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Abstract
In this paperweextendtheclassof energy functionsfor

which theoptimal� -expansionand�� -swapmovescanbe
computedin polynomialtime. Speci�cally, we introducea
classof higherordercliquepotentialsandshowthat theex-
pansionandswapmovesfor anyenergy functioncomposed
of thesepotentialscanbefoundby minimizinga submodu-
lar function.We alsoshowthat for a subsetof thesepoten-
tials, theoptimalmovecanbefoundbysolvinganst-mincut
problem.We referto thissubsetastheP n Pottsmodel.

Our resultsenabletheuseof powerfulmovemakingal-
gorithmsi.e. � -expansionand�� -swapfor minimizationof
energy functionsinvolvinghigherordercliques.Such func-
tionshavethecapability of modellingthe rich statisticsof
natural scenesand can be usedfor manyapplicationsin
computervision.We demonstratetheir useononesuch ap-
plication i.e. thetexturebasedvideosegmentationproblem.

1. Intr oduction
In recentyearsdiscreteoptimizationhasemergedasan

importanttool in solvingComputerVision problems.This
hasprimarily beentheresultof theincreasinguseof energy
minimization algorithmssuchas graphcuts [4, 12], tree-
reweightedmessagepassing[11, 25] andvariantsof belief
propagation(BP) [18, 26]. Thesealgorithmsallow usto per-
form approximateinference(i.e. obtainthe MAP estimate)
ongraphicalmodelssuchasMarkov RandomFields(MRF)
andConditionalRandomFields(CRF) [15].

� -expansionand �� -swap are two popularmove mak-
ing algorithmsfor approximateenergy minimizationwhich
wereproposedin [4]. They areextremelyef�cient andhave
beenshown to producegoodresultsfor a numberof prob-
lems[23]. Thesealgorithmsminimize an energy function
by starting from an initial labelling and making a series
of changes(moves)which decreasethe energy iteratively.
Convergenceis achievedwhentheenergy cannotbemini-
mizedfurther. At eachsteptheoptimalmove(i.e. themove
decreasingtheenergy of thelabellingby themostamount)
is computedin polynomialtime. However, this canonly be
donefor a certainclassof energy functions.

Boykov et al. [4] provided a characterizationof clique
potentialsfor whichtheoptimalmovescanbecomputedby
solvinganst-mincutproblem. However, their resultswere
limited to potentialsof cliquesof sizeat mosttwo. We call
this classof energy functionsP 2. In this paperwe provide

thecharacterizationof energy functionsinvolvinghigheror-
dercliquesi.e. cliquesof sizes3 andbeyondfor which the
optimal movescanbe computedin polynomial time. We
refer to theclassof functionsde�ned by cliquesof sizeat
mostn asP n . It shouldbenotedthatthis classis different
from the classF n of energy functionswhich involve only
binaryrandomvariables[7, 12].

Higher order cliques Most energy minimization based
methodsfor solvingComputerVisionproblemsassumethat
theenergycanberepresentedin termsof unaryandpairwise
cliquepotentials.Thisassumptionseverelyrestrictstherep-
resentationalpowerof thesemodelsmakingthemunableto
capturetherich statisticsof naturalscenes[16].

Higher order clique potentialshave the capability to
modelcomplex interactionsof randomvariablesand thus
could overcomethis problem. Researchershave long rec-
ognizedthis factandhave usedhigherordermodelsto im-
provetheexpressivepower of MRFs andCRFs [16, 20, 21].
Theinitial work in this regardhasbeenquitepromisingand
higher ordercliqueshave beenshown to improve results.
However their usehasbeenquite limited due to the lack
of ef�cient algorithmsfor minimizing the resultingenergy
functions.

