 1.5) and as mathematical representation of evidence (that we completely neglect in our brief exposition of
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Chapter 2). Their claim is that many problems about the use of belief functions can be
explained as a consequence of a confusion of these two interpretations. As an example,
they cite Pearl and other’s remarks that the belief function approach leads to incorrect or
counterintuitive answers in a number of situations ([356], [357]).
Smets ([466]) gives an axiomatic justification of the use of belief functions to quantify
partial beliefs, while in [484] he tries to precise the concept of distinct evidence that is
combined by Demster’s rule.
He also responds ([461]) to Pearl’s criticisms contained in [356], by accurately distinguishing the different epistemic interpretations of the theory of evidence (resounding Halpern et
al. in [188]) and focusing in particular on his transferable belief model (Section 3.1).
In [531] P. Wakker shows the central role that the so-called “principle of complete
ignorance” plays in the evidential approach to decision problems.
3. Frameworks and approaches
3.1. Smets’ transferable belief model. In his 1990’s seminal work ([453]) Philippe
Smets introduced the transferable belief model (TBM) as a framework based on belief
functions in which to quantify degrees of belief. In [493] and [469] (but also [476] and
[494]) a wide explanation of the characteristics of the TBM model can be found.
Within the TBM, positive basic probability values can be assigned to the empty set, originating unnormalized belief functions. [460] analyzes the nature of the objects. In [459] he
compares the TBM with other interpretations of the Dempster-Shafer theory, i.e. the classical probability model, the upper and lower probabilities model and the evidential model
among the others. In [454] Smets derives axiomatically the pignistic probability function,
used to make decision in any uncertain context.
Among the applications, Smets has proposed the use of the transferable belief model
for diagnostic ([473]) and reliability problems ([463]). Recently, Dubois et al. used the
TBM approach on an illustrative example: the assessment of the value of a candidate
([122]).
3.2. Kramosil’s probabilistic interpretation of the Dempster-Shafer theory. We
have seen that the theory of evidence can be developed in an axiomatic way quite independent of probability theory. These axioms come from a number of intuitive requirements
the uncertainty calculus must meet. On the other side, D-S theory can be seen as a sophisticated application of probability theory in the random set context.
Starting from this point of view, Ivan Kramosil published a number of papers in which
he exploits measure theory to expand the theory of belief functions beyond its classical
scope. The fields of investigation vary from Boolean and non-standard valued belief functions ([278], [273]) with application to expert systems ([267]), to the extension of belief
functions to countable sets ([277]) or the introduction of a strong law of large numbers for
random sets ([281]).
A particular note is due to the notion of signed belief function ([268]), in which the
domain of classical b.f.s is replaced by a measurable space equipped by a signed measure,
i.e. a -additive set function which can take values also outside the unit interval, including the negative and infinite ones. An assertion analogous to the Jordan decomposition
theorem for signed measures is stated and proved ([275]), according to which each signed
belief function restricted to its finite values can be defined by a linear combination of two
classical probabilistic belief functions, supposing that the basic set is finite. A probabilistic
analysis of Dempster’s rule is developed ([279]) and its version for signed belief functions
is formulated ([274]).
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A complete analysis of the probabilistic approach is beyond the scope of this Chapter.
A wide review of Kramosil’s work can be found in a couple of technical reports of the
Academy of Sciences of the Czech Republic ([269], [270]).
4. Dempster’ rule of computation, propagation networks and algorithms
The complexity of Dempster’s rule of computation is inherently exponential, due to the
necessity of considering all the possible subsets of a frame. In fact, Orponen ([348]) proved

that the problem of computing the orthogonal sum of a finite set of belief functions is
complete. Anyway, when the evidence is ordered in a complete direct acyclic graph it is
possible to formulate algorithms with lower computational complexity ([27]).



4.1. Shenoy-Shafer architecture. In their 1987’s work ([430]), Shafer, Shenoy and
Mellouli faced the issue of avoiding the computational complexity of the rule of combination, by posing the problem in the lattice of partitions of a fixed overall frame of discernment. Different questions where represented as different partitions of this frame, and
their relations are represented by relations of qualitative conditional independence or dependence among the partitions.
They showed that efficient implementation of Dempster’s rule is possible if the questions
are arranged in a qualitative Markov tree, by propagating belief functions trough the tree.
It is worth to note the relation with the contents of Chapter 5, where we will discuss
the algebraic structure of families of frames: in [430] the analysis was bounded to a lattice
of partitions, instead of a complete family of frames.
Markov trees and clique trees are the alternative representations of valuation networks
and belief networks that are used by local computation techniques for efficient reasoning
([579]). Bissig, Kohlas and Lehmann propose an architecture called Fast-Division architecture ([37]) for Dempster’s rule computation, that has the advantage, with respect to the
Shenoy-Shafer and the Lauritzen-Spiegelhalter architectures, of guaranteeing the intermediate results to be belief functions. Each of them has a Markov tree as the underlying
computational structure.
5. Theoretical advances
Many new interesting results have been recently achieved, showing that the discipline is
alive and is evolving towards its maturity. It is useful to briefly mention some remarkable
results concerning the major open problems of the fields, in order to appreciate the collocation of the work developed in Part II, too.
The work of Roesmer ([382]) deserves a note for its original connection between nonstandard analysis and theory of evidence.
5.1. Canonical decomposition. The question of how to define an inverse operation
to the Dempster combination rule for basic probability assignments and belief functions
possesses a natural motivation and an intuitive interpretation. If Dempster’s rule reflects a
modification of one’s system of degrees of beliefs when the subject in question becomes
familiar with the degrees of beliefs of another subject and accepts the arguments on which
these degrees are based, the inverse operation would enable to erase the impact of this
modification, and to return back to one’s original degrees of beliefs, supposing that the
reliability of the second subject is put into doubts.
Within the algebraic framework this inversion problem was solved by Ph. Smets in
[483]. On the other side, Kramosil proposed a solution to the inversion problem within the
measure-theoretic approach ([280]).
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5.2. Conditional belief functions. Fagin and Halpern defined a new notion of conditional belief ([148]), different from Dempster’s definition, as the lower envelope of a
family of conditional probability functions, and provide a closed-form expression for it:
this definition is related to the idea of inner measure (see Section 1.5).
On the other side, M. Spies ([500]) established a link between conditional events and
discrete random sets. Conditional events were defined as sets of equivalent events under
the conditioning relation. By applying to them a multivalued mapping (see Section 1.1)
he gave a new definition of conditional belief function. Finally, an updating rule (that is
equivalent to the law of total probability is all beliefs are probabilities) was introduced.
In [442] A. Slobodova described how conditional belief functions (defined as in Spies’
approach) fit in the framework of valuation-based systems.
In the existing evidential networks, the relations among variables are represented as
joint belief functions on the product space of the involved variables. Xu and Smets ([581],
[583]) showed how to use conditional belief functions to represent these relations, and
presented a propagation algorithm for such a network.
5.3. Conflict. The problem of conflicting measurements is central in the theory of
evidence: not every group of functions can be combined in order to make deductions. The
recent work of C. Murphy ([341]) considered another related problem, the failure to balance multiple evidence. It illustrated the proposed solutions and described their limitations:
the conclusion was averaging best solves the normalization problem.
5.4. Frequentist formulation. To our knowledge, only Walley has tried, in an interesting even if not very recent paper ([540]), to formulate a frequentist theory for upper
and lower probability, considering models for independent repetitions of experiments described by interval probabilities and suggesting generalizations for the usual concepts of
independence and asymptotic behavior.
5.5. Gaussian belief functions. The notion of Gaussian belief function is an attempt
to extend Dempster-Shafer theory in representing mixed knowledge, some of which is
logical and some uncertain. The notion of Gaussian b.f. was proposed by A. Dempster and
formalized by L. Liu in ([309]).
Technically, a Gaussian belief function is a Gaussian distribution over the members of the
parallel partition of an hyperplane. By adapting Dempster’s rule to the continuous case,
Liu derives a rule of combination and proves its equivalence to Dempster’s geometrical
description ([96]).
In [310], Liu proposed a join-tree computation scheme for expert systems using Gaussian
belief functions, for he proved their rule of combination satisfies the axioms of Shenoy and
Shafer ([435]).
5.6. Monte-Carlo methods. Resconi et al. achieved a speed-up of the Monte-Carlo
method by using a physical model of the belief measure as defined in the ToE.
Conversely, in [276] Kramosil adapted the Monte-Carlo estimation method to belief functions.
5.7. Nonspecific evidence. In a series of papers ([397],[400],[401],[403]) J. Schubert established within the framework of the ToE a criterion function called metaconflict
function. With this criterion, he is able to partition into subsets a set of several pieces of
evidence with propositions that are weakly specified, in the sense that it may be uncertain
to which event a proposition is referring. Finally, each subset in the partition represents a
separate event.

7. DECISION AND CLASSIFICATION

39

For example, suppose there are several submarines and a number of intelligence reports
referring to one of them: we want to analyze reports referring to different submarines separately. We will use the conflict between the propositions of two intelligence reports as a
probability that this two document are related to distinct targets.
In the general case, the metaconflict function comes from the plausibility that the partitioning is correct when viewing the conflict in Dempster’s rule as meta-evidence.
6. Statistical inference and estimation
The realization of an evidential approach to statistical inference is clearly a major issue:
nevertheless, after 25 years the problem is still open and is still not clear how to build a
belief functions from the actual statistical data (see Chapter 8).
In a very general exposition, Chateauneuf and Vergnaud ([63]) provided some foundation
for a belief revision process, in which both the initial knowledge and the new evidence is a
belief function. Van den Acker ([103]) designed a method to represent statistical inference
as belief functions, designed for application in an audit context.
An original paper of Hummel and Landy ([206]) has given a new interpretation of Dempster’s rule of combination as statistics of opinions of experts, combining information in a
Bayesian fashion.
In the late Eighties ([535]), Walley characterized the classes of belief and commonality
functions for which statistical independent observations can be combined by Dempster’s
rule, and those for which Dempster’s rule is consistent with Bayes’ rule.
Liu et al. ([305]) described an algorithm for inducting implication networks from empirical
data samples. The validity of the the method was tested by means of several Monte-Carlo
simulations. The values in the implication networks were predicted by applying the belief
updating scheme and then compared to Pearl’s stochastic simulation method, showing that
the evidential-based inference has a much lower computational cost.
Among the applications, Krantz and Miyamoto represent diagnostic data as belief functions, that usually depend on likelihood ratios or prior odds, leading to a single-parameter
family of functions ([282]) relating belief strength to probability.
7. Decision and classification
The application of the D-S theory to decision and classification is naturally one of the
most popular, since it is an intuitive formalization of subjective reasoning.
A very recent work of Beynon et al. ([32]) explores the potentiality of the theory of evidence as an alternative approach to multicriteria decision modeling, while in [19], Mathias
Bauer reviews a number of approximation algorithms and describes and empirical study of
the appropriateness of these procedures in decision-making situations.
A major problem in inference through belief function is the difficulty of finding an objective criterion for assigning the basic probability values according to the data. Bryson et
al. ([347], [52]) present an approach to the generation of quantitative belief functions that
include linguistic quantifiers to avoid the premature use of numeric measures. Similarly,
Wong and Lingras ([572]) generates belief functions from symbolic information such as
qualitative preferences of users in decision systems.
The salient aspect of [35], instead, is the definition of an empirical learning strategy for the
automatic generation of Dempster-Shafer classification rules from a set of training data.
Elouedi, Smets et al. ([145], [144]) adapt the decision tree technique to the presence
of uncertainty about the class value, that is represented by a belief function. A decision
system based on the transferable belief model is developed ([589]) and applied to a waste
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disposal problem by Xu et al. Both Xu and Yang ([601]) propose a decision calculus in
the framework of valuation based systems ([586]) and show that decision problems can be
solved using local computations.
Fixsen et al. describe a modified rule of combination with foundations in the theory of
random sets and prove the relationship between this “modified Dempster-Shafer” ([156])
approach and Smets’ pignistic probabilities. The MDS is applied to build a classification
algorithm which uses an information-theoretic technique to limit the complexity.
Perhaps the first one who noted the lack in Shafer’s theory of belief functions of a
formal procedure for making decision was Strat in his 1990 ([513]) work. In his paper he
proposed a simple assumption that disambiguates decision problems represented as b.f.s,
maintaining the separation between evidence carrying information about the decision problem, and assumptions that has to be made to disambiguate the choices. He also showed
how to generalize the methodology for decision analysis employed in probabilistic reasoning to the use of belief functions, allowing their use within the framework of decision
trees.
Schubert ([402]) studied the influence of the parameter in Strat’s decision apparatus.
Resting on his work on clustering of nonspecific evidence, Schubert developed a classification method ([406]) based on the comparison with prototypes representing clusters,
instead of making a full clustering of all the evidence. The resulting computational com

plexity is 

, where
is the maximum number of subsets and  the number of
prototypes chosen for each subset.
Finally, a recent discussion on the meaning of belief functions in the context of decision making can be found in [478].







7.1. Applications. Thierry Denoeux and Lalla Zouhal ([107]) proposed a k-nearest
neighbor classifier based on the D-S theory, where each neighbor of a sample is considered as an item of evidence supporting hypotheses about the class of membership of the

sample itself. The evidence of the nearest neighbors is then pooled as usual by means of
Dempster’s rule. The problem of tuning the parameter of the classification rule is solved
by minimizing an error function ([614]).
Le-Hegarat, Bloch et al. apply the theory to unsupervised classification in a multisource
remote sensing environment ([193]), for it permits to consider union of classes. Masses and
focal elements are chosen in an unsupervised way by comparing monosource classification
results.
8. Generalizations and continuous formulations
Since the original formulation of the theory of evidence exposed in Chapter 2 was inherently bond to finite frames of discernment, several efforts have been made with the
common goal of extending the theory of belief functions to infinite sets of possibilities.
None of them has been found to be the ultimate answer to this problem (see [256]), but
they all have posed interesting contributes.
8.1. Shafer’s allocation of probabilities. The first attempt (1979) is due to Shafer
himself, and goes under the name of allocation of probabilities ([413]). Shafer proved
that every belief function can be represented as an allocation of probability, i.e. a homomorphism into a positive and completely additive probability algebra, deduced from
the integral representation due to Choquet. The concepts of continuity and condensability
are defined for belief functions, and it is shown how to extend such a function from an
algebra of subsets to the corresponding power set.
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This approach has been recently reviewed by Jurg Kohlas ([250]), who conducted an algebraic study of argumentation systems ([251],[252]) as methods for defining numerical
degrees of support of hypotheses, by means of allocation of probability.
8.2. Theory of hints. This line of research has been deepen, and it eventually SFOCIO’ into the so-called mathematical theory of hints (see [248] as introduction, and the
monography [258] for a detailed exposition). Hints ([255]) are bodies of information inherently imprecise and uncertain, that do not point to precise answers but are used to judge
hypotheses, leading to support and plausibilities functions similar to that are introduced
in Shafer’s formulation. The difference is that here the basis element of the theory is the
notion of hint. It allows a straightforward and logical derivation of Dempster’s rule, and
origins a theory valid for general, infinite frames of discernment.
Among the applications, the theory of hints has been proposed as a natural and general
method for model-based diagnostic ([259]).
8.3. Choquet’s integrals. The Choquet’s integral of monotone set functions (like belief functions) is a generalization of the Lebesgue integral with respect to -additive measures. Wang and Klir ([547]) investigate the relations between Choquet integrals and belief
measures.



8.4. Monotone capacities. Monotone capacities have been also suggested as a general framework for the mathematical description of uncertainty.
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P ROPOSITION 20. Belief functions are totally monotone capacities.
Hendon et al. ([195]) examined the question of defining the product of two independent
capacities. In particular, for the product of two belief functions as totally monotone capacities, there is a unique minimal product belief function.
9. Relations with other theories
Nowadays several different uncertainty descriptions, going from the Bayesian theory to
possibilities and fuzzy sets, compete for the adoption by a growing number of applications. It seems that there no such a thing as the best mathematical description (see [223],
[149], [437], [236] and [109]), but what is the most suitable tool highly depends from the
actual problem (an extensive and up-to-date discussion about a possible unified theory of
imprecise probability is developed in [539]). Smets ([475], [468]) analyzed the difference
between imprecision and uncertainty and compared the applicability of the various models
of uncertainty. The major discrimination criterion resulted to be the presence of a probability measure, in what case the use of the Bayesian approach is suggested. If the probability
values are unknown upper and lower probabilities should be preferred.
Here we briefly highlight the connection of the theory of evidence with other uncertainty
measures and logic models.
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9.1. Neural networks. Several woks have been written on the application of the theory of evidence to neural network classifiers (see for instance [112]). In ([315]) Loonis
et al. compare the multi-classifier neural network fusion scheme with the straightforward
application of Dempster’s rule in a pattern recognition context.
An original work has been conducted by Johan Schubert, who deeply studied the clus 
tering problem ([404], [407], [408], [405]), in which  pieces of evidence are clustered
into  clusters by minimizing a metaconflict function. He found neural structures more effective and much faster than optimization methods for larger problems.



9.2. Modal logic. Numerous attempts have been made in order to reduce the theory
of evidence to some formal logic model.
In [25] and [24], Benferhat et al. define a semantics based on -belief assignments where
values committed to focal elements are either close to 0 or close to 1. For example, Andersen and Hooker ([8]) proved probabilistic logic and Dempster-Shafer theory to be instances
of a certain type of linear programming model, with exponentially many variables.
Resconi, Harmanec et al. ([379], [190], [189], [377], [192]) proposed the semantics
of propositional modal logic as unifying framework for various uncertainty theories, such
as fuzzy set, possibility and evidential theory, and established an interpretation of belief
measures on infinite sets.
In a series of papers ([524], [523]), Tsiporkova et al. the modal logic interpretation of
Harmanec et al. is further developed by building multivalued mappings inducing belief
measures. A modal logic interpretation of Dempster’s rule is also proposed.
Alessandro Saffiotti (IRIDIA) built a hybrid logic for representing uncertain logic,
attaching belief values from the D-S theory (in particular degrees of belief and degrees
of doubt) to the classical first-order logic, called belief function logic ([392]), giving new
perspectives on the role of Dempster’s rule.
9.3. Fuzzy measures. The evidential reasoning and related theories are often confused with fuzzy theory (at least by non-expert people). In fact, there is a strict connection
between them: fuzzy measures are a further generalization of belief measures.
+
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P ROPOSITION 21. The belief measure is a fuzzy measure.
Klir et al. published an excellent discussion ([238]) on the relations among fuzzy
and belief measures and possibility theory, and examine different methods for constructing
fuzzy measures in the context of expert systems. Other authors too, like Heilpern ([194]),
Yager ([597]) and Romer ([381]) presented the connection between fuzzy numbers and the
Dempster-Shafer theory, while Palacharla and Nelson ([353]) focused the comparison to
data fusion problems in transportation engineering. Lucas and Araabi in ([60]) propose
their own generalization of the Dempster-Shafer theory to a fuzzy valued measure.
Fuzzy systems modeling is a technique that can be used to simplify the representation
of complex nonlinear relationships, and is the basic technique used in the development
of fuzzy logic controllers. Ronal Yager himself, the founder of fuzzy logic, proposed a
combined fuzzy-evidential framework ([599]) for fuzzy modeling. In another work, Yager
investigated the issue of normalization (i.e. the assigning of non-zero values to empty sets
as a consequence of the combination of evidence) in the fuzzy Dempster-Shafer theory of
evidence, proposing a technique called smooth normalization ([596]).
Among the operating research applications, jobshop scheduling is very important but

-hard, so that approximate algorithms are necessary. Furthermore,
unfortunately is
durations in manufacturing are often imprecise. Hence Fortemps ([157]) has exploited a
mixing of D-S and fuzzy theory to solve the related optimization problem.



