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Abstract. In this paper we pose the problem of approximating an arbitrary belief function with a consonant one in a geometric framework.
Given a belief function b, the consonant b.f. which minimizes an appropriate distance function from b can be sought. We consider here the
classical L1 , L2 and Lp norms. As consonant belief functions live in a
collection of simplices in the belief space, partial approximations on each
individual simplex have to be computed in order to find the overall approximation. Interpretations of the obtained approximations in terms of
degrees of belief are proposed.

1

Introduction

The theory of evidence (ToE) [1] is a popular approach to uncertainty description. Probabilities are there replaced by belief functions (b.f.s), which assign
values between 0 and 1 to subsets of the sample space Θ instead of single elements. Possibility theory [2], on its side, is based
S on possibility measures, i.e.,
functions P os : 2Θ → [0, 1] on Θ such that P os( i Ai ) = supi P os(Ai ) for any
family {Ai |Ai ∈ 2Θ , i ∈ I} where I is an arbitrary set index. Given a possibility
measure P os, the dual necessity measure is defined as N ec(A) = 1 − P os(A).
Necessity measures have as counterparts in the theory of evidence consonant
b.f.s, i.e., belief functions whose focal elements are nested [1]. The problem of
approximating a belief function with a necessity measure is then equivalent to
approximating a belief function with a consonant b.f. [3–6]. As possibilities are
completely determined by their values on the singletons P os(x), x ∈ Θ, they are
less computationally expensive than b.f.s, making the approximation process interesting for many applications. Many authors, such as Yager [7] and Romer
[8] amongst others, have studied the connection between fuzzy numbers and
Dempster-Shafer theory. Klir et al have published an excellent discussion [9] on
the relations among fuzzy and belief measures and possibility theory. Heilpern
[10] has also presented the theoretical background of fuzzy numbers connected
with the possibility and Dempster-Shafer theories, describing some types of representation of fuzzy numbers and studying the notions of distance and order
between fuzzy numbers based on these representations. Caro and Nadjar [11],
instead, have suggested a generalization of the Dempster-Shafer theory to a fuzzy
valued measure. The links between transferable belief model and possibility theory have been briefly investigated by Ph. Smets in [12].

Dubois and Prade [3], more specifically, have extensively worked on consonant
approximations of belief functions. Their work has been later considered in [4,
5]. In particular, the notion of “outer consonant approximation” has received
considerable attention in the past. Indeed, belief functions admit the following
order relation: b ≤ b0 ≡ ∀A ⊆ Θb(A) ≤ b0 (A), called “weak inclusion”. It is then
possible to introduce the notion of “outer consonant approximations” [3] of a
belief function b, i.e., those co.b.f.s such that ∀A ⊆ Θ co(A) ≤ b(A). Dubois
and Prade’s work has been later extended by Baroni [6] to capacities. In [13] the
author has provided a comprehensive description of the geometry of the set of
outer consonant approximations.
In recent times the opportunity of seeking probability or consonant approximations/transformations of belief functions by minimizing appropriate distance
functions has been explored. The author has indeed introduced the notion of
orthogonal projection π[b] of a belief function onto the probability simplex [14],
and studied consistent approximations of belief functions induced by classical Lp
norms [15, 16] in the space of belief functions [17]. In [18] he has shown that norm
minimization can also be used to define families of geometric conditional belief
functions. Jousselme et al [19] have recently conducted a very nice survey of the
distance or similarity measures so far introduced between belief functions, come
out with an interesting classification, and proposed a number of generalizations
of known measures. Many of these measures could be in principle employed to
define conditional belief functions, or approximate belief functions by necessity
or probability measures.
Paper outline. In this paper we derive the expressions of all the consonant
approximations of belief functions induced by minimizing Lp distances in the
belief space. After providing the necessary background on consonant b.f.s and the
approximation problem (Section 2), we compute the approximations induced by
L∞ (3.1), L1 (3.2) and L2 (3.3) norms, respectively. We propose an interpretation
of the resulting approximations in terms of degrees of belief, and comment on
their relationship with other known approximations (Section 4).

