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This document contains supplementary justifications, proofs and references for
results in the main paper.

Several relational and multirelational algebraic laws (see below) are required for
subsequent proofs, and these laws are proved at the end of this supplement. In
each case, r and s denote arbitrary arrows in the allegory and f, g, h and k
denote function arrows. Let A~! be defined on functions by A= f = f; 3.

Ar;s=r (S.1)
Alfi2)=f (5.2)
A(fsr)=f;Ar (5.3)

Er;o=53;r (S.4)
A(r;s) = Ar;Es (S.5)

AATY) = F (S.6)
AN Ar) =7 (S.7)
r\(fis)=(fir)\s (S.8)
fi(r\s) = (r; f°)\s (5.9)
Efi(e\r)=e\(f;r) (S.10)
(t\s); (s\r) S t\r (S.11)
id\r =r (S.12)
s;(s\r)Cr (S.13)
(r\(s58)); (A\u) S 7\(s;u) (S.14)
(r\ €);(e\s) =r\s (S.15)
(r\s) x (t\u) C (r x t)\(s x u) (S.16)
(Ef x Eg);((€ x €)\r) = (€ x )\((f x g);7) (5.17)
(r\s);t Cr\(s;t) (S.18)
(fxg)i2=1Ff:12:(e\(9:2)) (S.19)

(fxg x hxk);(3x3)C(fxh); (5x3);
(e x e)\((g x k)5 (3 x 3))) (5.20)
(fimg)se=(f;e)x(g5€) (S.21)

Also note that if there exists a function p such that r;p° = id, then

ri(r\t) =1t (S.22)



Proofs of Claims in the Main Paper

Claim. At the end of Section 3, it is claimed that (r;s) gt = r;(sgt). To
be clear about the types, this is for any arrows 7 : W — X, s : X =2 Y and
t:Y == Z in a power allegory:

Proof.

(r;s)gt

= {Definition 3.2 (of )}
(r;s8);(€\t)

= {Associativity of ; }
75 (s;(€\t))

= {Definition of g }
r;(sgt)

a

Claim. In Definition 3.4 it is claimed that for allegory A, Mul(A) is a category.
This is shown in [18]. O

Claim. Lemma 4.4 claims that MFun(A) is an order-enriched category, and
Lemma 4.5 claims that MFun(A) = Mul(A). We will prove these together:

Proof. MFun(A) is an order-enriched category if the following properties hold:

— composition is associative

composition preserves the up-closure property (Definition 4.1)
— ¢ is the identity of composition

composition is monotonic with respect to <

These properties will not be proved explicitly here, since they have already been
proved for Mul(A) in [18], and thus it is sufficient to show that there is an
isomorphism between up-closed multirelations and up-closed multifunctions with
the following properties:

1. identity-preserving
2. distributes through composition
3. order-preserving on homsets

The function that maps multirelations to multifunctions is the power transpose
A, which has inverse A~! as shown by (S.6) and (S.7). To see that A maps
multirelations to multifunctions, note that by the definition of 1 (see Definition
4.1) and equation (S.5), if » : A = B then Ar satisfies the up-closure property
(Definition 4.1) and is therefore a up-closed multifunction. Conversely, suppose



p: A — P2B satisfies the up-closure property (Definition 4.1), then the multire-
lation A~ !p is up-closed, since
p;3;E
= {(54)}
p;(ED);>
= {Definition 4.1, including the definition of 1}
D;>

It remains to show that this isomorphism satisfies the three properties listed
above. The first property is straightforward from the definitions of ¢ (Definition
4.2) and A~! and the last property is straightforward from the definitions of A~*
and the ordering < (see Lemma 4.4), and these proofs are omitted. It remains
to show that the isomorphism distributes through composition. It is sufficient to
establish this property for A since it can then be deduced for A~! by the mutual
inverse property. So let r, s € Mul(A):
Args)
= {Let p= Ar and g = As}
A(A™ps A1)
= {Definition of A~!}
A((p;3) 8 (q;3))
= {Definition of g}
A((p;2); (€ \(g;3)))
— {(s10)}
A((p;2)5Eq; (€ )\ 2))
= {(S5)}
A(p;3);E(Eg; (e \ 3))
= {Claim below, and E is a functor}
p;E%q;E(€\ 9))
— {(s.23)}
piE?q;EN;U
= {Definition 4.3 (of %)}
p*q
= {Definition of p and ¢}
Ar x As