Traditional inferencealgorithmssuch as BP are quite
computationallyexpensive for higherordercliques.Lan et
al. [16] recentlymadesomeprogresstowardssolving this
problem. They proposedapproximationmethodsfor BP

to make ef�cient inferencepossiblein higherorderMRFs.
However their resultsindicatethat BP only gave compara-
bleresultsto nä�vegradientdescent.In contrast,weprovide
a characterizationof energy functionsde�ned by cliques
of size 3 (P 3) or more (P n ) which can be solved using
powerful movemakingalgorithmssuchas� -expansionand
�� -swaps.We provethattheoptimal� -expansionand�� -
swapmovesfor this classof functionscanbecomputedin
polynomialtime. We thenintroduceanew family of higher
orderpotentialfunctions,referredto astheP n Pottsmodel,
andshow thattheoptimal� -expansionand�� -swapmoves
for themcanbecomputedby solvinganst-mincutproblem.
It shouldbenotedthatour resultsareageneralizationof the
classof energy functionsspeci�edby [4].

Outline of the Paper In section2, we provide the no-
tation and discussthe basic theory of energy minimiza-
tion andsubmodularfunctions. Section3 describesthe � -
expansionand �� -swap algorithms. Further, it provides



constraintsonthepairwisepotentialswhichguaranteecom-
putationof theoptimalmovein polynomialtime. In section
4, we generalizethis classto P n functions. We alsoshow
that the optimal movesfor a sub-classof thesefunctions,
i.e. the P n Pottsmodel, can be computedby solving an
st-mincutproblem. This enablesus to addressthe texture
basedsegmentationproblem(seesection5). We conclude
by listing someComputerVision problemswherehigher
ordercliquepotentialscanbeused.

2. Preliminaries
Considera random�eld X de�ned over a lattice V =

f 1; 2; : : : ; N g with a neighbourhoodsystemN . Eachran-
domvariableX i 2 X is associatedwith alatticepointi 2 V
and takes a value from the label set L = f l1; l2; : : : ; lk g.
Given a neighborhoodsystemN , a clique c is speci�ed
by a setof randomvariablesX c suchthat 8i; j 2 c; i 2
N j andj 2 N i , whereN i andN j arethesetsof all neigh-
boursof variableX i andX j .

Any possibleassignmentof labelsto the randomvari-
ableswill be called a labelling (denotedby x). In other
words,x takesvaluesfrom thesetL = L N . Theposterior
distributionPr(x jD ) overthelabellingsof therandom�eld
is aGibbsdistribution if it canbewritten in theform:

Pr(x jD ) =
1
Z

exp(�
X

c2C

 c(xc)) ; (1)

whereZ is a normalizingconstantknown as the partition
function,andC is thesetof all cliques.Theterm c(xc) is
known asthepotentialfunctionof thecliquec wherex c =
f x i ; i 2 cg. ThecorrespondingGibbsenergy is givenby

E(x) = � logPr(x jD ) � logZ =
X

c2C

 c(xc) (2)

Themaximumaposterior(MAP) labellingx map of theran-
dom�eld is de�ned as

xmap = argmax
x 2 L

Pr(xjD ) = argmin
x 2 L

E(x): (3)

2.1. Submodular Energy Functions
Submodularset functionsplay an importantrole in en-

ergy minimizationasthey canbeminimizedin polynomial
time [2, 9]. In this paperwe will explain their propertiesin
termsof functionsof binaryrandomvariableswhichcanbe
seenassetfunctions[12].

De�nition 1. A projectionof a functionf : L n ! R on s
variablesis a functionf p : L s ! R which is obtainedby
�xing thevaluesof n � s argumentsof f (�). Here p refers
to thesetof variableswhosevalueshavebeen�xed.

Example 1. The function f p(x2; : : : ; xn ) =
f (0; x2; : : : ; xn ) is a projection of the function
f (x1; x2; : : : ; xn ).