2

Geometric consonant approximation

Consonant belief functions. We briefly recall some basic definitions. A basic
probability assignment (b.p.a.) over a finite set (frame of discernment [1]) Θ
Θ
Θ
is a function
P mb : 2 → [0, 1] on its power set 2 = {A ⊆ Θ} such that
mb (∅) = 0, A⊆Θ mb (A) = 1, and mb (A) ≥ 0 ∀A ⊆ Θ. Subsets of Θ associated
with non-zero values of mb are called focal elements. The belief function b :
2Θ → [0, 1] P
associated with a basic probability assignment mb on Θ is defined
as: b(A) = B⊆A mb (B). A dual mathematical representation of the evidence
encoded by a belief function b is the plausibility function (pl.f.) plb : 2Θ → [0, 1],
.
A 7→ plb (A) where
value plb (A) of an event A is given by plb (A) =
Pthe plausibility P
c
1 − b(A ) = 1 − B⊆Ac mb (B) = B∩A6=∅ mb (B), and expresses the amount of
evidence not against A. In the theory of evidence a probability function is simply
a special belief function assigning non-zero masses to singletons only (Bayesian

b.f.): mb (A) = 0 |A| > 1. A belief function is said to be consonant if its focal
elements are nested.
A geometric approach. Given a frame Θ, each belief function b : 2Θ →
.
[0, 1] is completely specified by its N −2 belief values {b(A), ∅ ( A ( Θ}, N = 2n
.
(n = |Θ|), (as b(∅) = 0, b(Θ) = 1 for all b.f.s) and can therefore be represented as
a point of RN −2 . Once introduced a set of coordinate axes {XP
A , ∅ ( A ( Θ} in
RN −2 , a belief function b can be represented by the vector b = ∅(A(Θ b(A)XA .
.
If we denote by bA = b ∈ B s.t. mbA (A) = 1, mbA (B) = 0 ∀B ⊆ Θ, B 6= A the
categorical [20] belief function assigning all the mass to a single subset A ⊆ Θ,
we can prove that [21, 17] the set of points of RN −2 which correspond to a
b.f. or “belief space” B coincides with the convex closure of all the categorical
belief functions bA : B = Cl(b
the convex closure
n A , ∅ ( A ⊆ Θ), where Cl denotes
o
X
operator: Cl(b1 , ..., bk ) = b ∈ B : b = α1 b1 +· · ·+αk bk ,
αi = 1, αi ≥ 0 ∀i .
i

The belief space B is a simplex [17], and each vector b ∈ B representing a belief
function b can be written as a convex sum as
X
b=
mb (A)bA .
(1)
∅(A⊆Θ

Its b.p.a. mb is nothing but the set of simplicial coordinates of b in B. The
set P of all Bayesian b.f.s is the simplex determined by all the categorical b.f.s
associated with singletons1 : P = Cl(bx , x ∈ Θ).
The consonant complex. In this framework the geometry of consonant
belief functions can be described by resorting to the notion of simplicial complex
[22]. A simplicial complex is a collection Σ of simplices of arbitrary dimensions
possessing the following properties: 1. if a simplex belongs to Σ, then all its faces
of any dimension belong to Σ; 2. the intersection of any two simplices is a face of
both. It can be proven that [13] the region CO of consonant belief functions in the
belief space is a simplicial complex. More precisely, CO is the union of a collection
of (maximal) simplices, each of them associated with
[ a maximal chain C = {A1 ⊂
· · · ⊂ An }, |Ai | = i of subsets of Θ: COB =
Cl(bA1 , · · · , bAn ).
C=A1 ⊆···⊆An