9.4. Incidences. Incidence calculus ([55]) is a probabilistic logic for dealing with
uncertainty in intelligent systems. Incidences are assigned to formulae: they are the logic
conditions under which the formula is true. Probabilities are assigned to incidences, and
the probability of a formula is computed from the sets of incidences assigned to it. In [311]
Liu, Bundy et al. propose a method for discovering incidences that can be used to calculate
mass functions for belief functions.
9.5. Possibilities. The theory of possibility is one of the most appealing uncertainty
descriptions, with a pretty wide range of applications (for example, autonomous navigation). The points of contact between the evidential formalism in the transferable belief
model implementation and possibility theory is briefly investigated in [455].
10. Applications
10.1. Computer vision and sensor fusion. Computer vision applications are still
rare, even if the latest years seem to show an increasing interest of vision scientists to the
approximate reasoning, in its various versions.
André Ayoun and Philippe Smets ([10]) used the transferable belief model to quantify the
conflict among sources of information in order to solve the data association problem (see
Chapter 7 for our approach to the problem) and applied this method to the detection of submarines. F. Martinerie et al. ([328]) proposed a solution to target tracking from distributed
sensors by modeling the evolution of a target as a Markovian process, and combining
the hidden Markov model formalism with the evidential reasoning in the fusion phase: it
allows them to avoid hypotheses on the number of targets.
To our knowledge only a few attempts have been made to apply the theory of evidence
to recognition problems. Ip and Chiu ([211]) adopted the Dempster-Shafer theory to deal
with uncertainties on the features used to interpret facial gestures. In an interesting work
published on Computing ([45]), Borotschnig, Paletta et al. compared probabilistic, possibilistic and evidential fusion schemes for active object recognition (in which, based on
tentative object hypotheses, active steps are decided until the classification is sufficiently
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unambiguous), using parametric eigenspaces as representation. The probabilistic approach
seemed to outperform the other, probably due to the reliability of the produced likelihoods.
In another paper appeared on Pattern Recognition Letters ([363]) Printz, Borotschnig et al.
perfected this active fusion framework for image interpretation.
In [165] Ng and Singh applied the data equalization technique to the output node of
individual classifiers in a multi-classifier system for pattern recognition, combining outputs
by using a particular kind of support function (see Definition 17).
A few work has been done in the segmentation field, too. In a recent work ([528]) of
Vasseur, Pegard et al., a two-stage framework has been proposed to solve the segmentation
task on both indoor and outdoor scenes. In the second stage, in particular, the DempsterShafer fusion technique is used to detects object in the scene by forming groups of primitive
segments (perceptual organization). Similarly, B. Besserer et al. ([30]) exploited multiple
sources of evidence from segmented images to discriminate among possible object classes,
using Dempster’s rule to update belief in classes.
Among the applications to medical imaging, I. Bloch used some key feature of the
theory, like representation of ignorance and conflict computation, for classifying multimodality medical images ([42]), while Chen et al. used multivariate belief functions to
identify anatomical structures from x-ray data ([67]).
10.2. Sensor fusion. Sensor fusion applications are more common, since Dempster’s
rule fits naturally into information integration schemes. An and Moon ([5]) implemented
an evidential framework for representing and integrating geophysical and geological information from remote sensors. Filippidis ([151]) compared fuzzy and evidential reasoning in
surveillance tasks (deriving actions from identity attribute, like “friend” or “foe”), showing
the advantage of the D-S methodology. Hong ([199]) designed a recursive algorithm for
information fusion using belief functions.
Target tracking is a typical situation whose solution relies on a sensor fusion architecture. Buede ([54]) propose a comparison between Bayesian and evidential reasoning by
implementing the same target identification problem involving multiple levels of abstraction (type, class and nature), concluding by their convergence times the superiority of the
classical approach. A similar comparison is deepened in [300] by using real-life as well as
simulated radar data.
10.3. Robotics and autonomous navigation. Decision problems are very common
in autonomous navigation tasks ([557]), specially when they involve robots moving within
known environments, like buildings. For example, localization techniques usually exploit
different sensor data to detect the current position of the robot on a map. The inverse
problem (called map building), where you want to infer the structure of the unknown environment from actual data, is often treated too.
For instance, Pagac et al. ([349]) examined the problem of constructing and maintaining a map (a simple 2D occupancy grid) of an autonomous vehicle environment and used
Dempster’s rule to fuse the sensor readings. In a similar work ([161]), Gambino et al.
adopted the transferable belief model and compared the results to a straightforward application of Dempster’s rule. Murphy ([342]), instead, used the weight of conflict to measure
the amount of consensus among different sensors (compare our conflict graph technique in
Chapter 8) and exploited the enlargement of the frame of discernment in order to integrate
abstract of logical information.
In the literature evidential solution to other problems, like route-planning ([171]), can
be found.
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10.4. Other applications. Another field of information technology which is seeing
an increasing number of application of the theory of evidence is database management: in
particular, data mining ([28]) and concept oriented databases ([120]). Sally Mc Lean et
al. have shown how to represent incomplete data frequently present in databases ([331])
by means of mass functions and integrate distributed databases ([330]) using again the
evidential sensor fusion scheme.
Since they both are suitable to solve classification problems, neural networks and belief functions are sometimes integrated to yield more robust systems ([542],[335]). On the
other side, Giacinto et al. compare neural networks and belief-based approaches for pattern recognition in the context of earthquake risk evaluation ([167]).
It is worth to cite the work of Webster et al. ([209]) on the use of an entropy criterion based
on the theory of evidence for the validation of expert systems performances, together with
[584] in which some strategies for explanations for belief-based reasoning in the context
of expert systems are suggested.
Economics has always used a number of mathematical models in an attempt to describe the incredibly complex economical system. Application of the evidential reasoning
can be found in the fields of project management ([438]), exchange rate forecasting ([212])
and monetary unit sampling ([169]).

Part 2

Theoretical advances

CHAPTER 4

Geometric analysis of the belief space and conditional
subspaces
1. Motivations
When one tries to apply the theory of evidence to classical vision problems, like for
example object tracking ([79]), a number of important question arises. As we will see in
Chapter 8, image features are combined to produce an estimate of the current configuration
of an articulated object. Since a numerical value of object parameters is needed, a method
for deriving a pointwise estimate from a belief function becomes necessary, for example
by choosing the “best” probabilistic approximation of the belief estimate.
In other situation, for instance when facing the problem of estimating the association of
point features in two consecutive images of a sequence (data association [86]), exposed in
Chapter 7, the idea of conditional belief functions comes out.
Both this questions, as the comprehensive review of Chapter 3 has shown, still need to
find a satisfactory solution. The second, in particular, does not even have given a correct
formulation.
In this Chapter we introduce a geometric framework in which many concepts of the
theory of evidence receive a new interpretation, and propose it as the environment where
to formulate some of the above problems and try to find an adequate solution.

1.1. Chapter outline. In Section 2 the idea of belief space will be introduced, and
some preliminary results presented. Next the Moebius inversion lemma will be exploited
to investigate convexity and symmetries of the space of belief functions. With the aid of
some combinatorial results, the recursive bundle structure of will be proved together
with an interpretation of its components (bases and fibers) in term of classes of b.f.s.
After that we will characterize the relation between focal elements and the convex
closure operator, and show in particular how every belief function can be uniquely decomposed as a convex combination of pseudo-probabilities, giving the form of a simplex. In
Section 5 the behavior of Dempster’s rule of combination within the geometric framework
will be analyzed, by proving that the orthogonal sum commutes with the convex closure
operator. This will allow us to give geometric description, in term of subspaces, of the
collections of belief functions combinable with a given b.f.  , and the set of belief functions obtainable from  by means of combination of new evidence (conditional subspace).
Figure 1 illustrates the logical development of the present discussion.
At the end of this Chapter we will discuss some important questions that can found a
solution within the framework of the belief space: the geometric interpretation of Dempster’s rule, the computation of the canonical decomposition of a separable belief function,
and the search for an approximation criterion that could lead to the formalization of the
concept of probabilistic approximation of a belief function.
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F IGURE 1. Scheme of the geometric analysis of the space of belief functions.
2. Belief space

  
Consider a frame of discernment
and introduce in the Euclidean space
an or  
thonormal reference frame
# 6        in which, given an arbitrary ordering in  ,

each coordinate function measures the value of belief associated to a the i-th subset of
.
  
that
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2.1. Limit simplex. The properties of Bayesian belief functions can be useful to have
a first idea of the shape of the belief space.
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As a consequence all the Bayesian functions are constrained to belong to a well-determined
region of the belief space.
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C OROLLARY 1. The set of all the Bayesian belief functions with domain
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It is important to point out that in general does not sell out the limit simplex . At the
same time the belief space generally does not coincide with the entire region bounded by
, as is shown by the following picture of the belief space  associated to a binary frame.
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2.2. Upper probabilities. Another hint on the structure of comes from the particular relation of Bayesian belief functions with the classical  distance in the Euclidean
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F IGURE 2. The belief space
binary frame.
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+-,
            for
P+-ROOF
. Lemma 2 guarantees that
, so that 
,
+ ,  $ 


. On the other hand, if
then 
     +3 ,     . What is left

are sets+-corresponding
proper subsets of
and arbitrary subsets
 empty

,
+-to, unions of non
of 
. Given 
there are   subsets of the above type containing it, so that
                 
 !

(*)
(
(
T HEOREM 3. If 




but then for Lemma 1

that is the size

  



          









(




 !


of the upper probability simplex and is independent from .

In other words, any belief function  is associated to a linear set of Bayesian functions all
at the same  distance from it, forming a small simplex around  .
3. Bundle structure
These preliminary results suggest the belief space should have the form of a simplex.
To achieve a more precise description we have to resort to the constraints of the basic
probability assignment (Definition 3)
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3.1. Moebius inversion lemma. Given a belief function  the corresponding basic
probability assignment can be found by applying the Moebius inversion lemma:

 
'

) (

     (




 

(it comes out from the structure of poset of the frames of discernment). So we can determine if a point  of the space of the propositions
is a belief function by applying the
 
inversion lemma and checking the axioms [410] of ' . The condition (*) '





simply translates into the constraint
 
# . The positivity condition is more
interesting, for it origins a constraint resounding the third axiom of the belief functions
[410].
:









(11)
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) (



 6 (  







  

 # 

  






      ( 

 



 6 

  



3.1.1. Example: belief space for ternary frames. Let us see the form of the belief
space determined by Equation (11) in a simple but significant case: the ternary frame.

F IGURE 3. Decomposition of the belief space in the ternary case.
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Combining the last equation in (12) with the others we obtain
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and observe that, called
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, necessary follows
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In other words, reveals the structure of fiber bundle, in which the variables
can
move freely in the unitary simplex, while the others are constrained to stay in a tetrahedron

 
   (see Figure 3).
that depends on the sum
System (12) shows a natural symmetry that reflects the intuitive partition of the variables in
 


two sets, each associated to subsets of with a same size, respectively
#


and  
#
.
It is easy to see that the group of symmetry of is the permutation group
, acting onto
 


#
  # following the correspondence



 

 

 
  

  

 

  

   


 



*

3.2. Convexity. Equation (11) shows that all the constraints defining
form
 
 











 

are of the



where  and   are two disjoint sets of variables (the above example confirms this, too).
It follows immediately that
T HEOREM 4.

is convex.

  )
P ROOF. Let us take two points 7 
7 




 
7  ' %  %  , belong to .
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so that
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and prove that all the points of the segment























  


        7  
!      7 
          7        


 



3. BUNDLE STRUCTURE

55

     

3.3. Symmetry. Let us establish for sake of simplicity the following notation:
  
  !    ! # .



 





P ROPOSITION 22. The general symmetry of the belief space is described by the following logic expression
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#



  





 




















P ROOF. Let us rewrite the Moebius constraints, using the above notation:












 

6
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Looking at the right side of the inequality, it is clear that (due to its symmetry), an exchange
is possible only between variables associated to subsets of the same size.
Given the triangular form of the set of constraints (the first group concerns variables of
size 1, the second group variables of size 1 and 2, and so on), permutations among size
 variables are always induced by permutations of variables of smaller size. Hence the
symmetries of are determined by permutations of singletons.
  
 
Finally, we need to note that an exchange of singletons
a series
 determines

of exchanges among the variables related to subsets containing  and  . The resulting

symmetry
for the -th group of constraints is

 
  
  
  
   
  













     








#







       !#













 #





Since
is contained into  , and - is always trivial (as a simple check confirms), the
overall symmetry is determined by , and we have the thesis.

  

  

In other words, the symmetry of is determined by the action of the permutation
group  over the collection of the size 1 variables and the action of  naturally
induced on the other variables



)



    

 







  

     







 
   5 



   !  !
    

where
is the class of the size subsets of . It is not difficult to recognize the
symmetry properties of a simplex, i.e. a collection
    - of points in the Euclidean


space together with the sub-collections (faces)
  
of all the orders %  .
3.4. Recursive bundle structure. One could ask if the decomposition property observed in the ternary case of the above example is a peculiar feature of a very simple frame
or a hint of a general feature of the belief space.



L EMMA 3.

0

6

  0






'

 


   

 






 
 

   
     &





56



4. GEOMETRIC ANALYSIS OF THE BELIEF SPACE AND CONDITIONAL SUBSPACES

  0

6
0



P ROOF.











'



   



 


 















 





 


 





             
     


 

   









           


2
1 



2
1 
 





 



The first two terms of the numerator have a factor in common and can be rewritten as

          
           with the third addendum giving
this in turn has in common  
                         and so on.  By
iteration we get the thesis.
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P ROOF. Let us suppose we have assigned  an amount of mass to the subsets of size
 
 # with   '
 . The maximum value of
smaller than , '


(  '
( 
will correspond to giving the remaining mass 
to the subsets

of size . We obtain
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for
is the number of subsets of size '
0
with n elements. This can be rewritten as
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that using Lemma 3 becomes
(14)
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Now, if we write
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in a frame
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subsets including size subsets)
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by substituting to the first addendum Equation (14) we get

  

  !
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and by developing the pair of binomials we have the thesis.
T HEOREM 6. The belief space has a recursive bundle structure, i.e. it can be decomposed into a sequence of domains
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 where           is the section of the belief space with 
2
1 is called the i-th basis of and is defined by the following equations
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 where  
%  .

2
1 is the i-th fiber of the belief space and the projection map of the i-th bundle level.



.
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2

Remark. Note that 1 is
-dimensional and is parameterized by the variables


associated to the size subsets of , since the values of the high-order variables
are bond to them by the third group of equations.

 2
P ROOF. It suffices to observe that the first group of constraints defining 1 summarizes the Moebius constraints for subsets of size , while the third group means that all the
subsets with size greater than satisfy the Moebius formulae as equalities. The second
equation, instead, comes
directly

 from
 Equation (13).

2 
2
2
2


Remark.
1
1
1 , where 1 is the collection
of belief functions
2

assigning all the remaining b.p.a. to subsets of size while 1 assigns all the mass to .

  









 











The following picture summarizes our knowledge of the bundle structure of .

F IGURE 4. Bundle structure of the belief space.

  

 







 2
  
  
 
can be decomposed into a base 1 (the simplex 


in the example of paragraph 6.2.1) whose points are glued to2 a fiber (2
in the ternary case)

whose dimension reduces to zero at the upper border 1 of 1 . This decomposition
     !   .
recursively applies to the fibers, for
It is interesting to2 point out the intuitive meaning of the elements of this decomposition.
 is the set of the Bayesian belief functions, while  1 2 coincides to
For instance, 1
the collection of the discounted probabilities (see [410]).





 

4. Simplicial
form of the belief space

2
D EFINITION 28. The set 81 of the pseudo-probabilities of order is the collection
of belief functions assigning all the basic probability to subsets of size .



)



T HEOREM 7. Every belief function 
can be uniquely expressed as a convex
combination of pseudo-probabilities of all the orders,
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P ROOF.
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but then
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is an unnormalized belief function assigning all the mass to subsets of size .

If we define

2

2 
1
2
1
1
we can write




 2
2  2  

1
1
1



6
6


 



2  
2

with
1
for the normalization constraint. Obviously 1
6
6
2
 1 .


2
2 
71 .
It is interesting to note that 81
This convex decomposition property can be easily generalized in the following way.





)



  
 ) 
 ' 

T HEOREM 8. The set of all the belief functions with focal elements in a certain col
lection is closed and convex in , namely
, 




 (

#
#

 .
'
(
where
is the pseudo-probability assigning all the mass to ,
-, 



P ROOF. By definition 
#
,

  
'
#
) (

 ) 



)

but
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but
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so that
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 ' 
 )    as '      . Since '
by extending ' to the elements



 '      and the thesis follows.
assignment,
2 
         #  .
C OROLLARY 2. 1






'



is a basic probability



 
 

C OROLLARY 3. The belief space
probabilities of every order,



    
(15)

     
          

coincides to the convex closure of all the pseudo-
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The above result (that can be obtained directly from Theorem 8) confirms our conjecture about the nature of simplex of the belief space, rising from the symmetry analysis of
Paragraph 3.3.

T HEOREM 9.
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l and
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5. Commutativity

in other words

   commute, i.e. if   is combinable with   
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then



  

Remark. Note that operates over      $ as belief functions while Cl operates
over points of the belief space as a Euclidean space: this claim is meaningful only in the
context of the belief space.

  
   
then

when
.
Remark. Being convex, if 



)





)



  
P ROOF. Let us first compute the basic probability assignment associated to
 .
It suffices to use the Moebius inversion formula

  (    
'

) (


  
If by hypothesis 
then
 (     
,


'
) (  

 (  
 
   '  
) (  

  
Now, being
    for the above
remark, we must check if it combinable with with
,
s, obtaining 
 . Called the collection of focal elements of a belief function  ,
we have
,
, 
.
(16)

54637
/
 

,
, 
if
this reduces to
. This way
if

is
combinable
with
some




(even only one of them) then it is combinable with
 .
  
Let us call
      the
 and
   0 those of  . The focal
 focal elements of
elements of 
 are
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for all the intersections
 are considered, but property 16 gives exactly the same result for
 
the f.e. of

 .
Finally we have to check the corresponding basic probability assignments: for the latter
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we have, denoting with  # the focal elements of  ,
, ,
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the addenda vanish, we remain for each with the focal elements of
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,
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The fact that orthogonal sum and convex closure commute is a powerful tool, providing us
a simple language for giving geometric interpretations to the notion of combinability and
conditioning.
6. Conditional subspaces



D EFINITION 29. The conditional subspace   is the set of the belief functions conditioned by a given function  , namely

(17)
   
  
#



 

 )

Since not every belief function is combinable with an arbitrary  , we need to investigate
the geometric structure of combinable functions.

 


 
 

D EFINITION 30. The non-combinable subspace 
associated to a belief function  is the collection of all the b.f.s that are not combinable with  ,
     #
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P
23.
 
# .
 
    +-, 
 
P
. It suffices to point out that
# . Hence we can apply Theorem 8 and the thesis follows.
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ROPOSITION
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ROOF





+ ,


#





 






+ ,
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The dimension of 
 is obviously   .
 

Using the+-,definition
of
non-combinable
subspace we can write  

 


+
,




# . Unfortunately, the last expression does not seem to satisfy Theorem
8: for+-a, b.f.  to be compatible with  it suffices to have one focal element intersecting the
core , not all of them.





 $



 
31. The compatible subspace
 

 


D EFINITION
associated to a belief function  is
  

the
collection
of
all
the
b.f.s
with
focal
elements
included
into the core of  :
+-,
+-,
# .





    

 (
C
4.   
  +-, #  .
     is only a proper subsets of the set of belief functions combinThe compatible space
able with  , 
  : nevertheless,
  it contains all the relevant information.

From Theorem 8 it follows
OROLLARY
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P ROOF. Let us denote with
respectively.
Obviously

b.f.  with focal elements
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#  and
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and basic probability assignment

we have 





  



the
elements of  and 
 +-focal
,
so that defining a new
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Now we can find a geometric description of the conditional subspace. From Theorem 8
and 10 it follows that
 
+ ,

(
C OROLLARY 5.  

# .



Note that 
Of course  
thermore





 



  





 and then  is always a vertex of   .
 , since the core is a monotone function on the poset
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(18)
for the dimension of  
minus 1.
We can observe that



   

 






is simply the cardinality of
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(note that
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    . Fur-

is not included)
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7. Geometric interpretation of Dempster’s rule
The results we obtained in Section 6 give, in a sense, a global description of how the rule
of combination behaves in the belief space: we know the form of the set of all the possible
outcomes of the combination of new evidence with a given belief function.
We still do not know what is the pointwise geometric behavior of . In this Section we will
clarify this aspect for the simplest frame, the binary one, and eventually make hypotheses
about the general case.

   over a binary frame, it is

and $
Given two belief functions 
very simple to derive the position of the belief space  corresponding to their orthogonal
sum. The result is



  


(19)



' ,

  ,    # 

' ,

  ,    "#  



  




























 








 








 


but at a first glance this expression does not suggest any particular geometrical intuition.
Instead, we can show that it is simply hidden. Let us keep the first b.f.  fixed, an analyze
the behaviour of 
$ as a function of the two variables   . If we keep  constant
in Equation (19) we can notice that  describes a line segment in the belief space. In
the same manner, if we keep constant  we get another segment: the result is shown in
Figure 5. As we expected, the region of all the possible orthogonal sums involving  is





  "

P2= (0,1)
F2
locus b 2 = cost
p2
P
locus a 2 = cost

s1

p
1

0

(1,0) =P1
F1

F IGURE 5. The geometrical representation of Dempster’s rule in  :
foci, conditional subspace, probabilistic coordinates.


a triangle whose side are , the locus 
 




$ '  $"#
.


















$

'

  $"#   

and its analogous
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In other words, the subset of belief functions obtainable from 
tional evidence is
 





 

"#


 





              # 



 

by combination of addi-

Foci of the conditional subspace. Subsets corresponding to sums   $ with
 7.1.
   are intersections of lines all exiting from a point   outside the belief
$"# 

   lie
space with the above triangle. In a dual way, the sums   $ with '  $"# 
each on a different line passing through another point  .
 
We can get their coordinates by simply intersecting the line passing through    and
  " with the line    :
, 
, 
     ' ,      *    ' ,        
(20)

' 
' 
# 
"# 
confirming the geometrical structure of the conditional subspace.

'

We call them foci of the conditional subspace generated by " (see Figure 5 again). Obviously from Equations (20)

,
7  
P ROPOSITION 24.
.



while



P ROPOSITION 25.

,




 


 





.

In other words, simple probabilities can be seen as foci of the probabilistic conditional
subspace .
7.2. Probabilistic coordinates of conditional belief functions. It is interesting to
note that each point of the conditional subspace is uniquely associated to a pair of proba   and   *  with
bilities, more precisely the intersections of the generator lines
the probability subspace :

 


(21)



 )

D EFINITION
32.
,
 We call
function 
 .















and  probabilistic coordinates of the conditional belief

In this simple 2-dimensional case, we can calculate their explicit form by exploiting the
definition, obtaining for 
  2  2  2
 
 2 1    1 2  1  2  2
1
1
1
1
(22)

  2  2
 


 2 1   2 1  2  2
 

1
1
1
1
similar expressions can be derived for .
Summarizing, given a belief function "
 the orthogonal
   sum 
 $   for any b.f.
    is the unique intersection of the pair

of lines

and 
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where 
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The probabilistic coordinates have some remarkable properties.
P ROPOSITION 26. If 

)

   

then

(it suffices to look at Figure 5), and
P ROPOSITION 27.
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P ROOF. A simple computation and a comparison with Equation (22) proves the thesis.

7.3. Geometric construction. We can now formulate a geometrical method to construct graphically the orthogonal sum of a pair of belief functions on  (Figure 6).
Algorithm.





1. First project   onto along the orthogonal directions, obtaining and  ;
2. then combine  with and  , achieving the probabilistic coordinates and  ;
3. finally build the lines   and * : their intersection is the desired orthogonal
sum 
$ .














P2= (0,1)
p|

F2

2

p2 = p|2 + s 1
s1 + s2
p1= p| +1 s 1
p1|

s2

s1

0

(1,0) =P1
F1

F IGURE 6. Graphical construction of Dempster’s orthogonal sum in  .

)

7.4. Canonical decomposition. The graphical representation introduced above can
be exploited to find the canonical decomposition of a generic belief function 
.

+

 )

P ROPOSITION
28. For all 
+
and 
 such that

)

* there exists two unique simple belief functions

 


they are determined by the intersections

  

(23)

 





 





   
 
is mapped onto


 )



P ROOF. (sketch) The y axis
by means of 
is mapped onto   by $
 and the thesis follows.



   , the x axis 
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This can be verified by calculating the explicit coordinates of the simple b.f.s generating s.
We get
,
 2,

   1 , 2 , 2


1

1 2
1

by applying Dempster’s rule to the above functions we obtain exactly

 .