De�nition 2. A functionof onebinary variable is always
submodular. A functionf (x1; x2) of two binary variables
f x1; x2g is submodularif andonly if:

f (0; 0) + f (1; 1) � f (0; 1) + f (1; 0) (4)

A functionf : L n ! R is submodularif andonly if all its
projectionson2 variablesare submodular[2, 12].
Minimizing submodular functions using graph cuts
Certainsubmodularfunctionscanbeminimizedby solving
an st-mincutproblem[2]. Kolmogorov et al. [12] showed
thatall submodularfunctionsof binaryvariableswhichcan
bewritten in termsof potentialfunctionof cliquesof sizes
2 and3 canbe minimized in this manner. Freedmanand
Drineas[7] extendedthis resultby characterizingtheclass
of functionsF n involving higherordercliquesde�ned on
binary variableswhoseminimization can be translatedto
anst-mincutproblem.Theclassof multi-labelsubmodular
functionswhichcanbetranslatedinto anst-mincutproblem
hasalsobeencharacterizedindependentlyby [6] and[8].

2.2. Metric and Semi­metricPotential functions
In thissubsectionweprovidetheconstraintsfor pairwise

potentialsto de�ne a metricor asemi-metric.

De�nition 3. A potentialfunction ij (a; b) for a pairwise
cliqueof tworandomvariablesf x i ; x j g is saidtobeasemi-
metricif it satis�es

 ij (a; b) = 0 ( ) a = b (5)

 ij (a; b) =  ij (b;a) � 0 (6)

De�nition 4. Thepotentialfunctionis metricif in addition
to theabovementionedconstraintsit alsosatis�es

 ij (a; d) �  ij (a; b) +  ij (b;d): (7)

Example 2. Thefunction ij (a; b) = ja � bj2 is a semi-
metricbut not a metricas it doesnot alwayssatisfycondi-
tion (7).

3. MoveMaking Algorithms
In this sectionwe describethemove makingalgorithms

of [4] for approximateenergy minimizationandexplain the
conditionsunderwhich they canbeapplied.

3.1. Minimizing P 2 functions
Boykov et al. [4] addressedtheproblemof minimizing

energy functionsconsistingof unaryandpairwisecliques.
Thesefunctionscanbewrittenas

E(x) =
X

i 2V

 i (x i ) +
X

i 2V ;j 2N j

 ij (x i ; x j ): (8)

They proposedtwo move making algorithms called � -
expansionsand �� -swaps for this problem. Thesealgo-
rithmswork by startingfrom a initial labellingx andmak-
ing a seriesof changes(moves)which lower theenergy it-
eratively. Convergenceis achievedwhentheenergy cannot



bedecreasedfurther. At eachstepthemovedecreasingthe
energyof thelabellingby themostamountis made.Wewill
referto sucha moveasoptimal. Recentlyanalternative in-
terpretationof the� -expansionswasgivenin [13].

Boykov etal. [4] showedthattheoptimalmovesfor cer-
tain energy functionsof the form (8) canbe computedby
solving an st-mincutproblem. Speci�cally, they showed
that if the pairwisepotentialfunctions ij de�ne a metric
then the energy function in equation(8) can be approxi-
matelyminimizedusing� -expansion.Similarly if  ij de-
�nes a semi-metric,it canbeminimizedusing�� -swap.

3.2. Binary Movesand MoveEnergies
Themovesof both the � -expansionand�� -swap algo-

rithms can be representedas a vector of binary variables
t = f t i ; 8i 2 Vg. A transformationfunction T(x; t ) takes
thecurrentlabellingx andamovet andreturnsthenew la-
belling x̂ whichhasbeeninducedby themove. Theenergy
of a movet (denotedby Em (t )) is de�ned astheenergy of
the labelling x̂ it inducesi.e. Em (t ) = E(T(x; t )) . The
optimalmove is de�ned ast � = argmint E(T(x; t )) .