The claim above was

En;U=E(e\ 3) (S.23)



and is proved:

ENn;u

= {Definitions of N and U}
E(A(e\ 3));4(3;3)

= {(S.3) and (S.4)}
A(3;A((€\ 3);2)

= {61}
A(3;(€\2))

= {Definition 2.7 (of E)}
E(e\2)

So we have shown that the isomorphism defined by A and A~! satisfies the re-
quired three properties. We can therefore deduce that the composition operator
on multifunctions is therefore associative with identity ¢, monotonic and it pre-
serves the up-closure property (see Definition 4.1) because the corresponding
properties are known to hold of multirelational composition. Therefore there is
an order-isomorphism of categories Mul(A) =2 MFun(A). O

Claim. Equation (4.3) claims that for any f: X — Y and m : Y — P2Z, we
have fxm = f;m.

Proof.
fxm
= {Definition 4.6 (of ")}
(fi)xm
= {Equation (4.1) }

fi(exm)
= {Identity of x}

fim

O

Claim. Equation (4.4) claims that for any f: X — Y and g : Y — Z, we have
f*xg = fsg
Proof.
f*3
= {Equation (4.3), see above}



;g

= {Definition 4.6 (of 7)}
fi9;t

= {Definition of 7}

—

fi9

O

Claim. Equation (4.4) claims that for any m : X — P?Y and f : Y — Z, we
have m* f = m;E%f ;7.

Proof. First, we observe that for any multifunction g : X — P2Y (not-necessarily
up-closed),

gxr=g;1 (5.24)
since

gxi

= {Definition 4.3 (of x); (S.23)}
9:E%;E(€\ 2)

= {Eis a functor}
9;E(Ee;(€\ )

— {(8.10)}
9;E(€\(;3))

= {Definition 4.2 (of ¢); (S.1)}
g;E(e\ €9

= {Definition of T (see Definition 4.1)}
g;1

Then we can calculate:

mx f

= {Definition 4.6 (of ") }
m* (f ;1)

= {Equation (4.2) }
(m;E2f) %

= {(S.24}
(m;E*f)51



Claim. Equation (4.6) claims that for any f: X — Y, we have f; > = f;e.
Proof.
TE
= {Definitions 4.6 (of 7) and 4.2 (of ¢)}
f;Ae;>
= {1}
fs€

Claim. Lemma 5.8 was proved in the appendix of the main paper. a
Claim. Lemma 5.9 claimed that (N,#, 1) is a monad.

Proof. 1t is necessary to show that both n and p are natural transformations and
that the monad laws in Definition 5.1 are satisfied. For the naturality condition
on 7, by the equivalence (A.2) it is sufficient to show that for all p: X — Y in
C, it is the case that n, ;Np;e, =p;n, ;e,.

Ny sNpsey,

= {Definition 5.7}
Nx 5 (ex D)

= {Equation (4.1)}
(ny;€x) *P

= {Definition of n}
Ly *D

= {Identity of x}
p

= {Definition 4.6 (of 7) and the definition of n}
pPiny €y
For the naturality condition on u, by the equivalence (A.2) it is sufficient to
show that for all p: X — Y in C, N2p;pu, ;e, = u, ;Np;e,.
N2p; gy s ey
= {Definition 5.7 and the definition of u}

(eux *NDY'; (6w x ey ) sy
= {Equation (A.1)}

enx *Npxe,



= {Equation (4.3)}
enx * (Npsey)

= {Definition 5.7 and associativity of x}
Eyx ¥ €x ¥ D

= {Definition 5.7, definition of u and equation (A.1)}
1 s Nps ey

Now we prove the monad laws: by the equivalence (A.2),

N spxy =td = Nongspyie, =ex

and we can calculate

N7y x5 ex
= {Definition of N (Definitions 5.5 and 5.7) and u}

(ex * 7)) 5 (enx €)' €5
{Equation (A.1)}

ey *x Ty *ey

= {Equation (4.3)}
ex * (1 sex)

= {Definition of n}

ey *ly
{Identity of %}

Cx

For the second monad law, by the equivalence (A.2) we have that

Ny sy =td = Ny spy ey = ey
and we can calculate
NN 5 x5 ex
= {Definition of u}
N5 (enx % ex)
= {Equation (4.1)}
= {Definition of n}
Lxey
{Identity of %}