 

 

    

7.5. Conditional subspaces for general geometric construction and canonical decomposition. Dempster’s rule’s geometric behavior has been here described by means
of an ad-hoc tool: its explicit computation for a binary frame. Proposition 28, anyway,
suggests an interesting perspective: the use of our knowledge about the geometry of conditional subspaces for generalizing these results to arbitrary belief spaces.
In fact, Equation (23) can be expressed in the following way:
 

 


 


 






        
 
 
 

 

showing that the language we introduced, based on the two operators of convex closure and
orthogonal sum, could be enough powerful to provide a general solution to the problem of
canonical decomposition, alternative to Smets’ ([483]) and Kramosil’s ([280]) ones.
Analogously, our algorithm for the geometric construction of the rule of combination
is basically founded on intersections of linear subspaces associated to the conditional subspace: a reasonable conjecture is this is a general property, due to the nature of simplex of
both belief space and conditional subspace.
8. Order relations
Another important problem that motivates the introduction of the geometrical framework
of the belief space is the search for a rigorous computation of consonant and probabilistic
approximations of belief functions. Before addressing this problem, we need to introduce
the two classes of coordinates naturally associated to the belief space: we will call them
simple and belief coordinates.
8.1. Order relation  . We have seen, talking about upper probabilities (Theorem
3), that the following relation



 

(24)



 



 



&

plays an important role for the geometric properties of the belief space.

  ' 

P ROPOSITION 29.

is a partly ordered set.

It is interesting to note that

  '

P ROPOSITION 30. 
poset   .

+-,

P ROOF. 
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+-,

, i.e. the core is a monotone function over the

  +-,    

 + ,     , i.e.

so that we need 

On the other side, the inverse condition does not hold exactly:
+ ,
+-, 
+-,

P ROPOSITION 31. if
then 



 



+-,




 
Unfortunately, is not a lattice for there exist finite collections  of belief functions
 ) s.t.    )  . For example,
which have no common upper bound, namely 

any finite set of probabilities       # meets this condition (see Figure 7). Instead, the
vacuous belief function 
 ' 7     is clearly a lower bound for every arbitrary



subset of the belief space.
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F IGURE 7. Geometrical representation of  and   in  : the
Bayesian and consonant bounds of the belief space are shown.
8.1.1. Bayesian and consonant belief functions. Bayesian and consonant belief functions have opposite behavior with respect to the order relation (24).



32. If 
  P ROPOSITION
  ) .

is Bayesian, and



P ROPOSITION 33. If 



      

, and is Bayesian, then 

  #
 #



 .



)



 

, then







 s.t.

.

'   #    



. Since we have '
, and


 PROOF


 it must be '  #    
C OROLLARY 6. Probabilities are upper elements of any interval of belief functions,
     ! is an interval with respect to the order relation (24), and   )  Bayesian,
i.e. if 
! .
then      



  and 6      $ ' )  , , i.e. the intersection of all the
T HEOREM 11. if  3
focal elements of  is void, then   is not consonant.
P ROOF. Let us suppose that  is consonant. Hence  , the innermost
  $ focal element
of   , must be a subset of all the focal elements of  . But 6    
and we have a
contradiction.





  

)





8.2. Order relation
. The operation of orthogonal sum is internal for any belief
space, without considering the combinability problem. Analogously to what done for  ,
let us check its properties.
T HEOREM 12.

 


  



   
 

is a commutative monoid.

P ROOF. Commutativity: 
 
Associativity: 

 
Unity: 
 obvious.







 by definition.
for the associativity of the set-theoretical intersection.
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P2= (0,1)

{t>= s1,s 2}
s2

sup(s 1,s 2)
inf(s 1,s2)
s1

0

(1,0) =P1
{r<= s1 ,s 2}

F IGURE 8. Lower upper bound and greatest lower bound in  .
Dempster’s sum has a preferential direction, so there is no opposite element for any nontrivial belief function.

It is interesting to note that the annihilators of are the simple probabilities , and only
them:
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D EFINITION 33. We say that  ”is conditioned by”  and write 8
to the subspace of conditioned by  , i.e.



    )    )
 is an order relation.


P ROPOSITION 34.

 









P ROOF. It is clearly the order relation induced by the monoid

   

  

   if 

belongs



  .


   

is a lattice? The example of * suggests that only pairs of separable support
functions whose cores are not disjoint admit
and  . Their analytic expressions
 $ and 
can be easily calculated for (* ) (
 $ are shown in Figure 8).
Figure 8 also suggests a couple of
important
properties.
,
,

     

P ROPOSITION 35. If 
positions of s and t, we have
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P ROPOSITION
36.
and 
.
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are the unique canonical decom-

          ,         ,    






           ,        ,    
 , with    ,  , and      , if and only if 
&







,

In other words,
coincide with the usual order relation over the real numbers, applied
to the simple coordinates.
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8.2.1. Bayesian belief functions.



   !



P ROPOSITION 37. Probabilities are upper elements of any interval of belief functions
   is an interval with respect to the order relation ,
, i.e. if 
with respect to
 .
and
 is a Bayesian belief function, then 

 )

 

P ROOF.
8.3. Simple and belief coordinates. Proposition 36 together with the trivially re( for all
mark that 
 (
establishes an elegant correlation between
what we call belief and simple coordinates and  ,
, respectively. This parallelism is
summarized in the following table:












Cartesian coordinates (

simple coordinates (

 (  



(    
              (   (   
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(

 



(

9. Probabilistic approximations
As we mentioned at the beginning of this Chapter, one of the major drawbacks of the evidential formalism is the lack of the concept of momentum of a belief function, preventing
the foundation of an estimation framework based on conditional expectations as it exists in
the classical theory.
In this final part, we investigate the possibility of exploiting the geometrical properties of
the belief space in order to approximate, according to a criterion to be established, a given
belief function with a finite probability (Bayesian b.f.).

9.1. Conditions. We first need to choose a suitable approximation criterion in the
belief space. It has to satisfy some intuitive conditions:

#
#
#

the result ought not to depend on the choice of a particular distance function in the
belief space;
it has to produce a single pointwise approximation, and not a whole set of optimal
points;
the criterion must be meaningful, i.e. it has to be a necessary consequence of the
nature of the belief functions.

 )

In the last Section we have learned that not every belief function has simple coordinates,
and furthermore even choosing a separable support function all the probabilities
are
equally distant from it. Hence, no distance function based on simple coordinates is suitable
to compute the probabilistic approximation.
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Once established the use of belief coordinates, we still have to choose a particular
distance function over them. For instance

   

 

   

 

(25)







 



 *  



(*)


 *  


(*)




   





When we introduced the upper probabilities (Theorem 3) we have seen that each belief
function  corresponds to a whole subset of Bayesian functions, which have the same
(minimum)  distance from  . This means that it cannot be used in an admissible approximation algorithm.
(*) 

9.2. External behaviour and approximation criterion. On the other side, there
seems to be no justification for the choice of any the above distances.
A brief consideration can help us. The reason of existence of the theory of evidence is the
rule of combination: a belief function is useful only when it is combined with others in an
automated reasoning process. That is to say, the important aspect is the external behavior
of the desired approximation: a good approximation, when combined with any other belief
function, produces results similar to what obtained by combining the original function.
Analytically,



(26)
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1

,2





  







where   is one of the distance functions in Cartesian coordinates (25), and
of belief functions where the approximation must belong.

+

is the class

9.3. Probabilistic approximation in * . Let us see how this criterion works for the
binary frame.
First of all, intuition suggests a slight simplification.

 


 


Conjecture. In order to compute a probabilistic approximation, it suffices to measure
the integral distance only for the probabilistic subset of  ,
 , namely
(27)

     






 


1

,2



  



  




)

Of course for the binary frame the compatible subset coincides with the whole belief space

for every belief function, so that


* .
We get a very interesting result.

)

T HEOREM 13. For every belief function 
* , the probabilistic approximation induced by the cost function (27) is unique, and corresponds to the normalized
plausibility

of singletons independently from the choice of the distance function 
.
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. Using the analytic expression (19) of Dempster’s rule in  , given 
  PROOF
 and        ,       we get
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    , and then their difference is
since both  
and  
belong to , the line



proportional to   . By applying the cost function (27),
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But then, 
Instead, 
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every , since its argument is strictly positive for
  goes to for
zeros for
              
    
















that means

  






 










 












  


Looking at Equation (2) of Chapter 2, we can recognize the probability function

obtained by assigning as basic probability values the normalized plausibilities of singletons.

            
    is also the unique probability that minimizes the
the normalized plausibility

It is amazing to note that





i.e.
standard quadratic distance in the Euclidean space.

9.4. Interpretation of relative plausibilities. The following result gives us a hint of
the meaning of the relative plausibilities of singletons.
T HEOREM 14. The distance between a given generic b.f. s over a frame and the
unnormalized Bayesian belief function p obtained by choosing the plausibilities of the
singletons due to s as basic probability assignment for the elements in p
, 
      #
'    # 
 #





  







measures exactly the maximum deviation of  from the additivity rule over the singletons,
namely

      # *    # 
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P ROOF. It suffices to prove that if satisfies the hypothesis
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10. Comments
The reader will easily appreciate that, even if these results are not conclusive, they appear
to confirm the goodness of our criteria. Some simple computations about consonant approximations confirm the independence of the outcome from the chosen distance function,
and its equality to what obtained by minimizing the standard quadratic distance.
On the other side, the geometric description of conditional subspaces promises to be the
suitable tool for a definitive solution of problems like canonical decomposition and geometric construction of Dempster’s rule, perhaps providing also a quantitative measure of
the distance from separability of an arbitrary b.f.
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CHAPTER 5

Algebraic structure of the families of compatible frames
Together with the nature of belief functions as set-valued measures, that we analyzed
in its geometrical implications in Chapter 4, the other major concept of theory of evidence,
as we have learnt in Chapter 2, is the formalization of the idea of structured collection of
representations of the external world encoded into the notion of family of frames.
As Equation 8 clearly shows, the concept of independence of frames resounds the idea
of independent vectors of a linear space:



      







  

   $  

 



)

We now want to demonstrate that this is more than a simple analogy: it is the symptom of
a deeper similarity of these structure at the algebraic level. Not much work has been done
along this path; in [430] can be found an analysis of the collections of partitions of a given
frame in the context of hierarchical representation of belief.
In this Chapter we will expose a complete analysis of general families of frames, not
intended as partition of a common frame, but as objects obeying the small number of rules
we have seen in Definition 14. We will distinguish among finite and general families and
introduce the new internal operation of maximal coarsening originating the structure of
semimodular lattice.
In the next one, we will show the equivalence between internal independence of
frames as Boolean sub-algebras and external independence of frames as elements of a
locally finite Birkhoff lattice, and eventually propose a solution to the conflict problem
based on a generalized Gram-Schmidt algorithm.
1. Motivations: measurement conflict
Belief functions carrying distinct pieces of evidence are combined by using the Dempster’s
rule to fuse their information and make decisions. Unfortunately, the following theorem
shows that the combination is guaranteed only for trivially interacting feature spaces.

 

T HEOREM 15. Let
     a set of compatible FODs. Then the following conditions are equivalent:
1. all the possible collections of belief functions     $ defined respectively over
     are combinable over their minimal refinement     


 

 

   

2.
3.
4.



 are independent;


    




 

P ROOF.

binable
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know that
then
   must be

  +  if      +    $   are$ combinable
 com     .!  We
. Hence 
      where + is the core of  . Being
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+  + 
  arbitrary, their cores
can be any pair of subsets of
the condition can be rewritten as











 


     +     $

 . It suffices to take





. We note that
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respectively, so that
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     # for the properties of refinings: since
In fact, if
s.t. 
 then    #

    # .
they are disjoint, it must be
 #
Hence their number coincides with the number of the  -tuples of singletons

  a minimal refinement each of these subsets must correspond
 , and being
to a singleton.



 

)


   

   

 







  corresponds to a subset of the form
   . For Proposition 1, each 
 # . Since the singletons are
 the above subsets are in the same
number, but then they all are non-empty, so that
     are independent.



 



 
 

 . Obvious.
 .                #     )  # , so that if they are       
they all must be non-empty and each of them can be labeled by     !"  .



 

Hence, any given set of belief functions is characterized by a level of conflict. In some
works of ours ([79], [80]) we represented a number of different features extracted from a
view of an articulated object as b.f.s, and combined them in order to compute an estimate
of the object parameters. A conflict graph among the measurement function were built
to detect the most coherent set of features, so that the discarding data were neglected and
the estimation robustness increased (we will see this problem in detail in Chapter 8). This
approach suffers a high computational cost when large groups of functions are compatible.
Few other work has been done on the problem of conflict ([116]). Murphy ([341]), for
instance, presented another problem, the failure to balance multiple evidence, illustrated
the proposed solutions and described their limitations.
As we mentioned above, in these two Chapters, we are going to show how the problem of conflicting measurements could find an elegant interpretation within the algebraic
analysis of the families of frames.
2. Axiom analysis
Let us recall, for sake of simplicity, the axioms defining a family of frames.
A XIOM 1. composition of refinings: if
  is in  .
, then







      

are in

         and        are in 




  ""#  then
 and 
 .
 A XIOM 3. identity of refinings: if       and     are in  , then
)

)

A XIOM 2. identity of coarsenings: if

and 
&"
  
 #



     

and 

 .
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 ) 
of 
) 
) 
A XIOM 5. existence of refinings: if 

)


refining      in  and 
such that 
 # 
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A XIOM 4. existence of coarsenings: if
and
    is a disjoint partition

then there is a coarsening in corresponding to this partition.

)



and 
then there exists a
has n elements.



A XIOM 6. existence of common refinements: every pair of elements in

mon refinement in .



has a com-



Then consider an arbitrary finite set and check the result of the application of the axioms
of Definition 14. We must first apply Axiom , obtaining the collection of all the possible
partitions of S and the refinings between each of them and the basis set. Applying
again
to the new sets all the refinings among them are achieved, while no other set is add to the
collection. Axioms 2 and 3 guarantee the uniqueness of the obtained maps and sets.
 in this situation is redundant, for it does not add any new refining.
Observe that rule
It is clear even at a first glance that rule  claims an existing condition but it is not
constructive, i.e. it does not allow to generate new sets from a given initial collection.
Therefore let us introduce a new axiom





A XIOM 7. Existence of the minimal refinement: for every pair of elements in there

exists their minimal refinement in , i.e. a set satisfying the conditions in Proposition 1.
and build another set of axioms by replacing
these two formulations.
T HEOREM 16.
of frames.





and



 





with

 .



Let us call



and





 

are equivalent formulations of the notion of family

P ROOF. It is necessary and sufficient to prove that (i)  can be obtained by using the
     and (ii) that  can be obtained from       .
set of axioms
  can
(i). See [410] or Proposition 1 . (ii). Each refinement of a given pair of sets
be obtained by arbitrarily refining 
 by means of Axiom  . Anyway, the minimal

refinement is obviously a refinement so that 
.

 

 





2.1. Family generated by a set. If we assume finite and static our knowledge of the
phenomenon, the axiom  of the families of compatible frames (Definition 14) cannot
be used. According to the established notation let us call
   the set of axioms corre
sponding to finite knowledge.

 

D EFINITION 34. The family generated by a collection of  sets
     by means of
the set of axioms is the new collection of frames 
    
obtained by applying the
axioms of .

 

L EMMA 4. The minimal refinement of two coarsenings
coarsening of S.

,

 of a FOD S is still a



and  , and since the
P ROOF. From the hypothesis is a common refinement of
minimal refinement is coarsening of every other refinement the thesis follows.
T HEOREM 17. The family of compatible frames generated by the application of the
restricted set of rules
   to a basis set S is the collection of all the disjoint partitions

of S along with the appropriate refinings.
Note that this is not necessarily true when using Axiom  .
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3. Monoidal structure



Let us introduce in a family of compatible frames the internal operation


(28)









   





 #













associating to a collection of frames
  their minimal refinement. It is well defined, for Axiom
 ensures the existence of  .

 )

 

3.1. Finite families
 monoids. Let us first consider a finite subfamily
    (    as commutative
of frames

for some
.



T HEOREM 18. The internal operation  of minimal refinement satisfies the following
properties:

 
   
1. associativity: 
 
   
;



 
2. commutativity:
 


;

 
3. existence of unit: 
;



4. annihilator: 


where is the unique frame of
a single element. In other words, a finite
 containing
 is a finite commutative monoid with annihilator
family of frames of discernment
with respect to the internal operation of minimal refinement.









 ) 



  % 



)  



)  



 

)



P ROOF. Associativity and commutativity. If we look at expression 6, associativity and
commutativity follow from the analogous property of set-theoretic intersection.

Unit. Let us prove that there exists a unique frame in
with cardinality 1. Given

 of and a
due to Axiom
(existence of coarsenings) there exists a coarsening



 
 . Then following rule
refining 
there exists another refining


such that











 

  

)

 )



  
Now, considering a pair of elements of  , say
the above procedure we
      with        , following

get two pairs set-refining

. But if we call  the unique


element of

      #        
     
so that for Axiom  (identity of coarsenings) the uniqueness follows:  

 .

)


 then
Annihilator. If
 obviously is a coarsening of , therefore their minimal


refinement coincides with





itself.

3.1.1. Isomorphism frames-refinings. A family of frames can be dually viewed as a
set of refining maps with attached their domains and codomains (perhaps the most correct
approach for it takes account of sets automatically).
Let us establish the following correspondence:
(29)

         
D EFINITION 35. Given 
(     and        

induced by the operation of minimal refinement is:



 


      


their composition
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T HEOREM 19. The subcollection of the refinings of a finite family of frames
with codomain S


 (       
 (    #

 




(

  

  )  





is a finite commutative monoid with annihilator with respect to the above operation.
P ROOF. Associativity and commutativity comes from the analogous property of the

minimal refinement operator. The unit element is
, in fact
  

  

'  
'
'

    
    
  
  
  
for Axiom  . On the other side if we consider       the unique refining from S
  ) we have
onto itself (that exists from Axiom  with 
 '          '    
 
so that   is an annihilator for  (    .






From the above proof it easily follows that
P ROPOSITION 38. Given a finite family of compatible frames, the map (29) is an isomorphism between commutative monoids.
It is interesting to note that both the existence of unit element and annihilator in a finite
family of frames are consequences of the following Proposition:
P ROPOSITION 39.



 

    







 



 .

. Cod(     ) = S so the operation  can be applied. By noting that
 ' P ROOF
           is a  coarsening of   '       we get  
'
   '   '  ' 



and from Axiom

  

the thesis follows.






In fact, when
then  
 then  
the other side, when


.
3.1.2. Generators.

  












 

   


 









 
and we get
 . On
and we have the annihilation property




T HEOREM 20. The set of generators of the finite family  (    seen as finite commutative monoid with respect to the internal operation  (minimal refinement) is the col
lections of all the binary frames. The set of generators of the finite family  (    is the
collection of refinings from all the binary partitions of S to S itself:

 
 




 (      
#




 





 

  

 

 





P ROOF. We need to prove that all the possible partitions of S can be obtained as
minimal refinement of a number of binary partitions.
      # and define
Let us consider a generic partition 
 

 #  

#

   
   +    + 

  +      +    +   #   











  +

+








 #  







#






 #
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It is not difficult to see that every arbitrary intersection of elements of
element of the n-ary partition  , in fact





  






$

so that



 '










  

  



           


   





$






is an





If both As and Bs are present the resulting intersection is whenever there exist a pair
' . Hence the only non-empty mixed intersections in the class
0 with

 
 #


         
          
  +    +    +    +  


must necessarily be of the following kind

  



and we have

  







  











  





where
goes from 2 to   . That satisfies the fundamental condition for  to be
the minimal refinement of        (note that the choice of the binary frames is not
unique).
The second part of the theorem, concerning the refining maps, comes directly from
the existence of the isomorphism (29).

 

3.2. General families as commutative monoids. We can ask whether a general family of frames maintain the algebraic structure of monoid. The answer is positive.
T HEOREM 21.



is an infinite commutative monoid without annihilator.

P ROOF. The proof of Theorem 18 holds for the first two points.
   # and    # with size 1.
Existence of unit. Suppose there exist two frames

For Axiom  they have a common refinement
, with
 and


 
 
 
 . Now, for every
refinings. But then
#

#
, and by Axiom

frame
Axiom
ensures that there exists a partition of with only one element,
 : in conclusion there is only one monic frame in  ,
. For the above argument,
and since it is refinement of every other frame, it is the unit element with respect to  .


About the fourth one, supposing a frame
 exists such that 
 for each
we would have, given a refinement of
(built by means of Axiom  )





  

 )

   

   





























   




that is a contradiction.
In a complete family whatever basis set S you choose there are refinings with codomain
distinct from S. At a first glance it becomes impossible to write down a correspondence
among frames and maps.
Nevertheless, if we note that given two maps
and  their codomains
 always
have a common refinement , we can write
 

(30)






where, calling

 (







 

 ) the refining map between



 







   









  

(  ) and ,
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and  on the right side of equation 30 stands for the composition of refinings in the finite
family  (    generated by . That way the operation  is again well-defined.
The above definition of composition of refinings can be resembled in a more comfortable
way, showing us its validity even for general families.

%









(31)



   )

    
 
             

D EFINITION 36. Given two maps
we define

 ,

     

and 



          

It is well-defined for the correspondence
'

(32)
(guaranteed by Axiom

) is a bijection.

T HEOREM 22. The set of refinings  of a complete generated family of frames is a
commutative monoid with respect to the internal operation (31).
P ROOF. Obviously  is commutative and associative for the commutativity and associativity of the operation of minimal refinement among frames.
 
such that
To find the unit element it suffices to note that

  &
)      )



   so that       and   turns out to be only the identity
but that means
map on .

C OROLLARY 7. The map  is an isomorphism between commutative monoids.
        
More precisely,  is isomorphic to the product monoid
     . The rest is an obvious consequence of the
P ROOF. We have seen that 




correspondence (32) and of (31).

3.3. Monoidal structure of the family. Let us complete the picture of the algebraic
structures including
in a family of frames,
by specifying the missing relations among them.


Clearly,  (     (where  (    is the collection of all the refinings of a finite
family) is a monoid, too, and

  

 

 

    (       is a submonoid of     (       .
 

P ROOF. Obviously  (      (    in a set-theoretic sense. We only have to
prove that the internal operation of the first set is inherited from the second one.
    and


If     and     then 
             
     


P ROPOSITION 40.





P ROPOSITION 41.

    (      

 

P ROPOSITION 42.

 



  (

  

   .

  codomains
and
are  both coars
        whose
 '  domains

  and           

P ROOF. It suffices to prove that
ator (31). But then, given two maps
'
'
  
ening of S

are still coarsenings of S.

 
 

is a submonoid of

(


     

is closed with respect to composition oper-

is a submonoid of

   .
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. Obvious, for the finite family is strictly included into the complete one and
  ( P ROOF
 , i.e. if
and  are coarsenings of S then their
  is closed with respect to

minimal refinement is still a coarsening of S.