As discussedin section2.1, theoptimalmove t � canbe
computedin polynomialtime if thefunctionEm (t ) is sub-
modular. Fromde�nition 2 this implies thatall projections
of Em (t ) on two variablesshouldbesubmodulari.e.
E p

m (0; 0)+ E p
m (1; 1) � E p

m (0; 1)+ E p
m (1; 0); 8p 2 V� V: (9)

3.3. The � ­expansionalgorithm
An � -expansionmoveallowsany randomvariableto ei-

ther retainits currentlabelor take label `� '. Oneiteration
of the algorithminvolvesperformingexpansionsfor all �
in L in someordersuccessively. The transformationfunc-
tion T� (:) for an� -expansionmove transformsthelabelof
a randomvariableX i as

T� (x i ; t i ) =
�

x i if t i = 0
� if t i = 1:

(10)

Theoptimal� -expansionmovecanbecomputedin polyno-
mial time if theenergy functionE � (t ) = E(T� (x; t )) sat-
is�es constraint(9). Substitutingthevalueof E � in (9) we
gettheconstraint

E p (�; � ) + E p(x i ; x j ) � E p (x i ; � ) + E p(�; x j ); 8p 2 V � V:
(11)

3.4. The �� ­swapalgorithm
An �� -swapmoveallowsa randomvariablewhosecur-

rent label is � or � to eithertake label � or � . Oneitera-
tion of the algorithminvolvesperformingswap movesfor
all �; � in L in someordersuccessively. The transforma-
tion functionT�� () for an�� -swaptransformsthelabelof
a randomvariablex i as

T�� (x i ; t i ) =
�

� if x i = �; � andt i = 0;
� if x i = �; � andt i = 1:

(12)

Theoptimal�� -swapmovecanbecomputedin polynomial
time if the energy function E �� (t ) = E(T�� (x; t )) satis-
�es (9). As before,substitutingthevalueof E �� in (9) we
gettheconstraint

E p (�; � ) + E p (� ; � ) � E p (� ; � ) + E p (�; � ); 8p 2 V � V:
(13)

In the next sectionwe provide a classof energy functions
whichsatisfyequation(11) and(13).

4. Characterizing P n Functions
Now we characterizea classof higherorderclique po-

tentials for which the expansionand swap moves can be
computedin polynomialtime. RecallthatP n functionsare
de�ned on cliquesof sizeat mostn. From the additivity
theorem[12] it follows that the optimal movesfor all en-
ergy functionscomposedof theseclique potentialscanbe
computedin polynomialtime. We constrainthecliquepo-
tentialsto take theform:

 c(xc) = f c(Qc(� ; xc)) : (14)

whereQc(� ; xc) is a functionalde�ned as:
Qc(� ; xc) = � i;j 2 c� c(x i ; x j ): (15)

Heref c is anarbitraryfunctionof Qc, � c is apairwisefunc-
tion de�ned onall pairsof randomvariablesin thecliquec,
and� is anoperatorappliedon thesefunctions� c(x i ; x j ).

4.1. Conditions for �� ­swaps
We will now specifytheconstraintsunderwhichall �� -

swapmovesfor higherordercliquepotentialscanbecom-
putedin polynomialtime. For themomentwe considerthe
case� =

P
, i.e.

Qc(xc) =
X

i;j 2 c

� c(x i ; x j ): (16)

Theorem 1. Theoptimal �� -swapmovefor any� , � 2 L
canbecomputedin polynomialtimeif thepotentialfunction
 c(xc) de�nedonthecliquec isof theform(14) wheref c(�)
is a concave1 non-decreasingfunction,� =

P
and� c(�; �)

satis�estheconstraints

� c(a; b) = � c(b;a) 8a; b 2 L (17)

� c(a; b) � � c(d;d) 8a; b;d 2 L (18)

Proof. To prove that the optimal swap move canbe com-
putedin polynomialtime we needto show thatall projec-
tionsontwo variablesof any �� -swapmoveenergyaresub-
modular. Fromequation(13) this impliesthat8i; j 2 c the
condition:

 c(f �; � g [ x cnf i;j g) +  c(f � ; � g [ x cnf i;j g) �

 c(f �; � g [ x cnf i;j g) +  c(f � ; � g [ x cnf i;j g) (19)

1A function f (x) is concave if for any two points(a; b) and� where
0 � � � 1: �f (a) + (1 � � )f (b) � f (�a + (1 � � )b).