Cx



For the last monad law, by the equivalence (A.2):
BNy g =Npy s = pNyspysex = Nugspysex
and we can calculate
Npx sy sex
= {Definition 5.7 and the definition of u}
(epox *Hx )5 (enx xex) sex

{Equation (A.1) and associativity of x}

€uzx ¥ ﬁx *€x
{Equation (4.3)}

Cay * (1ix 5 €x)

= {Definition of u}

(&

N2 X * Eyx ¥ ex)

{Equation (A.1)}
(€N2X * eNX), ) (eNX *€Ex )/ 1 €x
= {Definition of u}

O

Claim. Theorem 5.10 stated that there is an order-isomorphism of categories
Fun(A)N = MFun(A).

Proof. The definitions of identity and ordering in Fun(A)N correspond to those
in MFun(A) by the isomorphism defined by the universal property given in
Definition 5.6. So it just remains to check that the isomorphism distributes
through composition, which is shown as follows:

p*q

= {Universal property from Definition 5.6}
(P'sey)*(q 5ez)

= {Equation (4.3)}
(' 5ey) %4 xe,

= {Equation (4.1)}
P (e, *a’)*ez

= {Definition 5.7 }
(' sN(d)sey,) x ey,

= {Equation (4.1)}
P'iN(d); ey, *e,)



= {Definition of u}
P iN(d ) sy e,
= {Definition of ; }
5w d) e,
O

Claim. Lemma 6.9 stated that a lax lifting FM preserves identities and that
FM(p;,q) < FMp;, FMgforallp: X — Y and ¢: Y — Z in category CM.
Proof. First we show that FM preserves identities:
FM77X
= {Definition of FM (see Definition 6.8)}
Fiy ;0%
= {Equation (6.5)}
Mex

For the other condition, note that the arrows p, ¢ in the category CM are also
arrows p: X — MY and ¢ : Y — MZ in category C. Then we calculate:

FM(p3, 0)
= {Definition of FM}
F(pswa); 0},
= {Definition of ;, (see Definition 5.2)}
F(p;Mq;p,) ;6"
= {F is a functor}
Fp;FMq:Fp, ;67
=< {Equation (6.6)}
Fp;FMg; (3], 3 0%)
= {Definition of ;,}
Fp;FMg; ol s MdF 5 p,
< {Equation (6.4)}
Fp; oy s MFg; MST s p,
= {Definition of FM and M is a functor}
FMps MFMg s
= {Definition of ;,}
FMp s, FMg



Claim. Lemma 6.11 stated that ¢V satisfies conditions (6.4), (6.5) and (6.6).

Proof. By the definition of the ordering in Fun(A)N, ¢V satisfies the inequality
(6.4) if we can show that for all functions f: U — X and g: V =Y

(Nf X Ng); Y,y iexuyvi® S @, N X g)iexy 2
First, observe from the definition of ¢V, Definition 5.6, and equation (S.1) that

N e > = (e, xe,);(d3x3);((e xe)\€) (S.25)

(Xy)’ X><Y’

We now calculate as follows. Note that the fact that x is a bifunctor will be used
tacitly in the following proof and subscripts will be omitted:

(Nf xNg);o";e;3
= {Action of N on arrows (Definition 5.7), and equation (S.25)}
((ex FY x (ex9))5(ex €); (3 x 2); (€ x )\ €)
= {Universal property from Definition 5.6}
((exf) % (ex))5 (3 x 2); (€ x €)\ €)
C  {Property (S.20)}
(exe); (3 x 3);((€ x \(f33 x7;3)); (€ x )\ €)
= {Equation (4.6)}
(exe);(3x3);((€ x EN\(f xg);(e x€)));((e xe)\€)
C  {Property (S.14)}
(exe); (3 x3);((e x EN\(f x9);€))
= {Equation (4.6)}

(exe);(2x3);((€ x ([ xg53))
= {Equation (S.15)}
(e xe)3(3 x 2);((€ x )\ €): (€ \(S x 9:3))
= {Equation (S.25)}
o ies5(e\(fxg;3))
= {Equation (S.19)}
o (ex(fxg));2
= {Action of N on arrows (Definition 5.7) }
P N(f xg))e;>