  

The following diagram summarize the relations among the monoidal structures associated

to a family of compatible frames
 .
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4. Lattice structure
It is well-known (see [216], page 456) that the internal operation of a monoid 
an order relation among the elements of  , namely







In our case this becomes
(33)













 
 




induces

"






 , i.e.  is a refinement of .
Since both finite and general families of frames are monoids,

 

P ROPOSITION 43.
order relation
.





(

  

and



are partly ordered set (POS) with respect to the

Remark. It is interesting to note that Proposition (39) can be expressed in term of the order
relation

      
Again, since   
      for some   , it can rewritten as
(34)
                      
  (idempotence) is a sufficient condition.
This means that   


4.1. Minimal refinement as lower upper bound. In a poset the dual notions of
lower upper bound and greatest lower bound of a pair of elements can be introduced.

  



 )



  

D EFINITION 37. Given two elements
of a poset X their lower upper bound


 
is the smallest element of X that is bigger than both x and y, i.e.  

and





 

 



%  
 

    










 

   

4. LATTICE STRUCTURE

)

83

38. Given two elements 
of a poset X their greatest lower bound
   %
   D  EFINITION
is the biggest element of X that is smaller than both x and y, i.e.   



 and
              %  
       

    and        . By induction sup and
The standard notation is    
inf can be defined for arbitrary finite collections too.
It must be pointed out that not any pair of elements of a poset admits   and/or  in








general.
D EFINITION 39. A lattice is a poset in which any pair of elements admit both

 

and

 .

 

D EFINITION 40. An infinite lattice L is said complete if any arbitrary collection (even
not finite) of points in L admits both  and .
In this case there exist
L.







 



called respectively final and initial element of



T HEOREM 23. In a family of frames seen as a poset the sup of a finite collection of
frames coincide with the minimal refinement,


       











 

  


 
P ROOF. Of course
   ! for there exists a refining
between each
and the minimal refinement. Now, if exists another frame greater than
each
then is a common refinement for
     , hence it is a refinement of the

  according to the order relation (33).
minimal refinement, i.e.

At a first glance is not clear what
     # should represent.





 





 

 

4.2. Common coarsening. Let us introduce a new operation over finite collections
of frames.







  is a set such that
D EFINITION 41. A common coarsening of two frames
 and 
 refinings, i.e. is a coarsening of both the frames.

    

     


T HEOREM 24. If
 
have a common coarsening.

)

are elements of a family of compatible frames then they

P ROOF. From the proof of Theorem 21 they have at least

as a common coarsening.

4.3. Maximal coarsening.
elements of a family of compatible
)    such ofthat:
 

1.  there exists a refining  
    
)         #            #  s.t.            
2.   
      .
where     
T HEOREM 25. Given a collection

frames there exists a unique element


We first need a simple intermediate result.
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L EMMA
 is the  minimal refinement
of
      , with
 5. Suppose    



refinings





, and there exist






with


    such that



    
 s.t.


 . Then

for every common coarsening
of






,
with
refinings




,
there
exists
 


such that
 # .

P ROOF. Let us suppose there not exists such an element  , but
is covered by a

. If we consider one of these elements  we have
subset     ! #
  
 
 
  






  



)
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                by definition of common coarsening, and    
but then     


    
  for hypothesis, so that
     
              
    

with
 

      ! that is a contradiction.












Now we can afford the proof of Theorem 25.

 )
  
 

P ROOF. Existence. The proof is constructive. Let us take an arbitrary coarsening
of
     (existing for
Theorem
24) and check for every
whether there exists a
 
 
     !# such that
       . If
#
collection of subsets
the answer is negative we have the desired frame. Otherwise we can build a new common


coarsening of
     by simply splitting # into a pair
"# where


 




#
"#
 
 

 
 
# 
having called
. This can be done for if
# 
for some then
it is not void .
This procedure can be iterated until there are not subsets satisfying
condition 2. It termi 
nates for the number of possible bijections of the images
# is finite. More precisely,
the maximum number of steps is
 



#
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Uniqueness.
Suppose
is another common coarsening satisfying
condition
2, with re 
 


finings
 , distinct from  . If we define

#

, for
 

Lemma
5 there
exists

such
that

#

#
.
But
then
condition
2
implies
 
    # for every pair  ! so that  .
 #

      )
  
      

 





 
    
  

D EFINITION 42. This unique frame is denoted
coarsening of
     .

 

 


 and is called maximal

4.4. Maximal coarsening as greatest lower bound.



T HEOREM 26. If
is a common coarsening of a finite set of compatible frames
 then is coarsening of their maximal coarsening too, i.e.

   





 
          

refining.

 



P ROOF. Let us consider another common coarsening
of
     , with
 . If it satisfies condition 2 of Theorem 25 then for the uniqueness of
 it coincides with the maximal coarsening. Otherwise the procedure of the above
proof can be used to produce such a frame. Again, uniqueness guarantees this is the maximal coarsening and by construction it is a refinement of .
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In other words

 of a collection of frames
C OROLLARY 8. The maximal coarsening
     coincides
with the greatest lower bound of the collection of frames as elements

of the poset
 .

 

  

5. Semimodularity
Proposition 1 and Theorems 23, 25 and 26 have a straightforward consequence on the

algebraic structure of .



C OROLLARY 9. The collection of sets of a family compatible frames of discernment
is a lattice, with respect to the internal operations of minimal refinement and maximal
coarsening.



It must be pointed out that lacks the attribute of completeness: the axioms do not guarantee the existence of a minimal refinement for an infinite (even enumerable) collection of
sets. The basic notions about lattices and other algebraic structures are exposed in [505]
(see also the Appendix).
T HEOREM 27. A finite family of compatible frames
complete lattice of finite length.

  



(



  

 

is a semimodular


P ROOF. Proof.  (      is complete. Actually each finite lattice is complete
for it does not contain any infinite collection of elements.
 (      is semimodular. Let us suppose and  having their maximal coarsen must have rank
ing covering them. Necessarily

  

 

 







       
      and       
(still to be proved). So the refinings   










leave inalterate each point but one, replaced by two new elements.
Now, on the other side
and  represent partitions of their minimal refinement; by construction these partitions coincide but the elements obtained by refining these two points,
as showed in Figure 2. Analytically

F IGURE 1. Example of partitions like
line) in Theorem 27.

(solid line) and





 (dashed



           #                 #


having denoted the minimal refinement as       # , whose rank is then equal to
            . It is not difficult to see that it is covered by both the frames










for there cannot exist any frame with intermediate size among

or

 and



.
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Remark. For an alternative proof based on the equivalence of
alence lattice 
see [519], where it is proved that  (
complemented.

    (        to the equiv      is also relatively

It is interesting to note that finite lattices of frames are not modular: Figure 1 shows a
simple counterexample, where the two frames on the left, linked by a refinings, have both
the same minimal refinement and maximal coarsening (the unit frame).

F IGURE 2. Non-modularity of finite families of frames: counterexample.
Instead, looking at the proof of Theorem 27 we observe that it states the semimodularity
of general families of frames, too. In fact semimodularity is a local property inheriting the
  .
sublattice
  



 





!



C OROLLARY 10. The collection of sets of a family of compatible frames is a locally
Birkhoff lattice bounded below, i.e. is a semimodular lattice of locally finite length with
initial element.
P ROOF. It remains to point out that for Theorem 21 every arbitrary collection of

frames in
admit a common coarsening , that plays the role of initial element of the
lattice.
That means that every interval in



is a Birkhoff lattice.
6. Comments

An interesting line of research for the future could be the analysis of the notion of support

function in the light of the lattice structure of , that can lead eventually to a solution of
the canonical decomposition problem, alternative to what pointed out at the end of Chapter
4.
Other properties of frame lattices must also be investigated: for instance the presence and
nature of complements and semi-complements, intervals and the relations of filters and
ideals with finite and complete families of frames (see Appendix A).

CHAPTER 6

Independence and conflict
1. Subspace and frame lattices
We are now able to precise the analogy between the familiar notion of vector space
and the evidential notion of frame of discernment. It is well known, in fact, that the set
of the subspaces of a finite-dimensional vector space V is a lattice, too: a modular [216]

lattice in particular, where is the order relation, the smaller upper bound, while  
is the greatest lower bound.



F IGURE 1. The subspace lattice.
These similarities are summarized in the following table.

 
 $
#

   '




initial element 1
smaller upper bound
greatest lower bound

rank

 







order relation

 '
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The analogy has a formal root in Theorems 27 and Corollary 10. 
and are both
semimodular lattices: moreover, the subfamily generated by a collection of frames
    
is a Birkhoff lattice so that it admits the notion of independent elements. Diagram (35)
shows the variety of independence conditions for subspaces (top) and frames (bottom).

 

 



 

(35)
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 $

In the following we are going to prove that:
1. on one side the independence of frames is equivalent to the independence of the
underlying sets as Boolean subalgebras of their common refinement;
2. on the other side the independence of frames is equivalent to the independence of
frames as elements of a lattice.
On these bases, we will suggest to investigate the possible realization of a pseudoGram-Schmidt algorithm for the computation of independent set of frames (with the same
minimal refinement) from arbitrary collections of FODs. Indeed Theorem 15, that opened
this discussion in Chapter 5, implies that a collection of belief functions over such a group
of frames would be combinable, providing an elegant solution to the problem of conflicting
evidence.
2. Frame lattice and external independence
Semimodular lattices are characterized by an intuitive property.
P ROPOSITION 44. [519] If L is a semimodular lattice, given two arbitrary elements
and , the length of all the chains from a to b is constant.
When the lattice has an initial element 0, the length of chains from 0 to any element
called rank of :
 


 

is

   ! 



2.1. Independence of atoms of a semimodular lattice. Let us now see the formal
definition of linear dependence.



 



 


 

D EFINITION 43. Consider the set
of all the finite subsets of a given set M and

 
define in the product
a relation . is said to be a linear dependence on the
set M if it satisfies
the following axioms:



    !
1.
:
   0 #
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2.

       0

 : if 



# and

       0   #







        #



then
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        #

    

    
#
0 # then
0

If L is a semimodular lattice a linear dependence relation
can be introduced over the
set of its atoms (elements ”covering” 0) [519], see Appendix A.
 
D EFINITION 44.
   0 # 
   0
if
(36)
%
0 
3.

: if



but

 

)

   



It is well-known that (see [519] again)
P ROPOSITION 45. If L is a semimodular lattice bounded below then (36) is a linear
dependence relation, i.e. it satisfies the axioms of Definition 43.



It is easy to see that
generalizes the notion of independence of vectors of a linear space,
for they are exactly the atoms of the lattice L(V).
     # is said to be linearly independent (L.I.) if
A finite set of atoms
0  
 

#



  

(    



P ROPOSITION 46. For all nonempty set of atoms of a semimodular lattice L it is possible to select a maximal set of L.I. atoms and every set of L.I. atoms can be extended to a
maximal one.

P ROPOSITION 47. A finite set
   0 # of atoms is L.I. iff



      !
for

  
    







.

In the case of finite length we can claim that

P ROPOSITION 48. If
   0 # are atoms of a Birkhoff lattice then
 % 

  

where

 

is the rank of







 

and the equality holds iff they are linearly independent.

2.2. Independence of generic elements of a semimodular lattice. The linear dependence relation is easily extended to generic subspaces of a vector space . Again, the
independence condition for the elements of a family of compatible frames does not regard
only the binary partitions of a finite family (which play the role of atoms in the corresponding lattice). If we want to establish a lattice-theoretical interpretation of the idea of
independent frames we need to extend the above relation to generic elements of a semimodular lattice.
Let us define three different relations among generic elements of a lattice.


D EFINITION 45.
    # are
independent if


 
  
%  

 
64
64


D EFINITION 46.
    # are
 independent if

   
  

   
  

     



D EFINITION 47.



 

      

 # are





 

  





          !

independent if
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In [519] we can find the proof that
P ROPOSITION 49. The restrictions of the above relations to the set of the atoms A of
a lattice are equivalent, namely


 



    #
    #

    #

when
.

)





 

 

 

For instance, linear independence among vectors in a vector space can be expressed in one
of the following equivalent formulations:








                   


               
 
  '             

 

$

It is natural to ask what is the meaning of the above relations for arbitrary elements of a
lattice.
2.3. Modularity
assumption
and independence relations. First, let us check if re
 
,
are correlated and under what conditions. It is a good rule to
lations
 and
follow an intuition when reasoning over abstract concepts. In our case it is useful to focus
over the familiar idea of vector subspace.
2.3.1. Vector subspaces and equivalence relations. It is easy to check that
T HEOREM 28. In the subspace lattice









 -   $     -

.

   -
    -    $

P ROOF. By hypothesis if we consider a number of subspaces

-

 $ 



 





 

            $           - 
By hypothesis 
  
      so that

          -      $
 )          ! ! . But on the other side              $
for
  and we have a contradiction.
since 
Now let us suppose that exists a subspace



such that





 

 $

Looking at the proof of Theorem 70, page 152 in [519], rewritten as follows



P ROPOSITION
 50. If a finite set of atoms of a semimodular lattice bounded below is
 then it is
.



we can note that it is based on the assumption
that
is a linear independence relation
  
among atoms, in particular that
satisfies Axiom A3.
T HEOREM 29. In the subspace lattice
P ROOF. If
composed as



does not meet Axiom A3.

         0  ( but          0 
                         

where  denotes the standard orthogonal decomposition and


 
    0

) 

  



then V can be de-

 )
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with
vectors. Obviously, writing
 
  
, we have that
holds iff
 
    0  iff
is empty. As a confirmation, this happens in
 , i.e. Q is a 1-dimensional subspace (an atom of 
particular when
).

     

 (







 

 

We are forced to find another manner of understanding why 
behave that way.
2.3.2. Frames and equivalence relations. To test whether
the
semimodularity prop

erty is enough to guarantee the implication
let us analyze the behaviour

of what we now know being a semimodular lattice:
. We want to know
if when
 

      then no is coarsening of  6 4


. 



It is useful to rewrite the condition
as follows: given a set of partitions  # 6    of



satisfying the
 , consider a partition  and ask whether there exist a
new partition   such that
      is a refinement of  ;
1.  

  and   have no common coarsening.
2. 

Now it is easy to build a counterexample: diagrams in Figure 2 represent, given  


and  , one choice of   meeting
 these conditions.

In conclusion, the conjecture

is not met in the frame lattice and then semimodularity is not a sufficient condition for it.



 

   
    
     
 









Pk

Pk+1

F IGURE 2. A counterexample for the conjecture
frame lattice.

 (








in the

2.3.3. Modularity as a sufficient condition. Looking at Theorem 28 we are tempted to
think, since 
is modular, that modularity could be enough to guarantee the conjectured
implication. In fact that is true and the proof follows the outline of what we have write for
that particular case.
In order to do that we must first demonstrate the generalized versions of the two crucial
passages in the proof of Theorem 28.

  )

L EMMA 6. If 



modular lattice then

%





 



% "
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P ROOF. Let us assume the modularity of the lattice: the dimension rule must hold.
Exploiting the second hypothesis we have

 



 









 



"



 







Now by applying the dimension rule to the pair of quadrilaterals


$# (see Figure 3) we get

 
 

    "   
"      "    


 "    "    "
    "  
and taking the difference of the above equations

       "*   "
  






 

   



$# ,

 "






By definition
for both




%



since

,

  


      
















#



 




 

$# %

" 



for the first hypothesis. That means









!



"


Finally, since   
 by definition,

 
 !    "       
   
that can be met if and only if  
% .




%











bvc
avb

a

c

b

a^c

0
F IGURE 3. Graphical representation of the proof of Lemma 6.
L EMMA 7. If

 )

 )      ! ! .
for some



,

  
 %





is a non-zero element of a modular lattice L then
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P ROOF. If the thesis was false by Lemma 6 we would have



 






  





%


%







%





 







 
 
with
, so that the hypothesis of Lemma 6 still holds. It is easy to see that by
applying it iteratively we would finally get

 
 

% 







   



that is a clear absurdum.
Now we can easily give the general proof.
T HEOREM 30. If L is a modular lattice bounded below then
P ROOF. Let assume that














 

but
&%
If we call



  




we obtain







    
   

 .





so that by negation we have


contradicting the hypothesis.



 
















 






Lemma 7 now implies
On the other side it is well know that in a lattice



 



)
 for some     !  ! .


&%
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By means of Lemma 6 we get

  
  







 



  









  

0
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2.4. A new equivalent condition for modularity of Birkhoff lattices.

 

T HEOREM 31. If L is a Birkhoff lattice then





.

P ROOF. For L is Birkhoff (see Appendix A),

    "



"  

"




but

" for hypothesis so that
 and the equality holds.
Then
                    
 



      !            !
          ! from what              .
so that  
              !  
We can inductively reproduce the above reasoning for 


" 











so

the thesis easily follows.

T HEOREM 32. If L is a modular Birkhoff lattice then
P ROOF. By hypothesis, for all


so that







 
64

and in particular


   





 
       
 

but by hypothesis  
64  
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.



 

           
               









  

and being L modular, for all
 


 
64











  !

so that

 
           !  
                 









By iteration the thesis follows.
As a straightforward consequence,
C OROLLARY 11. if L is a modular Birkhoff lattice, then relations
cide.



 and

 

coin-

A strongest result can be established, but we first need to prove an interesting property of
semimodular lattices.
L EMMA 8. If L is a Birkhoff lattice, i.e. it has finite length and is semimodular, then





" 
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a^b=a’^b=a^b’=a’^b’

b^c=b’^c=b^c’=b’^c’

b’

a’

c’

b

a’v b’

a
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c

a’v b

x v c’=a’v c’=y v c’
F IGURE 4. Graphical representation of the proof of Lemma 8.

 "       and consider two new elements
us suppose that
) P ROOF .  Let
)

and 
  such that 
and 
respectively. Obviously
  "     


since 
and 
.
Now let us define
  "        
 
 
       " !  
 !     


































the last equation holding for property L4 of general lattices.
 
It is easy to see that if they are not distinct (
) the sublattice containing them is not
Birkhoff, for it does not meet the lower covering condition. In that case



but





 

for
so that
Finally, we observe that
















  
by hypothesis.

         "       
 
     
 

and hence
      while      since

       ,

  (see above)


so that finally
. L does not meet the lower covering


condition and we have a contradiction.

Figure 4 shows a graphical representation of the proof.
Lemma 8 allows us to complete our analysis of the candidate linear independence relations.
T HEOREM 33. If a Birkhoff lattice L is not modular then







 

.
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LI2
LI3

LI2=LI3
LI1

LI1



F IGURE 5. General picture of the relations among
for semimodular and modular lattices respectively.

,



 and

    "  
 
        "   "   "    
        "   "      "

 

"  

)



P ROOF. Since L is not modular there exist  s.t.
 to both members obtaining
Given an arbitrary element 
 we can add


(37)





Now if we choose a semicomplement of







"       " 
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"    " 
      " 
 
  " 
so that if we call 

Now, since 
for Lemma 8,
 " %  " 
we have
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In the hypothesis that

 " 
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(lattice property 
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"  







and by substituting the last expression in Equation (37) we get

     









" 


     "    "   
  "   
   "  we obtain  "    
     "   "*   




   









that is not a semicomplement of

 







for

" .

"      
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 ). Finally





"

    "  


 

C OROLLARY 12. A Birkhoff lattice L is modular iff



"     



 


"


 

 , with


 

.

.

Corollary 12 states that for Birkhoff lattices

is a condition equivalent to
modularity and can be used to prove it without resorting to the definition. Figure 2.4 shows
a summary of the inclusion relations above proved.
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2.5. A general
  independence relation for Birkhoff lattices. The above discussion
suggests that
could be the general form of the linear independence relation for semi
modular lattices, since the structures L(V) and share this property.
The following result confirms our conjecture.
T HEOREM 34. If L is a Birkhoff lattice the equivalence relation
defined as
 
    #


(38)







   


                
  
)  and h is the rank of the elements of the lattice, is a linear depenwhere        


dence relation.

if





 :

 


        
       , i.e.      .
 
: if 
      0
 Axiom

      0  # . If
     
P ROOF. Axiom
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# but


0

 # .

 



    

 
 
 

  

 0   

then for the second hypothesis
for
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0 # then

 

0

 

0

   

      
      
0
"   "  " since L is Birkhoff,
          
0
0



for the first hypothesis





 

and 

  



  

0
 
Axiom  : if 
     0 #
        #
Exploiting the first hypothesis we get, denoting

 

             
               












so that



    

          
          

 



 

 
       
 
  


       
        

On the other side
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then
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therefore by comparison one inequality must be a strict one for each line, namely
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3. Equivalence of internal and external independence

 



At this point it is not surprising to see that
generalizes both the linear independence of vector subspaces and the independence of frames.

 

P ROPOSITION 51. The elements of a collection
     of compatible frames are
independent iff the corresponding Boolean sub-algebras of their minimal refinement are
independent.
P ROOF. See [439]
Remark. Independence is a local property of collections of frames.

 

T HEOREM 35.
     are independent as compatible frames iff they are linear
independent as elements of a Birkhoff lattice.