shouldbe satis�ed. Herex cnf i;j g denotesthe labelling of
all variablesX u ; u 2 c except i and j . The cost of any
con�gurationf �; � g [ x cnf i;j g of thecliquecanbewritten
as

 c(f x i ; x j g [ xcnf i;j g) = f c(Qc(f x i ; x j g [ xcnf i;j g))

= f c(� c(x i ; x j ) + Qcnf i;j g(xcnf i;j g) +
X

u2 cnf i;j g

� c(x i ; xu ) +
X

u2 cnf i;j g

� c(x j ; xu )) (20)

Let D represent Qcnf i;j g(xcnf i;j g), D � repre-
sent

P
u2 cnf i;j g � c(�; xu ), and D � represent

P
u2 cnf i;j g � c(� ; xu ). Using equation (20), the equa-

tion (19) becomes

f c(� c(�; � ) + D � + D � + D) (21)

+ f c(� c(� ; � ) + D � + D � + D)

� f c(� c(�; � ) + 2D � + D) + f c(� c(� ; � ) + 2D � + D):

As � c(� ; � ) = � c(�; � ) from constraint(17) this condition
transformsto:

2f c(� c(�; � ) + D � + D � + D) � (22)

f c(� c(�; � ) + 2D � + D) + f c(� c(� ; � ) + 2D � + D):

To prove(22) we needlemma1.

Lemma 1. For a nondecreasingconcavefunctionf (x):

2c � a + b =) 2f (c) � f (a) + f (b): (23)

Proof in [10].

Usingtheabovelemmatogetherwith thefactthat

2� c(�; � ) � � c(�; � ) + � c(� ; � ) 8�; � 2 L (24)

(seeconstraint(18)), weseethatthetheoremhold true.

Theclassof cliquepotentialsdescribedby theorem1 is a
strictgeneralizationof theclassspeci�edby theconstraints
of [4] which canbeobtainedby consideringonly pairwise
cliques,choosingf c() asa linear increasingfunction2, and
constraining� c(a; a) = 0; 8a 2 L .

4.2. Conditions for � ­expansions

In thissubsectionwecharacterizethehigherorderclique
potentialsfor which theoptimal � -expansionmove canbe
computedin polynomialtime for all � 2 L ; x 2 L .

Theorem2. Theoptimal� -expansionmovefor any� 2 L
canbecomputedin polynomialtimeif thepotentialfunction
 c(xc) de�ned on the clique c is of the form (14) where
f c(�) is a increasinglinear function,� =

P
and� c(�; �) is

a metric.
2All linearfunctionareconcave.

Proof. To prove that the optimal expansionmove can be
computedin polynomialtime we needto show thatall pro-
jectionsof any � -expansionmove energy on two variables
of thecliquearesubmodular. From equation(11) this im-
pliesthat8i; j 2 c thecondition

 c(f �; � g [ x cnf i;j g) +  c(f a; bg [ x cnf i;j g) �

 c(f a; � g [ x cnf i;j g) +  c(f �; bg [ x cnf i;j g) (25)

is satis�ed. Herea andb arethecurrentlabelsof thevari-
ablesX i andX j respectively.

Let D representQcnf i;j g(xcnf i;j g), and D l representP
u2 cnf i;j g � c(l ; xu ) for any label l . Then,usingequation

(20) theconstraint(25) becomes

f c(� c(�; b) + D � + Db + D) (26)

+ f c(� c(a; � ) + Da + D � + D)

� f c(� c(�; � ) + 2D � + D)

+ f c(� c(a; b) + Da + Db + D):

Let R1 = � c(�; b) + D � + Db + D, R2 = � c(a; � ) +
Da + D � + D, R3 = � c(�; � ) + 2D � + D, andR4 =
f c(� c(a; b) + Da + Db + D). Since� c(�; �) is ametric,we
observethat

� c(�; b) + � c(a; � ) � � c(�; � ) + � c(a; b) (27)

) R1 + R2 � R3 + R4: (28)

Thus,we requirea functionf suchthat

R1+ R2 � R3+ R4 =) f (R1)+ f (R2) � f (R3)+ f (R4):
(29)

Thefollowing lemmaprovidesustheform of this function.