Binary example. In the case of a frame of discernment containing only two
elements, Θ2 = {x, y}, each b.f. b : 2Θ2 → [0, 1] is completely determined by its
belief values b(x) = mb (x), b(y) = mb (y), as b(Θ) = 1 and b(∅) = 0 ∀b. We can
then collect them in a vector of RN −2 = R2 (since N = 22 = 4): b = [b(x) =
mb (x), b(y) = mb (y)]0 ∈ R2 . Since mb (x) ≥ 0, mb (y) ≥ 0, and mb (x) + mb (y) ≤ 1
we can easily infer that the set B2 of all the possible belief functions on Θ2 can be
depicted as the triangle in the Cartesian plane of Figure 1, whose vertices are the
points bΘ = [0, 0]0 , bx = [1, 0]0 , by = [0, 1]0 , which correspond respectively to the
vacuous belief function bΘ (mbΘ (Θ) = 1), the Bayesian b.f. bx with mbx (x) = 1,
and the Bayesian b.f. by with mby (y) = 1. The region P2 of all Bayesian b.f.s
on Θ2 is the diagonal line segment Cl(bx , by ). On Θ2 = {x, y} consonant belief
1

With a harmless abuse of notation we denote the categorical b.f. associated with a
singleton x by bx instead of b{x} , and write mb (x), plb (x) instead of mb ({x}), plb ({x}).

Fig. 1. The belief space B2 for a binary frame is a triangle in R2 whose vertices are the
categorical belief functions focused on {x}, {y} and Θ (bx , by , bΘ ) respectively. Consonant belief functions are constrained to belong to the union of the two segments
CO x = Cl(bΘ , bx ) and CO y = Cl(bΘ , by ). The unique L1 = L2 consonant approximation and the set of L∞ consonant approximations (dashed) on CO x are also shown.

functions can have as chain of focal elements either {{x}, Θ2 } or {{y}, Θ2 }.
Therefore the region CO2 of all the co.b.f.s on Θ2 is the union of two segments
(see Figure 1): CO2 = COx ∪ COy = Cl(bΘ , bx ) ∪ Cl(bΘ , by ).
The consonant approximation problem. Given a belief function b, we
call (metric) consonant approximation of a belief function b induced by a distance function d in B the b.f.(s) bd (.|A) which minimize(s) the distance d(b, CO)
between b and the consonant simplicial complex. We consider as distance functions the three major Lp norms: d = L1 ; d = L2 ; d = L∞ . For vectors b, b0 ∈ B
representing two belief functions b, b0 , such norms read as:
s X
.
. X
0
0
0
|b(B) − b (B)|; kb − b k2 =
kb − b k1 =
(b(B) − b0 (B))2 ;
∅(B⊆Θ

∅(B⊆Θ

.
kb − b0 k∞ = max |b(B) − b0 (B)|.
∅(B⊆Θ

(2)
As the consonant complex CO is a collection of linear spaces (better, simplices
which generate a linear space), solving the consonant approximation problem
involves finding a number of partial solutions
coCLp [b] = arg min kb − cokp
co∈CO C

(3)

(see Figure 2), one for each maximal chain C of subsets of Θ. Then, the dis-

Fig. 2. To minimize the distance of a point from a simplicial complex, we need to find
all the partial solutions (3) on all the maximal simplices in the complex (empty circles),
to later compare these partial solutions to select a global optimum (black circle).

tance of b from all such partial solutions has to be assessed in order to select
a global optimal approximation. Figure 1 shows the obtained (partial) Lp consonant approximations onto COx in the binary case. In such a toy example,
coL1 [b] = coL1 [b] coincide and are unique, lying on the barycenter of the set
coL∞ [b] of L∞ approximations, which instead form a whole interval. Some of
these features are retained in the general case, others are not. Note also that,
in the binary case, consonant and consistent [15] approximations coincide, and
there is no difference between belief and mass space [18] representation. In the
rest of the paper we will explicitly compute the L1 , L2 , and L∞ consonant
approximations in the belief space and discuss the results.