 
P ROOF. Condition 4 of Theorem 15 is equivalent to




 where
is the rank of as element of the lattice .
When we note that
 
    #

 



  

  
         

and, for the lattice





         

 






 

 

     

 

the thesis immediately follows.
4. Conflicting evidence and pseudo Gram-Schmidt algorithm
In conclusion, we now know that:
vector subspaces of a finite-dimensional vector space and compatible families of
frames share the structure of complemented semimodular lattice ( 
in particular is a modular lattice);
the elements of these lattices (subspaces and frames) are commutative monoids.
A vector space, indeed, is a group with respect to the operation ”+” and a frame is a Boolean
algebra, i.e. a complete distributive lattice, hence they are both commutative monoids.
These remarks suggest a possible method to solve the conflict among measurement belief
functions without resorting to the conflict graph. The well-known Gram-Schmidt orhonormalization procedure is used to select a new set of independent vectors from an arbitrary
one, resting on the independence condition and the projection of vectors onto other subspaces.
Analogously, a pseudo Gram-Schmidt method, starting from a set of belief functions defined over a finite collection of frames, would detect another subset of independent frames
of the same family

#

 (

#

)  
     
      $  

) 
      0 
(39)
        
0


'
with
 in general. Once projected the      $ onto the new set of frames we would
achieve a set of combinable belief functions          .
0

CHAPTER 7

Conditional belief functions and total belief theorem
1. Introduction
1.1. Data association. The data association problem is one of the more intensively
studied computer vision applications for its importance in the implementation of automated
defense systems, and its connections to the classical field of structure from motion, where
you want to reconstruct a rigid scene from a sequence of images.
A number of feature points moving in the 3D space are followed by one or more cameras
and appear in a sequence of images as unlabeled points (i.e. we do not know what are the
correspondence between points of two consecutive frames). A common example concerns
a set of markers set at fixed positions on a moving articulated body. In order to reconstruct
the trajectory of the cloud of ”targets” (or of the underlying body) we need to associate
feature points belonging to pairs of consecutive images,  and   .
The most famous approach to the data association problem (the joint probabilistic
data association filter, [14]) rests on the implementation of a number of Kalman filters
each associated to a feature point whose aim is to predict the future position of the feature,
in order to produce the most probable labeling of the cloud of points in the next image.
Unfortunately this method suffers a number of drawbacks: for example, when several
features converge to a small region (coalescence, [43]) the algorithm cannot distinguish
between them. Several techniques have been proposed to overcome problems like this like
the condensation algorithm [213] due to Michael Isard and Andrew Blake.
In the first part of this Chapter we prospect a solution of the model-based data association task, where feature points represent fixed positions on an articulated body whose
topological model is known, based on the evidential reasoning. The logical information
carried by the topological model can be expressed in term of belief functions defined over
a suitable discrete space, and combined with the probabilistic information carried by the
filters usually associated to the targets in the standard JPDA approach.
A tracking process resembling a filtering procedure can be set up, where the past knowledge represented by the current belief estimate of the model-feature associations is continuously refined by means of the new evidence.





1.2. Conditional functions and total belief. Unfortunately, the rigid motion constraint derived from the topological model of the body can be expressed in a conditional
way only: in fact, to test the rigidity of the motion of two measured points at time , we
need to know the correct association between points of the model and measured ones at

time 
Hence, the task of combining conditional belief functions emerges: unfortunately, as
we have seen in Chapter 2, the theory does not provide any description which could play
the role of the total probability theorem in classical Bayesian theory.
In the second part of the Chapter we will give a formal description of the problem of
99
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combining belief functions defined over restricted subsets of a frame of discernment, constrained to meet an a-priori condition represented by a belief function over a coarsening of
the considered frame. The minimum-size solution is required.
This problem is shown to be equivalent to building a linear system with positive solution,
whose columns are associated to focal elements of the candidate total belief function. We
will introduce a class of linear transformations on the columns of this systems and show
that the candidate solutions form the nodes of a graph whose edges are transformations of
the above class. We will show that there is always at least one path (called optimal path)
driving to a valid function whenever you choose a starting point in the graph.
2. The data association problem

 

 
The data association problem consists
on, given a sequence of images 
# each con  
taining a number of feature points
# associated to points of the real space, finding the
correspondences between feature points of two consecutive images that are manifestations
of the same material point,
 
 


  

      

The task is complicated by the fact that sometimes one or more material points are occluded, so that they do not compare in the image. In other situations, false features are
generated by defects of the vision system: eventually, the number of feature points at each
time instant is in general different, and not all of them are images of real material points.
2.1. Joint probabilistic data association. The basis principle of the most diffused
approach to the data association problem, the joint probabilistic data association (a wider
exposition can be found in [14]) is the implementation of a number of Kalman filters. Each
of them is associated to a feature point, and produces a prediction of the future position of
the feature in order to estimate the most probable labeling of the cloud of points in the next
image.
   at time    , conditioned by the past
that each measurement


 Let us assume

 
# 6 
is the set of measurements at time ),
6   (where
0
   .




has a normal distribution with
mean
and variance

  






   %  # the zone
We call validation region 

out of which it is improbabile to find measurements associated to the target . Of course




it will be an ellipse centered in the prediction
. If the classical linear model for
the measurements is adopted



(40)

 (  !



 
(    
 
  






    
 

  
    
     
                     


we can distinguish among a number of different filtering approaches:
nearest neighbor: the measurement closest to the prediction in the validation region
is used to update the filter;
splitting: a number of multiple hypothesis is formulated by considering all the
measurement in the validation region;
PDA filter: for each measurement at the current time the probability of being the
correct association is computed;
optimal Bayesian filter: the same probability is calculated for entire sequences of
measurements.
The basis assumption of the PDA filter is that the state of system (40) also is normally
  
 with variance     .
distributed around the current prediction


#
#
#
#
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RIGID LINKS
MARKERS

F IGURE 1. Topological model of a human body: the adjacency relations
among the markers are shown (courtesy of E-Motion).
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To obtain the estimation
we have to compute

for
    equation
 



   ' , where 
true # and  7
all the measurements are false # . Then
the update equation for the state becomes
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The equations for the state and output predictions come from the standard Kalman filter
(see [143])



      
    

 



                
             



A natural modification of the PDA filter is the joint probabilistic data association
(JPDA) filter, based on focusing on the joint association event


 
    '
   


 
6 
0

where 
is the event “measurement j associated to
t”. 
   target
 
 when  is found
The validation matrix is then defined as
, where
within the
ellipse associated to target t. An admissible event is a matrix of the same kind
   subjected
to the following constraints:

        % 
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 !



  



  

 





  

is called target detection indicator. The filter equations are obtained in a manner
similar to the single target case.
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2.2. Model-based data association. The JPDA method suffers a number of drawbacks: for example, when several features converge to a small region (a phenomenon called
coalescence [43]) the algorithm cannot distinguish between them. Several techniques have
been proposed to overcome this sort of problems, like the condensation algorithm [213]
due to Michael Isard and Andrew Blake. We want instead to propose a completely different
approach to a slightly different problem: the model-based data association.
Here we assume that feature points represent fixed positions on an articulated body.
We make the assumption that we know the rigid motion constraints between pairs of markers only. It is easy to see that this is equivalent to the knowledge of a topological model of
the articulated body represent by an undirected graph whose edges represent rigid motion
constraints (see Figure 1). Hence, we can exploit an amount of a-priori information to
solve the association task in difficult situations in which several points fall into the validation region associated to a filter. This information is expressed as a set of logical constraints
on the admissible relative positions of the markers and consequently the feature points.
Our problem is now finding a common environment where to combine both logical
and probabilistic information in order to exploit the knowledge carried by the model. A
natural answer to this question is given by the evidential reasoning formalism.
What kind of information can be extracted from the topological model of the body? We
can consider, for instance
the prediction constraint, encoding the likelihood of a measurement in the current
image of being associated to a measurement of the past image;
the occlusion constraint, expressing the chance that a given marker of the model is
occluded in the current image;
metric constraint, representing the knowledge of the lengths of the links, that can
be learned from the history of the past associations;
the topological or rigid motion constraint on pairs of markers.
These constrains can be expressed as belief functions over a suitable frame. For instance,

'
the metric constraint consists on checking which pairs of feature points '
    !  have the same distance of a given couple of points of the model  
 
     , within a certain tolerance. This can be realized as a belief function
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where is the probability of occlusion of one of these points
statistic on past associations, on the frame
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and





, estimated by a

of all the pairs of measured feature points.
Likelihood values produced by classical Kalman filters can be encoded in the same way, in
order to combine quantitative and logical information.
2.3. The family of the past-present associations frames. By observing the nature
of the above constraints, we note that the information carried by predictions of filters and
occlusion constraints inherently concerns associations between feature points belonging to
consecutive images, rather than points of the model. In fact, they are independent from the
assumptions about the underlying model of the articulated body.
Other conditions can be expressed instantaneously in the frame of the current associations:
the metric constraint we described above is an example.
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F IGURE 2. The family of the past and present associations: all the constraints are combined over the common refinement and then projected
onto the present association frame.
On the other hand, a number of body of evidence depends on the model-measurement association at the previous step. It is the case of belief functions encoding the information
carried by the motion of the body, those which are expression of topological and rigid motion constraints. Obviously these classes of belief functions must be defined over distinct
frames: we need to find a common domain where to combine them and detect the current
model-measurement association.
In conclusion, each belief function must be actually defined over an element of a
family of frames respectively representing past model-feature associations,
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Again, the metric constraint seen above is expressed on a frame (








.
The suitable environment where to combine all the available evidence
  is then
 the minimal refinement of all these frame, the combined
. All the
 
 association frame
belief constraints are combined over 
and projected on the current association
 in order to achieve the best current estimate.
FOD
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Constraints of the third class can be expressed in a conditional way only: hence, the
computation of a belief estimate of the current model-measurement associations implies
the necessity of combining conditional belief functions defined over the combined association frame.

In other words,
the rigid motion constraint will generate an entire set of belief functions
   2
 over the domains

1
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elements of a partition


induced on
by its coarsening 
(see



Figure 2). Here
is the i-th possible association at time  .
In order to produce a belief estimate, these family of conditional functions must be
reduced to a single total belief function, that will be pooled with the other constraints.



3. Combining conditional functions

    "!

Let us now abstract from the data association problem, and state the conditions the overall
 over  of the
function must
of conditional functions 
 obey, given a set



      # of a frame induced by a coarsening .
elements  of a partition 



  





1. a-priori constraint: the restriction of the candidate total function  must be coincide
to an a-priori b.f.  7 defined on a coarsening of the frame ;







in the data association problem the a-priori constraint is the belief function
representing

 '    , defined over  (see Figure 2
the estimate of the past association
again). It means that the total function must be compatible with the last available estimate.






of the total function  to each
2. Conditional constraint: the restriction 
 subdomain must coincide with the corresponding conditional belief function 
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Exploiting the a-priori constraint we can state the following conditions over the focal elements of  :
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L EMMA 9. The inner reduction 
of every focal element of the candidate total
1
belief function  , must be a focal element of  7 . In other words, there must exist a focal
element 
of the a-priori function such that  2 is a subset of 
and all the
1
projections
,
 , have non-empty intersection with  2 :
1
,
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2
2
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1
1
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The proof can be found in [410]. On the other hand, the conditional constraint gives the
structure the candidate f.e. must respect. If we denote with  2 any candidate f.e. included
1
in 
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L EMMA 10. Every focal element  2 of the candidate total belief function   is the
1
union of exactly one focal element of each conditional function whose domain  is included in 
, where  is the smallest focal elements of  7 s.t.  2
i.e.
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P ROOF. Since 
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must be non-empty, for if there





that is a contradiction.
This result has a fundamental consequence.
L EMMA 11. The minimum number of focal elements of the total function 
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to





where 



  +-,  and





6



 





belonging

  





P ROOF
.  Called the -th focal element of  , the focal elements of  must satisfy for
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Adding the normalization constraint we have the thesis.
4. The total belief theorem
We can now formulate the analogous of the total probability theorem in the theory of
evidence.



   

T HEOREM 36. Suppose and are two frames of discernment, and
 a
7 be a belief function defined over and     the elements of the core
refining.
Let

+-,
7
functions  defined over whose cores
  of n belief

+  of  , and there exists a collection
         # is the partition
are included respectively into 
# , where 
of induced by the coarsening .
 such that:
Then there exists a belief function over  


(see Equation 7, Chapter 2);
1.  7 is the restriction of  to ,  7
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with the minimum number of focal elements


is the number of focal elements of  .


6









    , where       



F IGURE 3. Pictorial representation of the total belief theorem hypotheses.
If the belief function  7 plays the role of a-priori probability
(i.e.  7 is Bayesian), the
,
solution of this problem is trivial. The collection
of focal
elements
of  will be the
 
union of all the collections of focal elements of the family  # ,
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normalized by the value '
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4.1. The restricted total belief theorem. If we force the a-priori function  7 to have
only disjoint focal elements (i.e. it is the vacuous extension of a Bayesian function on
some coarsening of ), we have what we call the restricted total belief theorem. This is the
case of the data association problem, when the a-priori belief function is usually a simple
support function with core containing
a few elements.
 -, simplified
In this case we can solve
problems by considering each focal element
of  7 separately, and then combine the sub-solutions by simply normalizing the resulting
basic probability assignments with the associated ' 7 
.
It is easy to see that:





 


 

T HEOREM 37. The above procedure produces an optimal solution if and only if the
a-priori function has no intersecting focal elements, while in the general case we obtain a
solution that is not optimal.
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P ROOF. The number of constraints of the general problem (see Figure 4) is
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on the other side, by combining  the subproblems related to each 
we have
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are disjoint.

5. Solution systems and transformable columns
The task of finding a suitable candidate for Theorem 36 transforms into a linear algebra
problem.
5.1. Solution systems. Let  be the number of elements of a given focal element 
of  7 . The proof of Lemma 11 teaches us that a solution of the problem corresponds to a
linear system with n equations and n variables
(41)

 








of
A
represents
a
focal
element
of the candidate total belief
where each column
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' ,
function,
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 and  is the number of constrains given by the N belief
 equations of the system have the following form
function to combine. The first  
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(where is again the -th focal element of  ) or  alternatively
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(42)
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while the last one is the normalization constraint
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The problem can then be reformulated in the following way: we have to choose  focal
elements in the collection

(43)
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to form a matrix of the linear systems 41 such that the unique solution of the system has
all positive components. For simplicity, these focal elements can be denoted by a formal
vector of their components:
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)



5.2. Solution space and transformable columns. If we fix the instance of the prob
 , the solution of the
lem each candidate solution system is associated to a vector
corresponding linear system:




















 





  

we call solution space.
Now, let us consider an arbitrary solution system, obtained by choosing  random
elements in the collection (43). The kind of columns that can be associated to negative

components of the solution is easily detectable:
 since the columns of the system must have

of  (from the constraints (42) expressed by the
positive sum for every focal element
rows of the system), a critical column must have at least one companion for every , i.e.



     



 









         


 

In other words, a companion coincides to over  .
To this types of columns, that we call transformable, we can apply the following
transformation:



D EFINITION 48. The class  of transformations acts on a transformable column of
a solution system by means of the formal sum
       
(44)

   












where is an covering
set of companions of (i.e. at least
of them cover every
+ 


    +  one

 ) and the selection columns ,



component
of
,
,
used to eliminate
 +    addenda from the formal sum and yield an admissible formal are
column.
+

We call the elements of 



column substitutions.

5.2.1. Effect of a transformation on a point of the solution space. A sequence of transitions can then be seen as a discrete path in the solution space: the values of the solution
components associated to each column vary, and in a predictable way. In fact, called 
the solution component of the old column ,
1. the new column



 





has solution component  

2. each companion column receives as new value
3. each selection column has as new value 



;

  



 , where is the old one;

   , where  is the old one;

4. the other columns maintain the old value for their solution components.
If we choose the column with the most negative solution component, the total effect is
that the most negative component is changed into a positive one, components associated
to selection columns are increased, while even if one or more companion columns can
receive a negative solution component, they will have an absolute value smaller then ,
 . Hence
since



 







P ROPOSITION 52. Column transformations of the class  reduce the absolute value
of the most negative solution component, i.e. if is transformed into by the substitution



, then
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The length of a transition in the solution space can be easily computed from the above
remarks, getting
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Remark. Simple counterexamples show that the shortest path is not necessarily composed by longest (greedy) steps. This means that an algorithm based on a greedy choice,
or on dynamic programming cannot work, for the problem does not have the optimal substructure property.
The length of the longest path in the solution space, corresponding to choosing the most
negative variable , and all selection columns positive, can be computed in the same way,
getting
,
,
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5.3. Hint of an existence proof. Now we are able to formulate the sketch of an existence proof for the restricted total belief theorem, thanks to the effects of transformations
of type  on the solution components. In fact,

1. at each transformation
0  decreases;





2. by transforming the most negative variable we always obtain different systems, for
each transformed column receive a positive solution component, that cannot be
changed back to a negative one;
3. the number of solution systems is obviously finite, hence the procedure must terminate.

Now, if every column with companions on every focal element of  could be transformable
by means of a  -class transformation, the procedure could not terminate at a system with
negative variables, for they have one or more positive companions at each point.
Unfortunately, there are “transformable” columns that do not
 admit a transformation of the
class (44), for even if they have companions on every  there not exists a collection of
selection columns

6. Solution graphs










If we define an adjacency
relation between solution systems as
if
can be

obtained from
by substituting a column by means of transformation (44) (and vice

versa), we can rearrange the solution systems related to a problem of a given size 
     # in a solution graph.



 



6.1. Significant examples of solution graphs. Let us see some significant examples,
and analyze their properties.
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6.1.1. 3x2 graph. Figure 4 shows the solution graph formed by the candidate solution
 ,   ,    . The twelve possible solution systems can
systems to the problem 
be arranged in a matrix, whose rows and columns are labeled respectively by the numbers
     of focal elements  (columns) of the associate candidate total function containing the  focal elements of  .
The solution systems can be distinguished in two classes, according to their “external”
behavior, i.e. the number of transformable columns and the number of admissible  transformations (edges) for each of these columns. Type II systems (central row) have two
transformable columns, each admitting only one  transformations, while type I systems
(top and bottom rows) have only one t.c. that can be substituted in two different ways.

   





F IGURE 4. Solution graph related to the problem of size 



, 

 

.

It is interesting to see that the graph of Figure 4 can be rearranged to form a chain of
solution systems: in fact, it is easy to check that its edges form a unique, closed loop. The
chain is composed by “rings” whose central node is a type I system connected to a couple
of type II systems. Two consecutive rings are linked by a type II system.
6.1.2. 2x2x2 graph. Figure 5, instead, shows a more complicated example, where
the overall symmetry of the graph, and the influence of the position within the 3D matrix
emerge.
6.2. Symmetries and solution systems. The position in the hypermatrix influences
the properties of solution systems, even if it can be shown that in the general case the same
entry can contain systems of different type. Hence, the type of a solution systems must be
induced by some other global property of the graph.
Let us call


   

     

 




the group of the permutations of focal elements of the conditional belief functions  . The
study of several solution graphs has made us formulate the following conjecture.
Conjecture. The orbits of G coincide with the types of solution systems.
This is reasonable when thinking that the behavior of a system in terms of transformable columns depends only on the number and size of the groups containing a same

7. FUTURE WORK

F IGURE 5. Solution graph related to the problem
 .
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,



 




focal element of  , and not on what is the particular e.f. assigned to each group. The orbits
of G are disjoint (from group theory), so they form a partition of the set of graph nodes, as
it should be if they represent system types.
7. Future work
Even if the idea of transformable column seems to point towards the right direction,
we still do not have a complete proof for the restricted total belief theorem. If our guesses
are correct, we need to find a more general class of linear transformations  , which is
applicable to any column with negative solution component.
The algorithm of Section 5.3 can be interpreted as proof of existence of an optimal path
within a graph: chosen an arbitrary node of the graph, there exists at least a path to
another node corresponding to a system with positive solution. An investigation of the
properties of such optimal paths will be necessary, together with a global analysis of the
structure of solution graphs and their mutual relationships.
In fact, intuition suggest that each graph must contain a number of “copies” of solution
graphs related to lower size problems. This is confirmed by the fact that, for instance, the
 ,   ,    is composed by 32 systems arranged in
graph for the problem 
8 chains resembling the graph of Figure 4: each system of the graph is covered by 3 of
this chains. This could be extremely useful for the computation of the number of solutions
to the total belief theorem, by exploiting the superposition of optimal paths for lower size
graphs.
On the other side, our conjecture about the action of the group of permutations  must
be proved, and its relation with the global symmetry of the graph.
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Our opinion is that the results obtained for the restricted total belief problem could be
useful to infer a line of investigation for the solution of the general issue.

Part 3

Computer vision applications

CHAPTER 8

Articulated object tracking
In this Chapter we will see another application of the evidential reasoning to a wellknown computer vision problem, called articulated object tracking. We have seen that the
D-S theory is a popular tool used in sensor fusion task, where data coming from several
different devices must be combined in order to make decisions, or compute estimations.
In a vision context, the only input device is a camera (or more then one, in stereo applications). However, an image is too complex and redundant to be used directly as input to
an algorithm: for each problem a number of salient information, or features is chosen and
extracted from the image to be elaborated.
Hence, the need of integrating the information carried by different features easily arises,
specially when the observed phenomenon is particularly complex. It must be pointed out
that it is often impossible to write analytic relations between different features for they can
concern completely unrelated aspects of the images.
Object tracking is an interesting application, consisting on the reconstruction of the
actual pose a moving object by processing the sequence of images taken during the movement. Several different approaches to this task have been developed: model-based tracking
algorithms [375] exploit optimization techniques in order to minimize a residual between
predicted and real measurements and achieve the set of parameters that better fits the new
image evidences. They often suffer the problematic convergence of numerical minimization algorithms and generally need to be manually initialized. Other techniques[44] aim to
give qualitative descriptions of motions, in order to receive messages or recognize meanings; gesture recognition[498] is a typical example.
All these methods are generally based on a single kind of feature which can produce misunderstanding under particular conditions (rapid movements, for instance). Besides, modelbased feature extraction can hardly carry independent evidence about the image for it is
driven by current parameter estimates.
In the following a fusion scheme based on the theory of evidence is exposed, based on
the discretization of both the parameter space of the articulated object and the involved
feature spaces. The properties of this evidential model are analyzed: in particular, great
attention is posed on the choice of the sample trajectory as a means for generating the
discrete version of . Several theoretical problems we mentioned in the first part of the
thesis emerge in this framework: for instance, the extraction of a pointwise estimate of the
pose will be done through probabilistic approximation. The lack of a definitive algebraic
solution to the problem of conflicting measurements will force us to find an alternative
method.
1. Evidential model
Several key ideas of the Dempster-Shafer theory are very attractive in this perspective. It
provides a formal environment for concepts like the contemporary presence of different
kinds of representation of phenomena or different levels of precision among homogeneous
115
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descriptions, relationships among distinct feature spaces and a measure of consistency
of the acquired data. Unfortunately, since the theory is restricted to the case of finite
sets of possibilities, we are constrained to find a discrete framework in which combinate
continuous measurements.
This involves several tasks:
1. building a discrete frame of discernment approximating a continuous feature space;
2. transforming the acquired feature data into belief functions over the appropriate
FOD;
3. measuring their consistency level, and rejecting the discarding features;
4. combining these functions in a common environment;
5. extracting from the resulting b.f. an estimate of the configuration of the object.
The choice of a method for discretizing features is of course critical: naive approaches
like, for example, the regular partitioning of the measured feature range are clearly inadequate for they introduce arbitrary subdivisions of the feature range and lose most of the
information carried by the measurements.
1.1. Sample trajectory. In particular we need to approximate the parameter space
of the object, whose points represent internal configurations of the body. For example a
manipulator with  degrees of freedom will have in general a domain of 
as configuration space. Excluding pathological situations we can assume the compactness (the
parameter space has no unreachable limit poses) and the connectness of (every shape
can be assumed by an articulated object starting from any initial pose). The domain will
not be in general linearly connected: it can have cuts or holes due to position constraints
concerning two or more parts of the object. Even a kinematic model of the object is not
powerful enough to fully describe the configuration space, for these constraints are hard to
formulate and depend on the size of body.
We can overcome these obstacles by describing a sample trajectory in the parameter
space of the tracked object, i.e. collecting a significant set of configuration points
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for example by sampling a continuous curve
1. it has to be dense in



2. each feature function
sample point.
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must satisfy two conditions:

   

cannot have sharp variations in the -neighborhood of a


The first condition simply guarantees that if we choose the object estimated position in
we have an error smaller than . Condition (2) ensures that each sample is a good representative of its neighbors, for its feature value is similar to the others in the -neighborhood.
The following classical result demonstrates that such a trajectory exists, at least for nonpathological situations:


 

 
  



T HEOREM 38. (Small oscillations theorem) If a function
over a compact subset
  then  there exists a partition  of
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F IGURE 1. Gaussian densities around states in the observation space.