Lemma 2. For a function f , y1 + y2 � y3 + y4 =)
f (y1) + f (y2) � f (y3) + f (y4) if and only if f is linear.
Proof in [10].

Sincef (�) is linear, this provesthetheorem.

It shouldbenotedthat theclassof cliquepotentialsde-
�ned by the above theoremis a small subsetof the class
of functionswhich canbeusedunder�� -swaps. In fact it
is the sameclassof energy function asde�ned by [4] i.e.
P2. This can be seenby observingthat the potentialsof
thehigherordercliquesde�ned by theorem2 canberepre-
sentedasa sumof metric pairwiseclique potentials.This
raisesthequestionwhetherwe cande�ne a classof higher
ordercliquepotentialswhich cannotbedecomposedinto a
setof P 2 potentialsandbesolvedusing� -expansions.To
answerthiswe de�ne theP n Pottsmodel.

4.2.1 P n Potts Model
We now introducetheP n Pottsmodelfamily of higheror-
der clique potentials.This family is a strict generalization



of theGeneralizedPottsmodel[4] andcanbeusedfor mod-
elling many problemsin ComputerVision.

We de�ne the P n Pottsmodel potential for cliquesof
sizen as

 c(xc) =
�


 k if x i = lk ; 8i 2 c;

 max otherwise:

(30)

where
 max > 
 k ; 8lk 2 L . For a pairwisecliquethis re-
ducesto theP 2 Pottsmodelpotentialde�nedas ij (a; b) =

 k if a = b = lk and
 max otherwise.If we use
 k = 0, for
all lk , this functionbecomesanexampleof a metricpoten-
tial function.

4.2.2 Going Beyond P 2 for � -expansions
We now show how theclassof potentialfunctionscharac-
terizedin section4.2canbeextendedby using: � = `max'
insteadof � =

P
asin theprevioussubsection.To thisend

wede�ne Qc(xc) as

Qc(xc) = max
i;j 2 c

� c(x i ; x j ): (31)

Theorem3. Theoptimal� -expansionmovefor any� 2 L
canbecomputedin polynomialtimeif thepotentialfunction
 c(xc) de�ned on the clique c is of the form (14) where
f c(�) is a increasinglinear function,� = ' max' and� c(�; �)
de�nesa P 2 PottsModel.

Proof. The costof any con�guration f �; � g [ x cnf i;j g of
thecliqueunder� = `max' canbewrittenas

 c(f x i ; x j g [ xcnf i;j g)

= f c(Qc(f x i ; x j g [ xcnf i;j g)) (32)

= f c(max(� c(x i ; x j ); Qcnf i;j g(xcnf i;j g);

max
u2 cnf i;j g

� c(x i ; xu ); max
u2 cnf i;j g

� c(x j ; xu ))) (33)

Substitutingthis value of  c in constraint(25) and again
using D to representQcnf i;j g(xcnf i;j g) and D l representP

u2 cnf i;j g � c(l ; xu ) for any labell , weget:

f c(max(� c(�; b); D � ; Db; D ))

+ f c(max(� c(a; � ); Da ; D � ; D ))

� f c(max(� c(�; � ); D � ; D � ; D ))

+ f c(max(� c(a; b); Da ; Db; D )) : (34)

As f c is a linear function, from lemma2 we seethat the
aboveconditionis trueif:

max(� c(�; b); D � ; Db; D ) + max(� c(a; � ); Da ; D � ; D ) �

max(� c(�; � ); D � ; D � ; D ) + max(� c(a; b); Da ; Db; D ):

Weonly considerthecasea 6= � andb 6= � . It canbeeasily
seenthatfor all othercasestheabove inequalityis satis�ed
by a equality. As � c is a P 2 Pottsmodelpotential,the LHS

of the above inequality is always equalto 2
 max . As the
maximumvalueof theRHS is 2
 max theaboveinequalityis
alwaystrue.