3

Consonant approximation in the belief space

In the belief space the original b.f. and the desired
consonant approximation
are
³P
´
P
P
written as b = ∅(A(Θ b(A)XA , bco = A⊇A1
B⊆A,B∈C mco (B) XA .
Their difference vector is
h
i
X
X
X
X
b − bco =
b(A)XA +
XA b(A) −
mco (B) =
b(A)XA +
A⊇A
B⊆A,B∈C
A6⊃A1
A6
⊃
A
1
1
h X
i
X
X
X
b(A)XA +
+
XA
mb (B) −
mco (B) =
A⊇A1

B⊆A,B∈C
i
X A6⊃A1
(mb (B) − mco (B)) +
mb (B)
A⊇A1
B⊆A,B∈C
h
X
X B⊆A,B6∈iC
X
b(A)XA +
XA γ(A) +
mb (B)
=

+

X

A6⊃A1

XA

h ∅(B⊆A
X

A⊇A1

B⊆A,B6∈C

(4)

after introducing the auxiliary variables γ(A) =
mco (B). We can therefore write
b − bco =

X

b(A)XA +

A6⊃A1

n−1
X

X

P
B⊆A,B∈C

h
XA γ(Ai ) +

i=1 A⊃Ai ,A6⊃Ai+1

β(B), β(B) = mb (A)−
X

i
mb (B) , (5)

B⊆A,B6∈C

as all the terms in (4) associated with subsets A ⊃ Ai , A 6⊃ Ai+1 depend on
the same auxiliary variable γ(Ai ), while the difference in the component XΘ is
trivially 1 − 1 = 0.
3.1

L∞ approximation

Partial approximation in each maximal simplex. Given the expression
(5) for the difference vector of interest in the belief space, we can compute the
explicit form of its L∞ norm kb − cok∞ as
(
)
¯
¯
¯X
¯
X
¯
¯
¯
¯
max max
max
mb (B)¯, max ¯
mb (B)¯
¯γ(Ai ) +
i A⊇Ai ,A6⊃Ai+1
A6⊃A1
B⊆A
B⊆A,B6∈C
(
)
(6)
¯
¯
X
¯
¯
c
max
= max max
mb (B)¯, b(A1 ) ,
¯γ(Ai ) +
i

A⊇Ai ,A6⊃Ai+1

B⊆A,B6∈C

¯P
¯
¯
¯
as maxA6⊃A1 ¯ B⊆A mb (B)¯ = b(A1c ). Now, (6) can be minimized separately for
each i = 1, ..., n−1. Clearly, the minimum is attained when the variable elements
in (6) are not greater than the constant element b(Ac1 ):
¯
¯
X
¯
¯
max
mb (B)¯ ≤ b(Ac1 )
(7)
¯γ(Ai ) +
A⊇Ai ,A6⊃Ai+1

B⊆A,B6∈C

This is a function of the form max{|x + x1 |, ..., |x + xn |} (see Figure 3). In (7)

Fig. 3. The minimization of the L∞ distance from the consonant subspace involves
minimizing functions of the form max{|x + x1 |, ..., |x + xn |} (in bold) depicted above.
c

there are |{A ⊇ Ai , A 6⊃ Ai+1 }| = 2|Ai+1 | components of the form x + xi (an

even number). In the binary case Θ = {x, y} the difference vector reads as
h
i
X
X
b − bco =
XA γ(A) −
mb (B) = [γ(x) − 0] · Xx
B⊆A,B6∈C

A⊇{x},A6⊃{x,y}

whose L∞ norm is obviously minimized by γ(x) = 0. The partial consonant
approximation of b in COx has therefore b.p.a. mco (x) = mb (x), mco (Θ) =
1 − mb (x), as confirmed by Figure 1.
L∞ partial approximation in the variables γ. In the general case, functions of
max
the above form are minimized by x = − xmin +x
(see Figure 3 again). In the
2
case of (7), such minimum and maximum offset values are, respectively,
γmin =