The next step is to show that ¢M satisfies condition (6.5), which by the equiva-
lence (A.2) is the same as showing that

(Uxxﬁy)a¢(xy>a€ny = MNxxyCxxy (826)



The calculation is as follows:

(nxn);¢";e

= {Definitions 5.9 (of i) and 6.10 (of ¢"); universal property in Definition 5.6}
(e x0); A x 2):((€ x €)\ €))

= {(83)}
A((ex )5 (3 x3);((€ x €)\ €))

= {Definition 4.2 (of ¢); (S.1)}
A((e x €);((e x €)\ €))

— {(522))
A(e)

= {Definition of n (see Definition 5.9)}
n;e

It remains to establish the last law, (6.6), which, by the definition of =<, (see
Theorem 5.10) is the same as
(Bx Xy )30 L iexy 32 C (D v Plxyy) i €xy 52

or, by (S.21) equivalently

(Bx Xy )50 vy iexay 32 © (Bl nyy 3 ey ) ¥ (D5 1) 1 €xsy )52

(X p);ohie;>
= {Definition of 7 (see Definition 5.9); (S.25)}
((exe) x (exe)); (2 x 3);((€ x €)\ €)
C  {(5.20)}
(exe);(3x3);((e x e)\((exe);(3x%x3));((€ x )\ €)
c {(518))}
(exe);(2x3);((e xe)\((exe); (2 x3);((€ x €)\€))
= {(5.25) }
(exe);(>x2);((e x €)\(¢";€;3))
= {(515))}
(exe);(2x3);((e x €)\ €);(e\(¢";5€;2))
= {(S.25) }
S EH CAANEE))
= {(5.19) }
((¢"se) x (9" 5€));2



Claim. Lemma 6.12 (the monadic multirelational fold)

Proof. Firstly, note that the following composition laws can be straightforwardly
deduced from the definition of ;,, and properties of M:
[ (gsh) = (f;Mg) sy b (5.27)
(f59)mh=1ri(g5uh) (5.28)

Then, let F : C — C have initial algebra a : FT' — T'. Suppose that FM : CM — CM
is a lax lifting, and let ¢y : FX — MX, 7: T — MX in C, then by Definition 6.2,

7 = (Y] if and only if
(asm) 5 7= FM75, 0
= {Definition of FM (see Definition 6.8); (S.28)}

a;ny, T =Fr;0t,
= {Identity of ;,}

a;T=Fr;6F;, ¢
= {Definition 6.2}

7= (6", ¥)

Claim. Lemma 6.13 (relationship of maps to folds)

Proof. Since o, : F(X, TX) — TX is the initial algebra of bifunctor F considered
as a unary functor F, , where Fx(Y) = F(X,Y) and Fx(f) = F(id, f), Definition
6.2 implies that for all p: F(X,Y) =Y, ¢: TX =Y,

(a;q=F(id.q);p) = q=(p) (5:29)
and from this follows the fusion law:

hi;q="F(id,q);p = (h):q=(p) (5.30)
By (6.1) and Definition 6.8,

T™f = Tf;6" = (F(f.id);a);0" (S-31)

So we can calculate

™ f = (F(f,id); 6" ;Ma)
= {(S.31)}

(F(f,id);a) ;6" = (F(f,id); 6" ; Ma))
<  {(S.30) }

F(f,id);a;07 = F(id,8"); F(f,id) ; 6T F ; Ma
= {F is a bifunctor }



F(f,id);a ;0" = F(f,id);F(id,6") ;6" ; Ma
< {Monotonicity of ; }
a;6" =F(id,0");6F ; Ma
< {Definition of §7 (see Definition 6.7)}
a; (6F;Ma) = F(id, ") ; 6F ; Ma
= {(S.29)}

True

First note that if the family of arrows §F satisfies condition (6.4), then it can be
used to define a family 6" x , where

6Fx = F(n,id);o" (S.32)

Finally, the following proof is just like that in [14] except that some equalities
have been replaced by inequalities. Note that f has type f : Y — MZ, for some
objects Y and Z.