 
 
It suffices to choose a representative point for each element of the partition 
    # . The thesis holds even if has first order discontinuities.
Theorem 2.6 suggests a charming analogy: the above partition induces a refining  between the configuration space and the sample trajectory
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so that we can define the analogous of the outer reduction
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T HEOREM 39.

 discerns the relevant interactions of a pair of feature functions

 defined over , i.e.
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Of course this is not a condition on the sample trajectory, but if condition (2) is satisfied
with small enough the probability of wrong inferences on is reduced. This argument
in a sense extends to continuous domains the evidential reasoning language and gives a
precise characterization of the intuitive idea of sample trajectory. What is really important
here is the relationship  between parameter and feature spaces, while the topology of
gives only a constraint must satisfy.

 
We already know that we cannot write the feature maps
analytically.
This suggests a ”learning” algorithm, designed to make the sample trajectory more dense
in the regions where features have high rates of change:
1. first a suitable value is chosen;
2. a sample trajectory satisfying condition (1) is followed;

3. the  feature collections
%
%
# (feature matrices) are computed;
4. the rate of change of each feature is calculated;
5. if the matrices satisfy condition (2) the algorithm terminates;
6. otherwise new samples in the high-variation zones are added and we come back to
point 2.
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a)

b)

c)

d)







F IGURE 2. Example: the partition does not discern the relevant interactions between (a) and  (b), as c) and d) show.



1.2. Hidden Markov models. A hidden Markov model[143] (HMM) is a stochastic
 
dynamical system whose sequence of state
# form a Markov chain; the only observable quantity is a corrupted version
of the state called observation process. Using the

      !# to
notation in [143] we can associate the elements of the finite state space



coordinate versors
 
 
and write the model as
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 # is a sequence of  i.i.d.
where  # is a sequence of martingale increments and




Gaussian noises
. The HMM parameters will be the transition matrix






, the matrix
means of the state-output distributions
 


  ) andofthethematrix
(in fact


of the variances of the output
distributions.
A fundamental property of this kind of models is the capability of self-learning the
set of parameters
and given a sequence of observations that are supposed to be
produced by the system. This expectation-maximization algorithm is based on a iterative
update of the matrices: at each cycle the entire sequence of data is processed.
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Once established the best parameter values, the HMM formalism can produce the state estimate associated to the current observation. The probabilistic distance between the measurement and each state representative
in the d-dimensional observation space
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is the error which is fed-back to drive the recursive estimator for the state:
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where  is the number of states and
is the i-th column of .



   



1.3. FOD Realization. The expectation-maximization algorithm provides a simple
method for building the frame of discernment which better approximates a continuous

feature space. The features
# extracted from the images of  the sample trajectory are
collected together
 and passed as input to a Markov model with  states: after the learning
stage a set of  densities over the feature space is set up (see Figure 1). This is equivalent
to an implicit partition of the
 feature range: every new measurement is attributed to the state
with the highest value of . This way the partition borders are not imposed arbitrarily, but
automatically plotted by the EM algorithm, following the clusters that are actually formed
by the sample data.


 
The set of the HMM states
    # then form the frame of discernment ,
which approximates the i-th feature space:
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1.4. Building refinings. The other output of the HMM learning procedure is
 a sequence of state estimates associated
to the
input
sequence.
Each
feature
vector
is



 
”attributed” to a single state
    !  # of the model.
Each element  of the FOD (discretized feature) is then naturally associated to a set of
sample points in the parameter
space (or equivalently
to a set  of time instants):
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          # forms a partition of the sample
It is easy to see that the collection

trajectory: for every measurement space
the multi-valued

 map
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is then a refining to the approximate state space

  




.

1.5. System architecture. Now we can give
an overall description of our tracking

system. The feature spaces and the collection of sample points of the parameter space
belonging to the sample
trajectory form a finite subset of a family of compatible frames

of discernment.
is a common refinement of the collection of feature spaces, but not
the minimal refinement because of the presence of sets of undistinguished samples. This
family of frames along with its refining maps is characteristic of the analyzed object: we
call it evidential model of the articulated body.
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F IGURE 3. System architecture.
The following scheme illustrates the spaces forming the evidential model and the relationships among them
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where ref indicates a refining between partitions (not to be confused with refinings between
FODs).
1.6. Building belief functions from measurements.
1.6.1. Constructors. The second step in our evidential approach is the translation of
the continuous measurements we get from image analysis into belief functions (called
measurement functions) over the finite frame of discernment that approximates a feature
space:
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D EFINITION 49. A constructor is a map  from a feature range to the space of all the
belief functions defined over the approximate feature space
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Constructors allow us to associate a set of measurement belief function to each configuration 
:


 














 





  

  



The task of translating a single real number into a complex description like a belief function
can simplified by decomposing the process in two steps. In the first one a set of likelihoods
 

 
  

(45)
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is produced. In fact, we have seen how to train a HMM and use it to make an implicit
discretization of a feature space  . Given a feature vector
at its input, it produces as

output the set of likelihoods
# of this measurement with respect to each of the n
states of the model.
Several possible techniques of construction  of a belief function from a set of likelihoods are available.
1.6.2. Bayesian constructor. The Bayesian constructor simply assigns to each element of the FOD the normalized value of the likelihood associated to the correspondent
state of the HMM:
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1.6.3. Discounting. Unfortunately, following Shafer[410] a Bayesian belief function
seems not to be adequate to encode an actual, finite amount of evidence: it is not a support
function. This obstacle can be easily overcome by applying the discounting technique:
D EFINITION 50. The discounted version of a belief function s is another b.f. 
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T HEOREM 40. The discounted version of a Bayesian belief function is a support function.
In this context the quantity represents the inherent uncertainty of a measurement. Its
introduction can be useful, since discounting a function has also interesting practical advantages. It can be proved that it reduces the influence of divergent functions in the combination process, increasing the robustness of the estimation.
1.6.4. Shafer’s constructor. A third approach comes out imposing these two conditions to the belief function encoding the probabilistic information:
1. it has to preserve the relative likelihood values;
2. it must belong to the class of consonant b.f.
Shafer has proved that there is exactly one belief function satisfying these hypothesis. If

# are the likelihood values associated to an observation then this unique b.f. is
given by
(
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The assumption of consonance ensures that a set of discretized measurements receives a
high degree of support only if it includes a large number of elements  with high likelihood.
1.7. Projections. It is interesting to analyze the maps between distinct feature spaces
of the evidential model.
1.7.1. Belief projections. In our framework the evidence carried by a measured feature determines an effect over the entire family of feature spaces; every belief function
generates a collection of ”sister” functions over the other FODs. We call them the projections of the measurement function onto the other spaces of the family.


onto
T HEOREM 41. The projection
 of a belief function  defined over a FOD
another discrete feature space
has the following expression:
 

  
   



while its basic probability assignment can be computed from ' in the following way:
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P ROOF. The vacuous extension  of a belief function  
 '
 ' to a,refinement
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, is given by the condition '
or ([410],
    . Trivially, the projection    of a b.f.   
 over
Theorem 7.4) 
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is the restriction to
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On the other hand we have
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As a simple consequence the set of the focal elements of
 is

  ,   
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(46)
#
+  ,      +-,

with core

.
1.7.2. General properties. Let us see some properties of the belief projections.



  





T HEOREM 42. If two frames are independent then the projection of a belief function
from one of them onto the other one is trivial:
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P ROOF. If




from what follows
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T HEOREM 43. A belief function  , defined over
are consistent.
P ROOF.
thus if
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for
otherwise

, and its projection onto
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Theorems 42 and 43 confirm that the evidential model satisfies two intuitive requests:
consistency is a necessary condition for two belief functions to be joined by a projection,
and independent measurements do not interact the one with the other.
1.7.3. Invariance of classes of belief functions. We can ask ourselves how the projection operator transforms a measurement function of a given class, and if the resulting
description can still represent a measured feature in the goal frame.
Let us consider the behaviour of projections of Bayesian and consonant belief functions.
T HEOREM 44. The projection of a Bayesian belief function can have intersecting fo
cal elements it is not in general the vacuous extension of a Bayesian function.

           
)       #         $ #
)         $   )        #        $
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Of course even
if the images of the focal elements of  are disjoint (for  is Bayesian)

         $      , the last quantity is not guaranteed to be vacuous.
P ROOF. Remembering Equation (46),
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T HEOREM 45. The projection  of a consonant belief function  is still consonant,
but it has not in general the same number of focal elements.
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Now the focal elements of
 are all the restrictions of the subsets
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i.e.
 is consonant.


Finally it is not true in general that 
s.t. 

easy to find a counterexample). Hence in the chain
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there can be some equalities.
Theorems 44 and 45 show that among the three types of measurement functions we introduced above, the class of consonant belief functions is invariant under projection: hence
they can be considered the most suitable representation of feature measurements.
1.7.4. Pointwise projections. One could imagine to reverse the b.f. construction procedure to extract a pointwise feature value from the belief projection: this first implies the
computation of the likelihoods of the elements of the goal frame. The math is immediate
for consonant measurement functions, whose structure is preserved
 
 under projection. If we
of
call '    '  the b.p.a.’s of the nested focal elements
 we have
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For Bayesian measurement functions we can simply calculate the relative plausibilities of
the singletons in the goal frame:
      #
  
 ,    #  

 

again you can note the presence of a scale factor
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After that it is necessary to detect the feature value associated to these likelihoods,
given the established implicit partition of the feature space (each region of the partition cor
responds to an element of the FOD
). The set of relative likelihoods   # 6     of



  
the singletons specifies a set of  ellipsoids

 associated
 
to each HMM state in the feature space . Obviously their intersection is not guaranteed to be non-empty. This meets our statement that in general there is no correspondence
between different feature measurements extracted from the same image.

  

 




2. Conflict analysis
2.1. Conflict graph and sets of compatible features. Once the measurement functions are projected onto to approximate state space the must be combined using Dempster’s
rule in order to fuse the information they carry.
Unfortunately, as we have learned in Chapter 5, Theorem 15 shows that the combination is
guarantee only for trivially interacting feature spaces. At each time instant any arbitrary
set of measurement functions is characterized by a different level of conflict (see Defini .   means that the correspondent belief functions do
tion 7) in the range
not have orthogonal sum. We then need a method for detecting the most coherent groups
of b.f. and choosing one of them in order to calculate the current estimate for the object
configuration.
A fundamental property of the level of conflict (see Chapter 2) is:
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, ,  
, , ,  
Hence, if
then
 , i.e. if a pair of functions is not
combinabile then all the sets of functions including this pair cannot produce any orthogonal
sum. This suggests a bottom-up technique:
1. first
is computed for every pair of measurement functions
 the
 level
of   conflict
 
 ;
2. then a conflict graph is built in the following way: once decided a suitable threshold
level for the conflict, every node of the graph will represent a feature function when
edges between them will indicate a weight of conflict below the threshold;
3. recursively the subsets of combinabile b.f. with size d+1 are computed from those
with size d by checking if the addition of any other node to the set generates a
completely connected subgraph.

   



This produces a number of subsets of b.f. over
temic estimate.

that can be chosen to produce our epis-

2.2. Feature group choice criteria. We can distinguish at least three different methods for choosing the “right” set of features:
1. largest subset: the group of features with the biggest size is selected;
2. lowest conflict: we choose the subset with the lowest level of conflict and size over
a certain threshold;
3. splitting: all the alternative estimates generated by the groups that are biggest
enough are calculated.
It should be noted that during the normal evolution of the system there is only one large
set of coherent features, even if one or two measurements can deviate from the consensus.
The presence of several candidate groups with similar size reveals a pathological situation.
The above feature selection methods can be tested by taking in account the associated
estimate errors. Adopting the splitting strategy we can detect in the same way the most
reliable set of features and give it a larger weight in the combination process.
2.3. Learning the conflict threshold. One may think that arbitrary choices of the
conflict threshold can perhaps produce any desired estimated value. On the other hand,
there is no theoretical argument supporting a precise assignment for it.
An interesting approach leaves this choice to a learning procedure:
after the implementation of the family of FODs (feature spaces, approximate parameter space, refinings and projections) a new trajectory is followed;
at each time instant the measurement functions are combined (setting = 0 and
summing all the compatible b.f.) and the estimates are produced;
the estimate sequence is compared with the actual parameter sequence: the desired
threshold value is obtained by taking the mean value of the sequence of w.o.c.’s
weighted by the estimation errors    .
The resulting conflict threshold will then be
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Remark. As we have mentioned in Chapter 6, the conflict graph method is computationally expensive, and seems to be somehow unsatisfactory. The algebraic approach
based on the construction of a new set of measurement functions defined over independent
feature spaces we suggested at the end of Chapter 6 will be certainly the definitive solution,
given both its formal elegance and greater efficiency.
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3. Pointwise estimation
Once projected our epistemic estimate onto a suitable class, we can extract a pointwise
estimate of the object configuration by exploiting the particular form of the resulting belief
function.
3.1. Convex parameter spaces. In the simplest case the parameter space is convex. In this situation the Bayesian approximation we discussed in Chapter 4, given by the
normalized plausibility of singletons
, 
 #
'    # 
, 
 #

where
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admits a natural representative which is a convex combination of elements in
Namely,

 



.
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Remark. This mechanism clearly assumes a linearly-connected parameter space (as in
the example we will see in Section 5). In more complex situations like high-dimensional
non-linearly connected parameter spaces we must ensure that the estimate belongs to
(remember that its analytic expression is unknown).
4. Algorithms
We can finally summarize our object tracking algorithms.
4.1. Training. In the training phase the evidential model of the object is built. The
topology of the sample trajectory is iteratively modified by increasing the number of samples belonging to regions with high rate of change: this procedure has been fully described
in Section 3.2. Once the best trajectory is achieved we:
1. calculate the final feature matrices;
2. process every feature matrix by a HMM obtaining:

(a) the model of the
 correspondent FOD ;
(b) the refinings between each FOD and the approximate parameter space



 



.

4.2. Tuning. The evidential model produced  by the training algorithm still depends

    # of the approximate feature
on a number of parameters, i.e. the dimensions 
spaces and the conflict threshold.
The adequate number of state for a feature space can be calculated by analyzing the clusters
 the sample data form, or alternatively learned from the measured estimation error as
 increases. Even if this is formally a multi-variable
optimization problem, it seems rea
sonable to calculate each single cardinality  separately for they represent an inherent
property of each feature. The level of conflict is instead estimated by means of the learning
procedure exposed in Section 4.3.

5. EXPERIMENTS

127

4.3. Tracking. Given the evidential model of the moving body, tracking an arbitrary

motion reduces to the following steps: for each time instant
1. the  feature vectors  are calculated from the acquired image;


2. each feature vector is  processed by the correspondent HMM , producing a set

of likelihood values
# ;

3. a measurement belief function   is built from these likelihoods;

4. all
the measurement functions  # are projected onto the discrete parameter space

;
5. the most coherent set of features is detected by analyzing their conflict graph, and
their orthogonal sum (estimate function) is calculated;
6. the pointwise estimate of the object configuration is obtained through Bayesian
approximation.
Remark. It would be interesting to compute also the projections of every single measurement function onto the other feature FODs, and use the technique exposed in Section
 pointwise projected

5 to produce  
features. This way we would have for each feature

 
a set of  
trajectories
# we could compare to the measured one and study their
consistency during the tracking process.



5. Experiments
Let us see the experimental behaviour of our information integration framework in a simple
situation.
5.1. Equipment. The articulated object we have chosen is the 2 d.o.f. planar robot
PantoMouse built by the Industrial Electronics group of our department. Its end-effector

  mm area. We acquired grayis a little metallic cylinder which can move inside a 


pixels with a Sony XC-75 CCD camera controlled by a National
level images of 
Instruments NI-IMAQ frame grabber.
As it can be seen from Figure 3a we have taken pictures of the end-effector rectangular
workspace only. The sample trajectory and a number of other robot motion were first acquired in batch mode by using the NI-IMAQ library of image processing routines attached
to the Labview graphical programming language, while the training and tracking routines
were developed in Matlab.





 

5.2. Features. To represent the images we have chosen an interesting topology-based
kind of feature called size functions which has been introduced by P. Frosini for the robust
representation of contours (see Figure 13.6).
First ([159], [498]) we extract the silhouette of the moving body and compute two different
kind of measurement functions, called ”distance from a point” and ”distance from a line”.
They are obtained by projecting the contour over a sheaf of lines passing through its center
and over spheres centered on a mesh of points respectively.
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D EFINITION
51. Given a continuous function
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pair
 
number of connected components of the sub-domain 


 
not have an empty intersection with 9
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By applying this technique to the above families of measurement functions we get a set of
”size function tables” whose mean values collected together finally give the feature vector.
As a test for our feature combination method we consider each single component of the
vector as a distinct feature and build a separate FOD for it. This allows us to choose a
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F IGURE 4. The PantoMouse planar robot.
small number of states for each frame and demonstrate how our system can reject incorrect
measurements.







 mm square: we
5.3. Performances. The PantoMouse planar workspace is a 
 
first chose a sample trajectory composed by a mesh of equispaced points with
mm. The pictorial representation of the feature vector sequence of Figure 6a tells us the
measurements are smooth enough to be discerned by this approximation and suggests the
following choice for the HMM’s number of states:

 



       

 



    




After building the family of discrete feature spaces and refining maps to , we made the
robot execute a number of movements to test our tracking algorithm. Figure 6b compares
one of these motions to the estimated positions obtained by translating feature data into
Bayesian belief functions, combining them and then calculating the relative plausibility
of each sample position as we have seen in Section 3. The resulting estimation error was
2.3585.
5.3.1. Changing the number of states. It is interesting to see how a increased number
of elements in the approximate feature spaces can improve the estimation precision. Figure
7a pictorially shows the effect of refining the frames related to the second and third component of the feature vector from 2 to 3 elements: it is evident the better tracking precision, as
  
the estimation error 
confirms. It wonders how these small-state feature spaces
can produce such a good result.
5.3.2. Sample trajectory variations. We have built a second evidential model for the
PantoMouse robot by choosing a more sparse trajectory, obtained by taking one point every
    , as Figure 7b shows,
three in the first
one. The estimation error has grown to 

for the new could not cope with high feature variation rates.
5.3.3. Constructor choice. The choice of the b.f. constructor (Bayesian, Shafer’s and
by discounting) can affect the behaviour of the estimation process. The estimates resulting
from the combination of consonant measurement functions are shown in Figure 8a. It can
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a)

b)

c)

d)

F IGURE 5. The feature extraction process. a) Real image. b) Image of
the edges. c) The measurement function associated to the selected line.
d) The corresponding size function table.





be observed that they are not significantly different from what we obtain by using Bayesian
 
b.f.s ( 
).
5.3.4. Adding new features. Finally we introduced another kind of feature to show
how the addition of new information improves the estimate. In particular we calculated
the center of mass of the images thought as intensity functions and updated the evidential
 and   respectively. Figure 9
model adding two other scalar frames with  
shows that they are smooth enough to be discerned by the original sample trajectory.
Figure 8b illustrates how the updated model better describes the PantoMouse motion: the
    . Nevertheless two estimate clusters around the points
estimation error becomes 
(4.3,3) and (6.5,14) tell us that the feature set we have chosen is not informative enough
to distinguish positions in that regions. Building a more refined FOD for the horizontal
component of the center of mass could be useful.
5.3.5. Feature compatibility. During all these tests the conflict graph has always resulted completely connected: every couple of belief functions has shown a very low level
of conflict. This is not surprising for we have chosen low values for the  ’s, so the measurement functions could hardly claim contradictory propositions.
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a)

b)

F IGURE 6. a) Pictorial representation of the feature vector evolution. b)
Real (gray) and estimated (black) positions in a tracking example.

a)

b)

F IGURE 7. a) Tracking results with  
sample trajectory.




 

. b) Effect of a sparse

Adapting this method to more significant applications will require to study the interesting
tradeoff between estimation precision and conflicting measurements.
6. Comments
Let us discuss some aspects of the framework we have illustrated in this Chapter. Firstly,
feature integration problems fit almost naturally in the formalism of the theory of evidence.
The notion of family of frames plays a central role in the theory, and is a strong asset in
situation where data living in different domains is present.
The question about the nature of the relationships among completely different representations finds a formal solution, and the consistency of feature measurements concerning the
object motion is measured by means of the notion of weight of conflict.
Nevertheless, the necessity of resorting to discrete versions of the spaces of interest is
quite annoying, and the criticality of this step makes the entire process quite fragile. In the
long term, a definitive continuous formulation of the theory is necessary to overcome this

6. COMMENTS

a)
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b)

F IGURE 8. a) Effect of consonant measurement functions. b) Precision
increment due to addition of features.

F IGURE 9. Coordinates plot of the center of mass of the sample images.

kind of problems.
On the other side, the study of the criterion of choice of the approximate parameter space
has resulted to be interesting, and far to be satisfactorily solved. In particular, the notion of
relevant interaction between feature functions seems to be promising.
The task of inferring basic probability numbers from actual data is still object of discussion, as several works in the literature confirm ([535], [549], [245]). Our use of hidden
Markov models implicit quantization mechanism as the basis tool for solving both the construction of the evidential model and the computation of belief measurements from a set of
likelihoods of the features provides an interesting solution.
Several other theoretical properties of the evidential model are still to be investigated, and
the relationships among configuration space, sample trajectory, continuous and discrete
feature spaces are all matters deserving to be addressed in the future. In particular, the
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pointwise estimation mechanism must be checked in more complex situations like highdimensional non-linearly connected parameter spaces for ensuring the estimate to fall in
.
About the results, the analysis of the influence of the number of states of the discretized
feature spaces on tracking precision has shown that relatively rough discretizations can
produce appreciable outcomes.
An interesting line of research could be the integration of our feature-based framework
with analytical model-based approaches ([375], [376]) to object tracking. The knowledge
of the kinematic model of the object, for example, could lower the estimate sensitivity to
the detail level of representations.