Figure1. Graph constructionfor computingthe optimal movesfor the
P n Pottsmodel.

Note that theclassof potentialsdescribedin above the-
oremis thesameasthe family of cliquepotentialsde�ned
by theP n Pottsmodelin equation(30) for acliquec of size
n. This provesthat for theP n Pottsmodeltheoptimal � -
expansionmove canbe solved in polynomialtime. In fact
we will show that the optimal � -expansionand �� -swap
movesfor thissubsetof potentialfunctionscanbefoundby
solvinganst-mincutproblem.

4.3. Graph Cuts for P n Potts Model
We now considerthe minimizationof energy functions

whosecliquepotentialsform a P n Pottsmodel(seeequa-
tion (30)). Speci�cally, we show thattheoptimal �� -swap
and� -expansionmovescanbe obtainedby solving an st-
mincutproblem.Thegraphcorrespondingto thest-mincut
is shown for only oneclique. However, the additivity the-
orem[12] allows us to constructthegraphfor an arbitrary
numberof cliquesby simply appendingthe graphscorre-
spondingto singlecliques.

�� -swap: Givena cliquex c, our aim is to �nd theopti-
mal �� -swap move (denotedby t �

c ). Sincethe clique po-
tential  c(xc) forms a P n Pottsmodel, its valueafter an
�� -swapmove t c = f t i ; i 2 cg wheret i 2 f 0; 1g is given
by

 c(T�� (x c ; t c)) =

8
<

:


 � if t i = 0; 8i 2 c;

 � if t i = 1; 8i 2 c;


 max otherwise.
(35)

Further, wecanaddaconstant� to all possiblevaluesof the
cliquepotentialwithout changingtheoptimalmovet �

c . We
choose� = 
 max � 
 � � 
 � : Note that since
 max � 
 �

and
 max � 
 � , thefollowing hold true:


 � + � � 0; 
 � + � � 0; (36)


 � + � + 
 � + � = 
 max + �: (37)



Withoutlossof generality, weassumet c = f t1; t2; : : : ; tn g.
Fig. 1 shows the graphconstructioncorrespondingto the
abovevaluesof thecliquepotential.Here,thenodevi cor-
respondsto t i . In otherwords,afterthecomputationof the
st-mincutvi is connectedto the source(i.e. it belongsto
the sourceset) if t i = 0 and vi is connectedto the sink
(i.e. it belongsto the sink set) if t i = 1. In addition,
thereare two extra nodesdenotedby M s andM t respec-
tively. Theweightsof thegrapharegivenby wd = 
 � + �
andwe = 
 � + � . Note that all the weightsarepositive
(seeequations(36)). In orderto show that this graphcor-
respondsto the clique potentialin equation(35) (plus the
constant� ) we considerthreecases:

� t i = 0; 8i 2 c : In this case,thest-mincutcorresponds
to the edgeconnectingM t with the sink which hasa
costwe = 
 � + � . Recallthatthecostof anst-mincut
is thesumof weightsof the edgesincludedin thest-
mincut which go from the sourceset to the sink set.

� t i = 1; 8i 2 c : In this case,thest-mincutcorresponds
to theedgeconnectingthesourcewith M s which has
acostwd = 
 � + � .

� All othercases:The st-mincutis given by the edges
connectingM t with thesink andthesourcewith M s.
Thecostof thecut is wd + we = 
 � + � + 
 � + � =

 max + � (from equation(37)).

Thus,we can�nd theoptimal �� -swapmove for minimiz-
ing energy functionswhoseclique potentialsform an P n

Pottsmodelusinganst-mincutoperation.