X

mb (B) = b(Ai ) −

mb (Aj )

j=1

B⊆Ai ,B6∈C

γmax =

i
X

X

mb (B) = b({xi+1 }c ) −

i
X

mb (Aj )

j=1

B⊆(Ai+1 \Ai )c ,B6∈C

once defined {xi+1 } = Ai+1 \ Ai . As for each value of γ, |γ(Ai ) − γ| is dominated
by either |γ(Ai ) − γmin | or |γ(Ai ) − γmax |, the norm of the difference vector is
minimized by the values of γ(Ai ) such that max{|γ(Ai )−γmin |, |γ(Ai )−γmax |} ≤
b(Ac1 ) for all i = 1, ..., n − 1, i.e.,
−

γmin + γmax
γmin + γmax
− b(Ac1 ) ≤ γ(Ai ) ≤ −
+ b(Ac1 ).
2
2

(8)

Barycenter of the L∞ partial approximation. The barycenter of the L∞ partial
approximation lies therefore in
i

γmin + γmax
b(Ai ) + b({xi+1 }c ) X
−
=−
+
mb (Aj ).
2
2
j=1

(9)

In terms of basic belief assignment, simple maths lead to the following formulae:
b(A1 ) + b({x2 }c )
2
b(Ai ) + b({xi+1 }c ) b(Ai−1 ) + b({xi }c )
mco (Ai ) =
−
2
2
b(Ai ) + b(Ai + Aci+1 ) b(Ai−1 ) + b(Ai−1 + Aci )
=
−
2
2

mco (A1 ) =

while mco (An ) = mco (Θ) = 1−

n−1
Xh
i=2

i = 2, ..., n − 1

(10)
b(Ai ) + b({xi+1 } ) b(Ai−1 ) + b({xi } ) i
−
−
2
2
c

c

b(A1 ) + b({x2 }c )
= 1 − b(An−1 ).
2
Theorem 1. Given a belief function b : 2Θ → [0, 1], the barycenter of the set
of partial L∞ consonant approximations coCL∞ [b] of b (in the belief space) onto
a simplicial component COC has b.p.a. given by Equation (10).

Interpretation. The partial L∞ consonant approximation (10) has a rather interesting form: it is the difference of two positive vectors, on of which is the
b(Ai )+b(Ai +Aci+1 )
“shifted” version of the other. This vector
measures the aver2
age between the belief value of the given element of the chain and the belief value
you would obtain if xi+1 was the last element of Θ. Clearly, such a barycenter
is not guaranteed to be a proper belief function, as its b.b.a. can be negative.
However, an interpretation in terms of degrees of belief is possible when we note
that the mass of the focal element Ai under the barycenter of coCL∞ [b] can be
also written as
mco (Ai ) =

b(Ai ) − b(Ai−1 ) plb ({xi }) − plb ({xi+1 })
+
.
2
2

This is proportional to the backward difference b(Ai ) − b(Ai−1 ) between the
belief values of two consecutive focal elements in the desired chain (which is
always positive) plus the forward difference plb ({xi }) − plb ({xi+1 }) between the
plausibility values of two consecutive singletons (which can be positive or negative). The first addendum in itself is a sort of “derivative” of the original belief
function on the desired chain. The second addendum is some sort of “derivative”
of the plausibility distribution plb (x) or contour function w.r.t. the desired order between singletons. This fact deserves to be further investigated in a more
extensive research report.