CHAPTER 9

Towards unsupervised action recognition
In the last two Chapters we have discussed the application of the theory of evidence to
estimation problems. We want here to illustrate a classical classification-decision problem
of computer vision that goes under the name of action recognition, with the major variants
of gesture and face recognition.
In this context the machine, by processing measurements extracted from a sequence of
images (typically under restrictive conditions), must be able to recognize the presence of a
category of motions it learned in advance. The choice of the features to be extracted from
the images is crucial, for only a few details usually signal the presence of a particular kind
of gesture, while the rest of the information is simply neglected. Unfortunately, without
prior knowledge about the nature of the object in motion is very difficult to decide what is
the relevant information, for it is strictly dependent on the actual issue.
It is then natural to imagine a framework in which the evidence produced by the analysis of
each category of feature, typically a likelihood produced by a finite-state stochastic model,
is pooled in a probable reasoning stage in order to make a decision.
In this Chapter we will then present a general model of an “action”, which will therefore give it a precise definition, that includes both the dynamical and photometric characterization of the motion. All of its components, including feature representations, are
part of the action and must be constructed from the data. Invariance with respect to the
parameters of the motion is guaranteed by both the global geometric representation and
the stochastic model of dynamics. We will adopt the formalism of hidden Markov models
(introduced in Chapter 8) as a method for extracting the invariant dynamic pattern from a
collection of instances of the action, avoiding the discretization of entire feature trajectories.
We will show that the model has compositional properties, in the sense that a model of a
simple action can be detected from the model of a more complex one (in a dynamic “foreground + clutter” scenario), by showing how the model of a simple action can be recovered
from cluttered sequences.
Finally, we will depict the future developments of our approach to unsupervised recognition and describe the role of the evidential reasoning in a completed system, in which
the evidence resulting from the analysis of each feature or family of features is pooled by
means of the Dempster-Shafer fusion scheme.
1. Action recognition in unsupervised context
Interpreting dynamic scenes, from the detection of a moving prey to the recognition of a
friendly gesture, is crucial in the life of animals and remains one of the most important and
yet largely untapped problems in computer vision. The problem is difficult because of the
large variability in visual measurements of the same “action”: the appearance of a person
walking changes dramatically depending on pose, gait, clothing, age, as well as upon the
photometric, geometric and dynamical properties of the surrounding clutter. A model of
133
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an “action” must embed invariance to all distracting factors either explicitly (i.e. as part of
the model) or implicitly (by means of training). For the case of highly structured objects,
such as a hand or the human body undergoing standard gaits, an explicit model of its
geometry, photometry and dynamics can be constructed from first principles (to a certain
approximation); then detecting an action (e.g. a person crossing the road) can be subsumed
into a parametric statistical estimation problem (see for instance [51, 590] and references
therein), where a global structure is matched to pre-processed image data. This corresponds
to high-level grouping, where invariance to some of the parameters (e.g. photometry) is
achieved by choice of local features (e.g. optical flow), while a small number of parameters
(e.g. lengths and angles between limbs) is inferred from the data.
The construction of models of spatio-temporal visual scenes from data without direct
supervision is an exciting challenge. As a prototype example one can consider extracting
a model of a person or a dog walking by analyzing video footage of different walking sequences in different clutter. The models we discuss seek to integrate local photometry with
global geometry and dynamic constraints, and are similar in spirit to the work of Weber et
al. [553] on unsupervised detection of classes of objects such as faces or cars, except generalized to dynamic scenes. They may not necessarily be physically or anatomically correct,
but will be designed so as to allow detecting an instance of walking in a new sequence
with previously unseen clutter. In this sense we seek for “discriminative” models, since
they are not derived from physical laws. However, the models we discuss will produce
predictions of the appearance of (parts of) the visual scene, and therefore can be labeled as
“generative”.
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LOCAL PHOTOMETRY

GLOBAL GEOMETRY
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F IGURE 1. General scheme for the model of an action: the feature trajectories generated by a bank of local filters are selected and applied to
a stochastic model in order to extract the invariant dynamic pattern. The
features of interest are learned from a collection of instances of the motion by testing the presence of a pattern.
1.1. Related work. The problem of recognizing complex motion patterns in image
sequences has been investigated in various settings and for its solution different techniques
have been proposed. However, to our knowledge the unsupervised case has not been considered yet. Extensive work has been done in the study of human motion, encompassing
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facial expression analysis [146, 39, 147], hand gesture recognition and whole-body tracking (see [164] for a survey).
A common approach consists of extracting low-level features by local spatio-temporal filtering on the images and using hidden Markov models (HMMs) on the collection of sequences of points thus obtained for recognition and classification tasks [503, 563]. In
[564], parametric HMMs are introduced for recognizing gestures that exhibit dependence
on a set of parameters, and in [50] coupled HMMs are used for modeling interactions
of two mobile objects. In [215], more complex actions are recognized by computing the
probability of a sequence of elementary actions detected by HMMs with a stochastic probabilistic parsing algorithm.
In the literature, other statistical models, such as Bayesian Networks, are also used [323,
36]. For complex actions, context-sensitive [362, 337] and multi-agent models [210] have
been proposed. Some methods are based on optical flow. For each frame the flow can
be approximated with a small dimensional vector in suitable basis, as in [198], and the
recognition done with HMMs as before, or, as in [40], a spatio-temporal representation
of the optical flow can be built. In [168], a biological motion pattern is represented by a
linear combination of prototypical image sequences. Other methods, such as in [51], use a
statistical hierarchical approach based on local appearance.
2. Representation of actions
A satisfactory definition of the concept of “action” requires an accurate analysis of the
problem to avoid restrictive or simply ill-posed assumptions. First, the meaning of a motion is often not associated to the entire trajectory but is summarized by a few significant
portions of it. For instance, in a pointing gesture the crucial part is the arm reaching a
steady, extended position for a while, no matter what trajectory it follows. Hence, trying to
reproduce or parameterize the nuisance variability of a class of trajectories leads to fragile
models and extremely difficult recognition. What we have to detect is the invariant pattern
always present in every instance of the action.
Even more important, the meaning of the action can be associated to different aspects of
the movement. For instance, periodicity (closing the hand just once does not mean “bye!”),
shape variations (e.g. hand gestures), critical configurations (the pointing gesture again),
spatial trajectories (e.g. drawing). Therefore, in an unsupervised framework choosing a
feature representing only a part of the information of the image sequence can generate an
unacceptable bias. Finally, many actions are associated to movements of only one part of
an evolving object (locality). For instance, a walking person is free to move the upper part
of the body.
In order to recognize actions, we need to define them as entities that can be easily
detected from sequences of images. From the above discussion this will require the introduction of a model both capturing an action by its photometric, geometric and dynamic
invariants, respecting the constraints of locality, and allowing the learning of the set of
features characteristic of the action.
2.1. A three-level generative model. Consider a sequence of images
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where

is a positive array with a certain number of rows and columns . Let
      
     # be a number of spatial or spatio-temporal filters (linear or non-linear),
that is
      where  is a subset of  the image lattice. In the case of a spatiotemporal filter,
    
where  is a subset of the time set
  # .
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  # could be a linear filter banks, a multi-scale family of oriented filters,
or even a global filter, for instance the so-called “size functions” ([159]), or inter-frame
optical flow [16].
The location of the maximal response of each
filter changes, in general, during the
  
     # , which we
sequence, so that we have a set of trajectories
call feature trajectories. Only some of the feature trajectories will be of interest; we call
the others the “background scene”; portions of feature trajectories may be missing.
We assume that feature trajectories of interest describe smooth transitions between a
 

    # ,
certain number  of configurations of maximal responses of filters
which we call feature configurations. Feature configurations are organized into a graph

where
are the nodes, and edges represent the probability of a smooth transitions from
one configuration to another. Such a graph represents an invariant pattern that can be
extracted from every instance of the action, and does not necessarily encode the whole
feature trajectories.
This model can be thought of as a three-level generative stochastic model. At the
highest level we have actions, which are defined as stochastic automata of feature configurations. At the intermediate level we have feature trajectories mixed with clutter and
distractors. At the lowest level we have photometric patterns evolving in time on the image plane. This is illustrated by figure 1. The three levels correspond roughly to local
photometry (lowest) to global geometry (intermediate), to discrete indexing (highest).

 



 


2.2. Learning actions. As stochastic representation of the transitions between feature configuration we adopted the formalism of hidden Markov model. In Chapter 8, Section 1.2 we have seen the basic features of this class of models. We just want to note
that we use an application of the EM technique that is slightly different from the classical
Baum-Welch procedure and is based on a one-pass [143] iterative update of the matrices.
As we mentioned above, in order to specify
to give a description of
  an action we  need
each level, including the choice of filters , feature poses
and the dynamics encoded
by the transition matrix
.
Now, making the assumption that the “correct” filters are given, HMMs provide a method
to build the invariant pattern or graph between feature configurations, giving the sequence
of feature observations extracted from the images as input of its learning algorithm. The
parameters of the resulting model will then encode the feature configurations as columns
of the matrix, and their dynamics as transition probabilities in the matrix.
It is interesting to remark that invariance to execution speed is embedded in the HMM
representation once the auto-transitions of the states are neglected.

  



3. Detecting actions in clutter
We want to test the compositional property of the model we described above, by showing
that it is possible to recover the invariant pattern from the model of a complex motion.
3.1. Clustering. Our fundamental claim is that there exists a choice of features under
which the model of an action in clutter is embedded into the model of the cluttered motion.
In other words, there is a map between the model representing a sequence containing both
foreground and background motion and the model of the action of interest. We need to
make the nature of this map precise, find a way of extracting the invariant information
from an HMM built from a cluttered sequence and a criterion to compare the extracted
information with the learned model of the action of interest.
Now let us suppose that we are given the suitable family of local features.
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F IGURE 2. Feature computation. Top: feature trajectory and bounding
boxes. Bottom: mutual distances and orientations.
Conjecture: each state of the model generated in presence of clutter corresponds to a state
of the learned model for the action of interest.



Hence, the set of states of the first model associated to the same state of the learned HMM
will roughly represent the same positions of the foreground features. Therefore, if we select
the components of the state-output matrix associated to the local features describing the
action, the columns of the resulting matrix must form clusters in the associated subspace
of the feature space. This operation can be done using a standard technique, for example
k-means clustering, by considering the means of the state-output distributions collected in
as vectors in the d-dimensional feature space.
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  the transition matrix. Once produced the set of  state clusters
 3.2.  Reducing
      # we need to rearrange the transition matrix in order to produce a new

admissible model. This can be done considering one cluster at a time with no particular
ordering, and grouping the corresponding states.
After simple calculations we get
+     
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while the transition probabilities from the cluster must
be normalized

    with
 its cardinality:
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This operation is repeated for the next cluster on the new until we eventually get an
    matrix. Finally the columns of the reduced must be permuted to match the order
the clusters in the reduced matrix.
3.3. Detection. Once extracted the reduced model from the cluttered sequence we
need to define a distance among hidden Markov models in order to measure the similarity
of a reduced model with one or more learned models for the action of interest. A natural
way to comply is computing the Kullback-Leibler number between their output processes
from the parameters of the models. In [516] the conjecture that the logarithms of the output
sequence of HMMs have Gaussian distribution is exploited to use the integer moments of
the output sequence probabilities to compute the KL number. Unfortunately, in [226] it is
shown that this conjecture is wrong in the case of two simple HMMs. We decided to use a
Monte-Carlo method to calculate an approximated KL number, according to [225].
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Now we can summarize our algorithm for action detection in clutter:
1. select feature components associated to the action of interest;
2. project poses onto the corresponding subspace of the feature space;
3. construct new poses by clustering;
4. create the reduced model by rearranging the topology of the graph;
5. compare the reduced model extracted from clutter with the learned one using the
KL distance.
In the next section we are going to test the behavior of this technique in a simple but
interesting situation and show how the results confirm our basic assumptions.
4. Experiments

F IGURE 3. Examples of motion. Left: a “fly” action from the original
dataset. Right: combined action with “fly” and “cycle” both present and
no synchronization.
4.1. Choice of features. As we mentioned above, the choice of a good feature representation is critical in order to make the invariant pattern arise from the input data. In
particular, we have to guarantee the invariance of our representation with respect to translations on the image plane and the scaling effect due to distance variations. That is simple
in situations with no clutter, where only the features of interest are present: it suffices to
take the bounding box of the trajectories and scale it to a unit-size square. Obviously, this
cannot be done when distractors can appear at random locations and affect the bounding


     in the imbox. Hence, given a set of feature trajectories
  
#
age plane we compute a new feature vector
in the following way: the bounding
   box
for each feature
and
  trajectory is computed (Figure 2-top) and the mutual distance
orientation 
between
each
pair
of
feature
at
each
time
instant
is
measured
(Figure

 
2-bottom).
Calling
# the rescaled feature coordinates with respect
  
   to the unit square
and
the mutual distances normalized by using the median of
along the entire
trajectory we define
     #  6      #  6       #  6 
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F IGURE 4. Visual representation of the states of the model for the combined motion of Figure 3-right.

It can be proved that
P ROPOSITION 53.
along both axes.



  # 6




is invariant with respect to translation and scaling

          

 


the map transforming pairs of
P ROPOSITION 54. Called
feature trajectories into a feature vector, the restricted application obtained by fixing one

argument
 is injective.

   "   

In other words, fixing a scale and offset for one trajectory force the other into a unique
absolute position: this way sets of feature are locked together and cannot assume different
relative positions and size, maintaining the scale and translation invariance.
4.2. The dataset. To test our conjecture about the presence of an invariant pattern in
the HMM generated from a cluttered sequence we built a dataset composed by instances
of three kinds of actions. “Fly”, consisting on person moving his arms as wings (Figure
3-left), “cycle” (a rough cycle described by a hand) and the combination of these two,
executed by two people in different relative positions and with different personal interpretations (see Figure 3-right). The numbers of collected sequences were 25, 43 and 33
respectively. We implemented a simple hand tracker by means of interest operators using the response to a set of filters (cross-correlation) and computed the HMM models for
     for “fly” actions,
each of these sequences and a variable number of states: 




   for “cycle” gestures and 
  
for the instances of the combined motion. We also first assumed absence of occlusions. Figure 6-top shows the graph of one
of these combined models, while Figure 4 gives a visual representation of the states of the
same model,
sum of the images weighted by the state
  obtained by simply computing

  the

estimate: 
. In order to neutralize the sensitivity of the
6  
EM algorithm to local minima we applied it several times to each sequence and stored the
model with higher likelihood.
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4.3. Effect of clustering. We applied the clustering procedure to the cluttered sequences and extracted a collection of reduced models for the “fly” gesture by selecting the
appropriate feature components. Figure 5 illustrates the the results of the k-means algorithm for the model for the cluttered sequence of Figure 3-right, while Figure 6 shows the
effect of the reduction algorithm on the transition matrix.
0

0

0.1

0.1

0.2

0.2

0.3

0.3

0.4

0.4

0.5

0.5

0.6

0.6

0.7

0.7

0.8

0.8

0.9

0.9

1

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

1

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

F IGURE 5. State clustering in the feature space: the original states for
the “fly in clutter” sequence of Figure 3-right (crosses) and the new states
generated from the clustering (squares) are shown in the feature subspace
associated to the right hand (left) and the left hand (right).
A visual inspection of Figure 4 shows that the automatically generated clusters group together states associated to the same phase of the “fly” action. For instance, the states and
 collected in the cluster both capture the phase of “fly” in which the hands are down.
The topology of the reduced model encodes almost exactly the dynamics of the action, a
double chain connecting the state with hands down ( ) with the state “hands up” ( ) going
through two intermediate positions.







4.4. Comparing models. The reduced models of the “fly” gestures have been calculated from the HMMs of a subset of the cluttered sequences, with number of states n=6
and n=7. Resting on our conjecture we expected both the topology and the pose matrix
of these HMMs to be similar to the models
of clutter. In fact, Figure 7
 
 learned
    !# inofabsence
show the distribution of the pose
the 25 models built for “fly” with
no distractors in the subspaces related to the right hand and the left hand respectively, plot two distinct aggregations are clearly visible proving the stability
ted as crosses. For 
of the model with respect to the variability of the action. On the other hand, the small
squares represent the position of the poses for the reduced models obtained for “fly” from
the cluttered sequences by clustering: they evidently follow the same distribution. The
 ,
same behaviour is recognizable in the bottom diagrams comparing models with 
even though a larger dispersion emerges for one of the “intermediate” states. More pictorially, Figure 8 shows the correspondence between states of “fly” models (top) and states of
models for “fly” in clutter (bottom), extracted from a cluttered scene using the algorithm
of section 3.1. An interesting remark is that it is not necessary to choose a precise number
of states for the cluttered model in order to extract the invariant pattern, but it suffices to
have a rich enough description (i.e. 
 7 for some  7 ).
As a definitive evidence we implemented the Kullback-Leibler distance and applied it to
compare the models of “cycle”, “fly” and “fly in clutter” with the same number of states.
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F IGURE 6. Effect of the clustering on the topology of the transition matrix. Top: model for the cluttered motion in Figure 3-right. Bottom:
reduced model for “fly”.

 





The results for 
and 
are shown in Figure 9, and clearly confirm the similarity
of reduced and a-priori models.
5. The role of the evidential reasoning
5.1. Towards unsupervised detection. Our conjecture about the presence of invariant patterns of actions in clutter (when actions are modeled as described in section 2.1)
seems to be supported by the results of this first experiments. Therefore, we can plan the
formulation of an algorithm for unsupervised detection of such models from a collection of
sequences containing instances of the same unknown action. A straightforward approach
would be computing all the reduced models for each group of feature in the first sequence,
comparing them with the models built from the second, selecting the compatible ones, and
then repeating the comparison for the next sequence. The complexity would be far less
than combinatorial, for a dramatic reduction of the number of candidate models would occur in the very first comparison.
Furthermore, in these first tests we have assumed the absence of occlusions: in fact, our
invariant feature representation shows a degree of robustness, in the sense that missing data
for a feature do not affect the computation of the others. Of course the problem remains
critical, for standard HMM theory does not allow for observation spaces of variable dimension. A possible solution can be the use of standard statistical techniques for the treatment
of missing data [304] based on the EM algorithm. More interesting would be the learning
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F IGURE 7. Distribution of the states of “fly” (crosses) and reduced models for “fly in clutter” (squares) in the normalized feature space (unit
square). From left to right: n=2, right hand; n=2, left hand; n=4, right
hand; n=4, left hand.

F IGURE 8. States comparison. Top: “fly” action. Bottom: reduced “fly”
model extracted from the cluttered sequence. It can be seen that the states
of these two models correspond to a large degree despite of the distractor
clutter.
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F IGURE 9. Kullback-Leibler distance between models for “fly” (dotted
lines) and “fly from clutter” (solid lines) and an arbitrary model for “fly”
chosen as reference: the x axis plots the length of the observation sequence, the y axis the KL number. Left: n=2. Center: n=4. Right: for
comparison, distance between a 3-state model for “fly” and the 3-state
models for “cycle”. Notice that the scales in the three plots are different
and similar actions cluster closely while different actions are well separated.
of models based on hybrid systems composed by different HMMs each representing a state
of occlusion.
5.2. Feature evidence, fusion scheme and decision. Our general model for actions
explicitly includes the set of characteristic features for that particular motion. A satisfactory solution to the unsupervised detection problem must provide a reliable automatic
feature selection stage, based on the presence of the invariant pattern in the corresponding
models. Furthermore, a method for pooling the evidence arising from the analysis of each
kind of feature is needed in the general case, in which there no such a thing as the feature
associated to an action.
Consider a very simple example: the pointing gesture. What are the important features
of the movement, the evidence convincing us that yes, the moving thing is a human arm,
and it is indicating a direction? First of all, the trajectory of the arm is not important at all:
the only important thing is that, at a certain moment, it stands still completely extended.
This can be expressed in term of the optical flow, i.e. the map of the local variations
of intensity all over the image: at a certain time instant, all the vectors representing the
direction of motion of pixels of the arm must be parallel.
This is still not enough to conclude, for the object in motion can be different from a human
arm: a local analysis of color and appearance is necessary.
Hence, in general the analysis of several aspects of the images is necessary to give a positive or negative answer to the presence of an action: a pattern must emerge for each of
these characteristic features, and the degree of certainty of the final decision will depend
on the combination all these features.
The evidential reasoning gives a natural solution to all these requirements: the combination of partial evidence, the question of the compatibility of patterns analysis for different
features. Furthermore, it eliminates one of the most annoying defects of most of the classical decision algorithms: the choice of a threshold. In fact, comparing a stochastic model of
an action with a new movement, represented by a sequence of images, has usually a likelihood value as output. Unfortunately, absolute values of likelihoods are meaningless, for
they depend on nuisance parameters like the length of the sequence: choosing a threshold
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F IGURE 10. Reasoning in the space of the known actions: each kind
of feature contributes to the final decision, according to the presence of
a pattern in its evolution.
for a 0/1 decision in this situation is always arbitrary (see for instance our previous work
on gesture recognition [498]).
In an evidential process, instead, this likelihood can be used to build a basic probability
assignment (as in [282]), that combined with the others in the space of all the possible
categories of actions (Figure 10) will produce a richer belief estimate of the nature of
the observed motion. A conflict analysis will be also possible (maybe by means of the
algebraic tools we studied in Chapter 6), allowing the machine to formulate alternative
hypotheses about the observed phenomenon.
In the perspective of a long-term project, an efficient implementation of Dempster’s rule
and conflict measurement will form the final stage of the action recognition architecture.