(FM(fom) s (a5m)D
= {Definition of FM and (S.28)}
(F(f.m) 30" 5 (a3m)y
= {Lemma 6.12 (monadic catamorphisms)}

(6Fx 5 (F(fm) 5675, (asm)))))

= {(8.32)}

(F(n,id) ;6" 3, (F(f,m) 50" 5 (ar3m))))
= {(s27)}

((F(n,id) ;0" s MF(f,m)) 5, 0" 55, (c5m)))
= {64}

((F(n,id) s F(Mf,Mn)) 5675, 655, (a;m)))
= {F is a functor; naturality of n; type of f}
((F(f,id); F(nM, Mn)); (873, 67) 5, (a3m)))
= {(S.27); properties of ;, then (S.28)}
(F(f,id); F(nM, Mn) ; (67 5,, 67) ; Ma)
= {(66)}
(F(f,id) ; F(aM, Mn) s F(u, 1) ;67 s Ma)
= {F is a functor, monad properties }

(F(f,id) ;67 s Ma)



Proofs of Laws in this Supplement

Finally, we address the laws listed earlier in this supplement.

Laws S.1 and S.2 are immediate from the universal property (2.1).

Proof. (S.3)

fidr=A(f;r)

= {Universal property in Definition 2.1}
[idrss = fir

= {(S.1)}
fir=1[fir

Proof. (S.4)

Er;a = 2;5r

= {Universal property in Definition 2.1}
Er=A(3;7r)

= {Definition of E}

True

Proof. (S.5)

A(r;s) = Ar;Es

{Universal property in Definition 2.1}
r;s=Ar;Es;>

{(5.4)}
r;s=Ar;3;s

{1}

T;8=7;8



Proof. (S.6)
A(ATYS)
= {Definition of A~'}
A(f53)
= {(S.2)}
f

Proof. (S.7)
A7L(Ar)
= {Definition of A~!}
Ar; >

= {(S.1)}

O

The hint shunting in the following proofs refers to use of one of the shunting
rules (e.g. see [12]) for functions:

firCs = rCf;s
r;fCs = rCs;f°
Proof. (S.8)
tC(f75m)\s
= {Definition 2.5 (of \)}
foiritCs
= {Shunting}
ritC fis
= {Definition 2.5}
tSr\(fss)

Proof. (S.9)

tC fi(r\s)
= {Shunting}



festCr\s

= {Definition 2.5 (of \)}
r;f°;tCs

= {Definition 2.5}
tC(rsfo)\s

Proof. (S.10)

Ef;(e\r)
—  {S.9)
(€;(Ef))\r
= {Converse of (S.4)}
(fese)\r
— {88}
e\(f;r)

a

The proofs of laws (S.11), (S.12) and (S.13) are omitted since they dual to those
given for / in Sections 2.314 and 2.31 of [17]. O

Proof. (S.14)

(r\(s;8)) 5 (F\u) S r\(s;u)
=  {Definition 2.5 (of \)}

ri(r\(536) s (A\u) € 550
< {(8.13)}

s;t;(t\u) Cs;u
< {(5.13)}

s;uCs;u

Law (S.15) is proved in [18]. O



Proof. (S.16)
(R\s) X () € ( x O\(s x u)
= {Definition 2.5 (of \)}
(rxt);((r\s) x (t\u)) Csxu
= {x is a bifunctor}
(r5(r\s)) x (t;(t\u)) C s xu
= {(S.13) and x is monotonic}

True

The proof of (S.17) follows the same outline as (S.10). O

Proof. (S.18)
(r\s);t C r\(s;1)
= {Definition 2.5 (of \)}
r;(r\s);t C s;t
= {(5.13)}

True

O

Laws (S.19) and (S.21) are just a restatement of the previous observation that
each isomorphism of categories distributes through composition.

Proof. (S.20)
(fxg x hxk);(3x3)
C  {x is a bifunctor}
((fxg);3) x ((hxk);>)
c  {(s.19)}
(f:2:(€\(g:3)) x (h;3;(e\(k;3)))
C  {x is a bifunctor}
(fxh);(3x2);((e\g;2)) x (e \(k;2)))
c {(s.16)}
(f xh); (> x2);((e x E\((gxk); (> x2)))



Proof. (S.22) First note that if there exists a function p such that id = r;p°,
then id C r;p° and by the second shunting rule we have p C r. By (S.13),
r;(r\t) Ct, and so it is sufficient to establish the reverse inclusion: ¢ C r; (r\t):

= {(S.12)}
id\t
= {Assumption}
(r;p°)\t
= {59}
p;(r\t)
C  {p C r and monotonicity of ;}

V)

a
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