Global solution To compute the global L∞ approximation of the original belief
function b, we need to detect the partial solution whose L∞ distance from b is the
smallest. Clearly, such (partial) optimal distance is, for each given component
COC of the consonant complex with C = {A1 ⊂ · · · ⊂ An = Θ}, equal to b(Ac1 )
(see Equation 7). Therefore the global L∞ consonant approximation of b in the
belief space B is the partial solution associated with the chain of focal elements
such that
arg min b(Ac1 ) = arg min 1 − plb (A1 ) = arg max plb (A1 ).
C

C

C

Therefore, the partial solutions for all the chain which have the same element
A1 = {x} as the smallest focal element are equally optimal.

Theorem 2. Given a belief function b : 2Θ → [0, 1], the set of global L∞ consonant approximations of b in the belief space is the collection of partial approximations coCL∞ [b] onto the simplicial components COC associated with chains of
focal elements whose smallest f.e. if the maximal plausibility element of Θ:
coL∞ [b] =

[
C:A1 =arg maxx plb (x)

coCL∞ [b].

3.2

L1 approximation

Recalling the expression (5) of the difference vector b − co in the belief space,
its L1 norm reads as:
kb − cokL1 =

n−1
X

X

¯
¯
¯γ(Ai ) +

i=1 A⊇Ai ,A6⊃Ai+1

X

¯
X
¯
mb (B)¯ +
|b(A)|.

B⊆A,B6∈C

(11)

A6⊃A1

Once again, it can be decomposed into a number of summations which depend
on a single auxiliary variable γ(Ai ). Such components are of the form |x + x1 | +
... + |x + xn |, with an even number of ”nodes” xi .
Partial solution in terms of nodes. To understand where the values that minimize
such a function lie, let us consider the simple function (see Figure 4). It is easy

Fig. 4. The minimization of the L1 distance from the consonant subspace involves
minimizing functions such as the one depicted above, |x + 1| + |x + 3| + |x + 7| + |x + 8|,
which is minimized for 3 ≤ x ≤ 7.

to see that such a function is minimized by the interval of values comprised
between the two innermost nodes. As a consequence:
Theorem 3. Given a belief function b : 2Θ → [0, 1], the set of partial L1 consonant approximations coCL1 [b] of b (in the belief space) onto the simplicial component COC is given by the following intervals in the auxiliary variables γ(Ai ):
i
i
γint1
≤ γ(Ai ) ≤ γint2
,

i = 1, ..., n − 1

i
i
where γint1
, γint2
are the two innermost values in the list
n X
o
mb (B), A ⊇ Ai , A 6⊃ Ai+1 .
B⊆A,B6∈C

As the innermost of the above list cannot identified analytically but in the simplest special cases, we need to concluded that the L1 norm is not suitable for
consonant approximation in the belief space.

3.3

L2 approximation

Partial approximation in each maximal simplex. To find the partial consonant approximation at minimal L2 distance we need to impose the orthogonality
of the difference vector b − co with respect to any given simplicial component
COC of the complex CO:
hb − co, bAj − bΘ i = hb − co, bAj i = 0 ∀Aj ∈ C, j = 1, ..., n − 1

(12)

as bΘ = 0 is the origin of the Cartesian space in B, and bAj −bΘ for j = 1, ..., n−1
are the generators of the component COC . Using once again the expression (5),
the orthogonality conditions (12) generate the following linear system:

X
X
mb (A)hbA , bAj i +
β(A)hbA , bAj i = 0
j = 1, ..., n − 1 (13)

A6∈C

A∈C,A6=Θ

where again β(A) = mb (A) − mco (A). This is a linear system in n − 1 unknowns
{β(Ai ) = mb (Ai ) − mco (Ai ), i = 1, ..., n − 1} and n − 1 equations. If the matrix
determining the system is non-singular, then the latter has a unique solution.
Partial solution in the ternary case. In the ternary case the system reads as
½
3β(x) + β(x, y) = −(mb (y) + mb (x) + mb (x, z))
β(x) + β(x, y) = −mb (y).
This is a linear system whose matrix and its inverse are
¸
¸
·
·
1/2 −1/2
31
−1
,A =
A=
−1/2 3/2
11
so that its solution is
mb (z) + mb (x, z)
mb (z) + mb (x, z)
β(x) = −
,
β(x, y) = −mb (y) +
2
2
or, in the b.b.a. mco of the sought partial approximation,
mb (z) + mb (x, z)
mb (z) + mb (x, z)
, mco (x, y) = mb (y)+mb (x, y)−
2
2
and by normalization
mco (x) = mb (x)+