Part 4

Conclusions and appendices

CHAPTER 10

Conclusions
As we mentioned at the beginning, the aim of this thesis was not to claim that the
generalization of probability theory emerging from the work of Dempster and Shafer, but
also Kohlas, Smets and others, is the right way to cope with the practical problems arising
in computer vision that involve deductions, or estimations, in a context of uncertainty. As
we have largely shown in the extensive review of Chapter 3, the debate on the philosophical motivations at the basement of uncertainty theory is also intense, and the most popular
opinion seems to support the idea that there is no an ultimate formalism suitable to every
situation. We are not going to partecipate to this debate, that is beyond the goals of this
work.
Instead, we hope we have given a flavor of the richness of the theory of evidence, in terms
of its applicability to a large number of problems (in particular computer vision ones), and
of the emerging of interesting theoretical questions due to the greater “internal structure”
belief functions have when compared to classical probabilities.
It is worth to point out that all the theoretical issues we presented here are direct consequences of the formulation of evidential solutions to the vision applications of Chapter 7
and Part III, which have been shown later only for “didactic” purposes.
The number of open problems is huge, and only a brief hint to some of them is possible
here in this final considerations.
The geometric analysis exposed in Chapter 4 is clearly only at its initial stage, even
if some interesting results have been achieved. We now have a picture of the behavior of
belief functions as geometrical objects, but the questions that has motivated this approach
still need to be addressed. A general expression of the consonant and probabilistic approximations of a belief functions, based on the principle of “external” behavior we have seen
in Section 9, is to be found.
The language we introduced, based on the commutativity of Dempster’s rule and convex
closure seems to be very promising, especially concerning the derivation of the canonical
decomposition of a generic separable support function. Encouraging partial results have
already been achieved, even if we did not include them in this thesis.
A collateral effect of the algebraic structure of the families of frames, given its strong
bond to the idea of support function, could be a new interpretation of the families of compatible support functions. This question is strictly connected to the possibility we hinted
in Chapter 6 of solving the conflict problem by formulating a pseudo Gram-Schmidt algorithm.
The problem of canonical decomposition, perhaps, could be approached from another point
of view by integrating the geometrical and algebraic frameworks, and studying the geometric relations among belief spaces associated to compatible frames. An hint about the right
direction to take is provided by the notion of lattice of convex hulls ([505]).
The notion of sequence of random variables or random process is perhaps the most
widely used in almost all the engineering applications, including control engineering and
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computer vision: it suffices to think about the role of the Kalman filter formalism. The
knowledge of the geometrical form of conditional subspaces could be used to predict the
characteristics of series of belief functions

 



 




$

and their asymptotic properties, helping to start the study of the evidential analogous of a
random process.
The formulation of the total probability theorem we encountered in Chapter 7 is a good
step towards a definitive description of the combination of conditional data in an evidential
framework. We have already started to explain what further actions may conduct to a
final arrangement of the matter. In the future, it will worth to investigate in more detail
several different interesting alternative views of the total belief problem, that could be able
to enrich our knowledge of the theory of belief functions and its relation with unsuspected
fields of mathematics apparently alien to combinatorics.
For instance, homology theory provides a natural environment in which to pose the graphtheoretic problem concerning the candidate total functions, and possibly find a generalized
transformation class powerful enough to solve the general instance. In fact, the linear
systems associated to the candidate solutions form a simplicial complex(see [505] again),
and the transformations representing the edges of a solution graph resemble the formal sum
of a chain
   


where is a k-dimensional simplex of the complex and
 is an arbitrary element of
a group G.
On the other hand, conditional subspaces establish a connection between the operations of
conditioning with respect to functions and events. It suffices to remember that
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is the belief function  conditioned by the event . This way the total evidence issue can
be formulated as a geometric problem too.
Finally, engineers could spot the appeal of an interpretation of the nature of candidate solutions in term of positive systems. The link easily appears when one compares the
graphical layout of a candidate solution with the influence graphs of linear systems with
all positive coefficients, but the same result can be obtained by rearranging their coeffi coefficients. Elegant results could then be reached
cient matrices into a matrix with
by expressing problems concerning conditional generalized probabilities as well-known
system-theoretic issues such as, for instance, controllability.
Among the applications, the evidential model we introduced as a solution to object
tracking is particularly interesting, for it involves several critical questions. The most important, perhaps, is the formulation of a definitive criterion for the discretization of the
parameter space, which is bonded to the idea of relevant interaction of continuous features, a promising one in the perspective of a continuous theory of evidence.
The asymptotic behaviour of the evidential model for increasing refinements of the parameter space, with particular attention to the conflict among data, is another unsolved
puzzle that is worth to face, in order to analyze the dependence of the estimate from the
discretization of the parameter space.
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An interesting application of the object tracking framework could be the situation in
which the articulated object is a human hand (hand tracking), a significant case for its large
number of degrees of freedom. Standard kinematic models of the hand[376] has been used
to solve this problem: we think that the integration of the evidential model of the object
with a kinematic model can improve both robustness and tracking precision, allowing the
extension of our estimation method to high-dimensional non-convex parameter spaces.
In a long term perspective, it will be fundamental to detect a “benchmark” application, to be used for a comprehensive comparison of the performances of probabilistic and
evidential approaches: that could help us to understand limits and potentialities of the theory of evidence. The data association problem meets these requirements, and certainly
deserves a further deepening.

APPENDIX A

Algebraic structures
1. Posets and lattices





D EFINITION 52. A chain of a poset is a collection of consecutive elements; two ele
   
 (or 
ments  are consecutive if
) and
s.t.
(
).











D EFINITION 53. A poset is called a finite length poset if the length of its chains is
limited.
D EFINITION 54. A poset is said to have locally finite length is each of its intervals
considered as posets have finite length.

D EFINITION 55. A lattice is a poset in which any arbitrary finite collection
    #
of elements admits a greatest lower bound ( ) and a smallest upper bound (  ) .
and both satisfy the following properties:


 
 
  

   
1. associativity:
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2. commutativity:
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3. idempotence:
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1.1. Distributivity. In a lattice are equivalent:
(47)
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D EFINITION 56. A lattice satisfying (47) is called distributive.
For example, every totally ordered set is a distributive lattice.
P ROPOSITION 55. A sufficient condition for distributivity is
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the reverse inequality is indeed always satisfied.
The subspace lattice 

 (

is not distributive.

1.2. Modularity.
D EFINITION 57. A lattice is modular when
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It obviously is a condition weaker than (47). Hence
P ROPOSITION 56. If a lattice L is distributive then it is modular.
There is also an alternative definition of modularity.
D EFINITION 58. L is modular iff if

,
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1.3. Intervals.
D EFINITION 59. An interval 

  !

)



in L is the sublattice
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% $# .


Now, an omeomorphism between lattices conserves the properties of the operations
. An isomorphism is a bijective omeomorphism.
It can be proved that
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P ROPOSITION 57. If 
between intervals:



modular then the map




is an isomorphism

 ! 
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D EFINITION 60. Two intervals      and   (
  ! of a modular lattice are said trans)
posed if  
 such that
!     !    ( !     ! 
   
!
!
D EFINITION 61. Two intervals      and   ( of a modular lattice are said projective if there exists a finite sequence
!       !       !           !    ( !
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such that two consecutive intervals are transposed.
Projectivity is an equivalence relation.
1.4. Semimodularity.



 



 






D EFINITION 62. A lattice L is semimodular (following Jacobson) when if
   and 
   then    and 

and 




and 
. In other words

















 








This graphically means that (see Figure 1.4) if a and b are covered by their sum then they
cover their intersection.

avb
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a^b
F IGURE 1. Graphical representation of semimodularity.
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P ROPOSITION 58. (Jordan-Holder-Dedekind) If L is semimodular then all the chains
 have the same length.
connecting two arbitrary elements 
D EFINITION 63. If L is a finite length semimodular lattice then the rank of an interval
  ! is the length of the chains from a to b.
D EFINITION 64. If L has a minimum element 0 the rank of a element is the length
!
of the interval     .
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P ROPOSITION 59. They are equivalent:
L is modular;
L and  are semimodular;
L satisfies the length chain rule and the ”condition on the rank”

#
#
#
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Let us see a significant application of these notions in order to clarify the difference among
different kinds of lattices. When L is a semimodular bounded below lattice its elements

 
are characterized by a rank, nothing more than the length of the interval
.
When L is even modular then the dimension rule holds

 

"        "   "
!    ! ) If and are complementary
(for it depends from the isomorphism   
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so that all the complements of a given element
form a chain.

must have the same rank and they cannot

1.5. Complemented and relatively complemented lattices.





D EFINITION 65. A lattice bouded below and above is called complemented if
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is called complement of a.

For instance, 
is a modular complemented lattice.
Distributivity ensures the uniqueness of the complement. Anyway, the condition can be
relaxed. Recurring to [216] we note that the proof depends on the following passage:




  

 





 

Of course if L is distributive the above condition is satisfied, but it easy to see that is
necessary and sufficient that L is modular and
or
. In other words



P ROPOSITION 60. A lattice admits unique complements iff it is modular and there not
exist intervals of distinct complements.

 (

of a projective space V is not distributive but
For instance, the lattice of subspaces 
nevertheless it admits only unique complements: given a subspace
we can detect its
orthogonal complement in V without ambiguity.
We can now introduce an alternative definition of modularity.
D EFINITION 66. A lattice L is relatively complemented if each interval 
complemented as a sublattice.

  !

in L is

Obviously if L is relatively complemented then it is complemented too.
D EFINITION 67. The semicomplement of a element u is another element x such that







 


All the semicomplements of a given element u form a poset, with a maximal element 7 .

Furthermore, if x is a semicomplement of u then
are all semicomplements, too.

 !

  
  

P ROPOSITION 61. Complements in a complete lattice form an interval.

 !

P ROOF. Since they are semicomplements with respect to 
then
have the



 they
form 7 for some 7 . At the same time they are semicomplements for 
so that they

must be of the form
: the intersection of these sets is obviously an interval.
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1.6. Lattices bounded below and atoms.
D EFINITION 68. If L is a lattice bounded below then its atoms are the elements of L
covering 0, namely
 

#

) 



1.7. Birkhoff lattices.


D EFINITION 69. The upper covering condition is 
D EFINITION 70. The lower covering condition is 

 
 

 

  









 .
 
  .

Obviously if L satisfies both conditions then it is modular:







  


 

D EFINITION 71. A Birkhoff lattice is a finite length lattice that satisfies the lower
covering condition.
Of course every modular finite lattice is Birkhoff.
P ROPOSITION 62. The following conditions are equivalent:
a Birkhoff
 lattice L is modular;
its dual  is modular;
   
   .
&  

#
#



#
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D EFINITION 72. A lattice L is semimodular (following Szasz, [519]) when
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Every semimodular lattice satisfies the lower covering condition so that
P ROPOSITION 63. A finite length lattice is semimodular iff it is Birkhoff.
Remark. [519] and [216] use the same word (“semimodular”) with different meanings.
P ROPOSITION 64. If a lattice meets the double covering condition then is a Jacobson
semimodular lattice.
P ROPOSITION 65. Let L be a finite length lattice. If it satisfies the lower covering
condition

     "







"   



"





"   


"

if L satisfies the upper covering condition



     "

%

obviously if L meets both them it meets the dimension rule too.
2. Boolean algebras
The material of this section comes from Sikorski’s book [439].
D EFINITION 73. A Boolean algebra is a non-empty set
operations
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provided with three internal
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called respectively meet, join and complement, characterized by the following properties:
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 +
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On the other side, a Boolean algebra can be considered a special kind of lattice.
D EFINITION 74. A Boolean algebra is a complemented distributive lattice.

    

of all the subsets of a given set S is a Boolean
For example, the collection
algebra, as in general every field of subsets.



P ROPOSITION 66. The complement
De Morgan law holds



" 

of a in a Boolean algebra  is unique, and the









2.1. Boolean rings. Let us now introduce a new operation.

)  is defined as   
75. The symmetric difference of 
  D" EFINITION
.
   it becomes     )    ) +    )
In the case of two subsets (
It is quite surprising to note that
  
P ROPOSITION 67.      is a commutative ring, i.e.
 
1.     is an abelian group;


2.     is a monoid;










# .





3. two distributive rules hold, i.e.

On the other side





D EFINITION 76. A ring 

 .

)

is called Boolean is the indempotence rule holds, namely

and it can be seen that
P ROPOSITION 68. Boolean algebras and Boolean rings are the same structure.
2.2. Ideals.

 )

D EFINITION 77. An ideal I of a ring R is a subset of R such that for each element



 











-

An ideal of a Boolean algebra  is an ideal of the associated Boolean ring.
D EFINITION 78. An ideal I is said proper if 



 ; I is proper iff

 )

 .
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D EFINITION 79. A principal ideal  has the form
     %  #
 

 



) 

D EFINITION 80. A maximal ideal is a proper ideal such that

 &      

  





-

P ROPOSITION 69. I is maximal iff I is proper and



2.3. Dual rings and filters.

)

 either

)

 or



)

 .



D EFINITION 81. There exists a dual Boolean ring  associated to  , with the following operations:

 
;

;
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#





#     
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D EFINITION 82. A filter or dual ideal is an ideal of  .



P ROPOSITION 70. A subset 
 is a filter iff

F is closed under ;
  if
 then
 .

#



#

)

)

Of course F is closed under finite intersection.
D EFINITION 83. F is proper iff

 )

 .



D EFINITION 84. An ultrafilter of  is a maximal ideal of  .
P ROPOSITION 71. F is an ultrafilter of  iff
 ;
 either
 or
 .

#  )
#  )

)

)

D EFINITION 85. The principal filter generated by
     -#

 

) 

2.4. Independent subalgebras.
 
#
D EFINITION 86. A collection
to be independent if
when
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of subalgebras of a Boolean algebra




 

is said
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162. H. Garcia-Compeán, J.M. López-Romero, M.A. Rodriguez-Segura, and M. Socolovsky, Principal bundles,
connections and BRST cohomology, Tech. report, Los Alamos National Laboratory, hep-th/9408003, July
1994.
163. P. Gardenfors, B. Hansson, and N. E. Sahlin, Evidentiary value: philosophical, judicial and psychological
aspects of a theory, 1988.
164. D. M. Gavrila, The visual analysis of human movement: A survey, Computer Vision and Image Understanding, vol. 73, 1999, pp. 82–98.
165. See Ng Geok and Singh Harcharan, Data equalisation with evidence combination for pattern recognition,
Pattern Recognition Letters 19 (1998), 227–235.
166. Janos J. Gertler and Kenneth C. Anderson, An evidential reasoning extension to quantitative model-based
failure diagnosis, IEEE Transactions on Systems, Man, and Cybernetics 22:2 (March/April 1992), 275–289.
167. G. Giacinto, R. Paolucci, and F. Roli, Application of neural networks and statistical pattern recognition
algorithms to earthquake risk evaluation, Pattern Recognition Letters 18 (1997), 1353–1362.
168. M. A. Giese and T. Poggio, Morphable models for the analysis and synthesis of complex motion patterns,
International Journal of Computer Vision, vol. 38(1), 2000, pp. 1264–1274.
169. Peter R. Gillett, Monetary unit sampling: a belief-function implementation for audit and accounting applications, International Journal of Approximate Reasoning 25 (2000), 43–70.
170. M. L. Ginsberg, Non-monotonic reasoning using dempster’s rule, Proc. 3rd National Conference on AI
(AAAI-84), 1984, pp. 126–129.
171. Forouzan Golshani, Enrique Cortes-Rello, and Thomas H. Howell, Dynamic route planning with uncertain
information, Knowledge-based Systems 9 (1996), 223–232.
172. I. R. Goodman and Hung T. Nguyen, Uncertainty models for knowledge-based systems, North Holland,
New York, 1985.
173. J. Gordon and E. H. Shortliffe, A method for managing evidential reasoning in a hierarchical hypothesis
space: a retrospective, Artificial Intelligence 59:1-2 (February 1993), 43–47.
174. J. Gordon and Edward H. Shortliffe, A method for managing evidential reasoning in hierarchical hypothesis
spaces, Artificial Intelligence 26 (1985), 323–358.
175. Jean Gordon and Edward H. Shortliffe, A method for managing evidential reasoning in a hierarchical
hypothesis space, Artificial Intelligence 26 (1985), 323–357.
176. John Goutsias, Modeling random shapes: an introduction to random closed set theory, Tech. report, Department of Electrical and Computer Engineering, John Hopkins University, Baltimore, JHU/ECE 90-12,
April 1998.

164

BIBLIOGRAPHY

177. John Goutsias, Ronald P.S. Mahler, and Hung T. Nguyen, Random sets: theory and applications (IMA
Volumes in Mathematics and Its Applications, Vol. 97), Springer-Verlag, December 1997.
178. Michel Grabisch, Hung T. Nguyen, and Elbert A. Walker, Fundamentals of uncertainty calculi with applications to fuzzy inference, Kluwer Academic Publishers, 1995.
179. J. Guan, D. A. Bell, and V. R. Lesser, Evidential reasoning and rule strengths in expert systems, Proceedings
of AI and Cognitive Science ’90 (N.. McTear, M.F.; Creaney, ed.), Ulster, UK, 20-21 September 1990,
pp. 378–390.
180. J. W. Guan and D. A. Bell, The dempster-shafer theory on boolean algebras, Chinese Journal of Advanced
Software Research 3:4 (November 1996), 313–343.
, Evidential reasoning in intelligent system technologies, Proceedings of the Second Singapore
181.
International Conference on Intelligent Systems (SPICIS’94), vol. 1, Singapore, 14-17 November 1994,
pp. 262–267.
182.
, A linear time algorithm for evidential reasoning in knowledge base systems, Proceedings of the
Third International Conference on Automation, Robotics and Computer Vision (ICARCV ’94), vol. 2, Singapore, 9-11 November 1994, pp. 836–840.
183. J. W. Guan, D. A. Bell, and Z. Guan, Evidential reasoning in expert systems: computational methods, Proceedings of the Seventh International Conference on Industrial and Engineering Applications of Artificial
Intelligence and Expert Systems (IEA/AIE-94) (F.D. Anger, R.V. Rodriguez, and M. Ali, eds.), Austin, TX,
USA, 31 May - 3 June 1994, pp. 657–666.
184. P. Hajek, Deriving Dempster’s rule, Proceeding of IPMU’92, 1992, pp. 73–75.
, Getting belief functions from kripke models, International Journal of General Systems 24 (1996),
185.
325–327.
186.
, A note on belief functions in mycin-like systems, Proceedings of Aplikace Umele Inteligence AI
’90, Prague, Czechoslovakia, 20-22 March 1990, pp. 19–26.
187. P. Hajek and D. Harmanec, On belief functions (the present state of Dempster-Shafer theory), Advanced
topics in AI (Marik, ed.), Springer-Verlag, 1992.
188. J. Y. Halpern and R. Fagin, Two views of belief: belief as generalized probability and belief as evidence,
Artificial Intelligence 54 (1992), 275–317.
189. D. Harmanec, G. Klir, and G. Resconi, On modal logic inpterpretation of Dempster-Shafer theory, International Journal of Intelligent Systems 9 (1994), 941–951.
190. D. Harmanec, G. Klir, and Z. Wang, Modal logic inpterpretation of Dempster-Shafer theory: an infinite
case, International Journal of Approximate Reasoning 14 (1996), 81–93.
191. David Harmanec, Toward a characterisation of uncertainty measure for the dempster-shafer theory, Proceedings of the Eleventh Conference on Uncertainty in Artificial Intelligence (S. Besnard, P.; Hanks, ed.),
Montreal, Que., Canada, 18-20 August 1995, pp. 255–261.
192. David Harmanec and Petr Hajek, A qualitative belief logic, International Journal of Uncertainty, Fuzziness
and Knowledge-Based Systems (1994).
193. Sylvie Le Hegarat-Mascle, Isabelle Bloch, and D. Vidal-Madjar, Application of Dempster-Shafer evidence
theory to unsupervised clasification in multisource remote sensing, IEEE Transactions on Geoscience and
Remote Sensing 35:4 (July 1997), 1018–1031.
194. Stanislaw Heilpern, Representation and application of fuzzy numbers, Fuzzy Sets and Systems 91 (1997),
259–268.
195. Ebbe Hendon, Hans Jorgen Jacobsen, Birgitte Sloth, and Torben Tranaes, The product of capacities and
belief functions, Mathematical Social Sciences 32 (1996), 95–108.
196. H.T. Hestir, H.T. Nguyen, and G.S. Rogers, A random set formalism for evidential reasoning, Conditional
Logic in Expert Systems, North Holland, 1991, pp. 309–344.
197. J. Hodges, S. Bridges, C. Sparrow, B. Wooley, B. Tang, and C. Jun, The development of an expert system
for the characterization of containers of contaminated waste, Expert Systems with Applications 17 (1999),
167–181.
198. J. Hoey and J. J. Little, Representation and recognition of complex human motion, Proc. of the Conference
on Computer Vision and Pattern Recognition, vol. 1, 2000, pp. 752–759.
199. Lang Hong, Recursive algorithms for information fusion using belief functions with applications to target
identification, Proceedings of IEEE, 1992, pp. 1052–1057.
200. Takahiko Horiuchi, Decision rule for pattern classification by integrating interval feature values, IEEE
Transactions on Pattern Analysis and Machine Intelligence 20 (1998), 440–448.
201. Y. Hsia and Prakash P. Shenoy, An evidential language for expert systems, Methodologies for Intelligent
Systems (Ras Z., ed.), North Holland, 1989, pp. 9–16.

BIBLIOGRAPHY

202.
203.
204.
205.
206.
207.
208.
209.
210.
211.
212.
213.
214.

215.
216.
217.
218.
219.
220.
221.
222.
223.
224.

225.
226.
227.

228.
229.

165

, Macevidence: A visual evidential language for knowledge-based systems, Tech. report, No 211,
School of Business, University of Kansas, 1989.
Y. T. Hsia, A belief function semantics for cautious non-monotonicity, Tech. report, Technical Report
TR/IRIDIA/91-3, Univeriste’ Libre de Bruxelles, 1991.
, Characterizing belief functions with minimal commitment, Proceedings of IJCAI-91, 1991,
pp. 1184–1189.
Y. T. Hsia and Philippe Smets, Belief functions and non-monotonic reasoning, Tech. report, Universite’
Libre de Bruxelles, Technical Report IRIDIA/TR/1990/3, 1990.
R. Hummel and M. Landy, A statistical viewpoint on the theory of evidence, IEEE Transactions on PAMI
(1988), 235–247.
D. Hunter, Dempster-Shafer versus probabilistic logic, Proceedings of the Third AAAI Uncertainty in Artificial Intelligence Workshop, 1987, pp. 22–29.
I. Iancu, Prosum-prolog system for uncertainty management, International Journal of Intelligent Systems
12 (1997), 615–627.
Laurie Webster II, Jen-Gwo Chen, Simon S. Tan, Carolyn Watson, and André de Korvin, Vadidation of
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