mco (Θ) = 1 − mco (x) − mco (x, y) = 1 − b(x, y).
By Equation (10) the barycenter of the set of partial L∞ approximations is, as
in this case A1 = {x}, A2 = {x, y}, A3 = {x, y, z}:
b(A1 ) + b({x2 }c )
b(x) + b({y}c )
b(x) + b(x, z)
=
=
2
2
2
mb (z) + mb (x, z)
= mb (x) +
2
b(x, y) + b(x, y) b(x) + b({y}c )
b(A2 ) + b({x3 }c ) b(A1 ) + b({x2 }c )
−
=
−
m(x, y) =
2
2
2
2
mb (z) + mb (x, z)
= mb (y) + mb (x, y) −
2
m(Θ) = 1 − b(A2 ) = 1 − b(x, y)

m(x)

=

which coincides with the L2 partial approximation.
Partial solution in the general case. The solution of system (13) involves rather
complicated combinatorial calculations. Nevertheless, the form of the general
solution is rather simple.
Theorem 4. Given a belief function b : 2Θ → [0, 1], the unique partial L2
consonant approximations coCL2 [b] of b (in the belief space) onto the simplicial
component COC is associated with the following basic probability assignment:
X
X
mco (A1 ) = mb (A1 ) +
mb (A)2−|A\A2 | +
mb (A)2−|A\A1 |
mco (Ai ) = mb (Ai ) +
−

A6∈C,A6⊃
x1 ,x2
X

A6∈C,A⊃x1 ,A6⊃x2

mb (A)2−|A\Ai | +

A6∈C,A⊃xi ,A6⊃xi+1
X
mb (A)2−|A\Ai−1 |

∀i = 2, · · · , n − 1

A6∈C,A6⊃xi ,A⊃xi+1

mco (An ) = mco (Θ) = 1 − b(An−1 ).
(14)
The proof can be done by substitution [23].
By comparison with Equation (10) we can infer that the coincidence of the L2
partial approximation and the barycenter of the set of L∞ approximations is an
artifact of the, otherwise instructive, ternary case.
Global solution. The computation of the global L2 approximation is not
simple. We plan to solve this issue in the near future.

4

Critical discussion and conclusions

In this paper we posed the consonant approximation problem in geometric terms,
by computing the approximations obtained by minimizing a-priori sensible Lp
distances between the original b.f. and the consonant complex in the belief space
B. We observed that: 1. the L1 norm is not really suitable for the job; 2. L∞
minimization generates an entire convex set of (partial) approximations on each
simplicial component; 3. the barycenter of this set has a potentially interesting
interpretation in terms of a formally to specify notion of derivative of a belief
function on a linearly ordered chain; 4. the global L∞ approximations fall as
expected on the component associated with the maximal plausibility singleton;
5. the L2 partial approximation is unique and distinct from the above barycenter,
while the global L2 approximation is rather elusive.
It is interesting to compare these results with those obtained in the consistent
approximation problem, also in the belief space [15]. The partial L1 /L2 consistent
approximations of b focused on a given element x coincide, and have b.p.a.
mcsxL (A) = mcsxL (A) = mb (A) + mb (A \ {x}). They coincide with Dubois
1
2
and Prade’s “focused consistent transformations” [3]. On the other hand, global
approximations do not have a strong meaning in terms of degrees of belief. Much
is still there to be understood on the use of geometric norms for consonant and

consistent approximations: other results seem to point to more natural results for
approximations in the mass space [23, 16]. This is material for further analysis.
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