� -expansion: Given a clique x c, our aim is to �nd the
optimal � -expansionmove t �

c . Again, sincethecliquepo-
tential  c(xc) forms an P n Pottsmodel,its valueafter an
� -expansionmovet c is givenby

 c(T� (xc; t c)) =

8
<

:


 � if t i = 0; 8i 2 c;

 if t i = 1; 8i 2 c;


 max otherwise,
(38)

where
 = 
 � if x i = � for all i 2 c and 
 = 
 max

otherwise.Theabove cliquepotentialis similar to theone
de�ned for the�� -swapmove in equation(35). Therefore,
it canberepresentedusingagraphby addingaconstant� =

 max � 
 � � 
 . This provesthat theoptimal � -expansion
movecanbeobtainedusinganst-mincutoperation.

5. Texture BasedSegmentation
We now presentexperimentalresultswhich illustrates

theadvantageof higherordercliques.Higherordercliques
provideaprobabilisticformulationfor awidevarietyof ex-
emplarbasedapplicationsin computervision, e.g.3D re-
construction[19] andobjectrecognition[14]. For this pa-
per, we consideronesuchproblemi.e. texture basedseg-

mentation.3 This problemcanbe statedasfollows. Given
a setof distinct textures(e.g.a dictionaryof RGB patches
or histogramsof textons)togetherwith theirobjectclassla-
bels,the taskis to segmentan image. In otherwords,the
pixelsof the imageshouldbe labelledasbelongingto one
of theobjectclasses(e.g.seeFig. 3).

The above problemcanbe formulatedwithin a proba-
bilistic framework using CRF [15]. A CRF representsthe
conditionaldistribution of a setof randomvariablesX =
f X 1; X 2; : : : ; X N g giventhedataD. Eachof thevariables
cantakeonelabelx i 2 f 1; 2; : : : ; nsg. In ourcase,ns is the
numberof distinct objectclasses,a variableX i represents
a pixel D i andx = f x1; x2; : : : ; xN g describesa segmen-
tation. Themostprobable(i.e. maximuma posterior)seg-
mentationcanbe obtainedby (approximately)minimizing
thecorrespondingGibbsenergy.

Pairwise CRF : For the problem of segmentation,it is
common practice to assumea pairwise CRF where the
cliquesareof sizeat mosttwo [1, 3, 22]. In this case,the
Gibbsenergy of theCRF is of theform:

E(x) =
X

i 2V

 i (x i ) +
X

i 2V ;j 2N i

 ij (x i ; x j ); (39)

whereN i is theneighbourhoodof pixel D i (de�ned in this
work asthe8-neighbourhood). Theunarypotential i (x i )
is speci�ed by the RGB distributionsH a ; a = 1; : : : ; ns of
thesegmentsas

 i (x i ) = � logp(D i jH a ); whenx i = a: (40)

The pairwisepotentials ij (x i ; x j ) are de�ned such that
they encouragecontiguoussegmentswhoseboundarieslie
on imageedges,i.e.

 ij (x i ; x j ) =

(
� 1 + � 2 exp

�
� g2 ( i;j )

2� 2

�
if x i 6= x j ;

0 if x i = x j ;
(41)

where� 1, � 2 and� aresomeparameters.Thetermg(i; j )
representsthedifferencebetweenthe RGB valuesof pixels
D i andD j . We referthereaderto [3] for details.Notethat
the pairwisepotentials ij (x i ; x j ) form a metric. Hence,
theenergy functionin equation(39) canbeminimizedusing
both�� -swapand� -expansionalgorithms.

Higher Order Cliques : The P n functionspresentedin
this paperallow us to go beyond the pairwiseCRF frame-
work by incorporatingtexture informationashigherorder
cliques.Unlike thedistributionsH a whichdescribethepo-
tential for onevariableX i , texture capturesrich statistics
of naturalimages[17, 24]. In this work, we representthe
textureof eachobjectclasss 2 f 1; 2; � � � ; nsg usinga dic-
tionaryP s of np � np RGB patches.Note,however, thatour

3Our forthcoming work also demonstratesthe effectivenessof P n

functionsonotherapplications.



Figure2. Segmentedkeyframeof the gardensequence. The left image
showsthe keyframewhile the right image showsthe correspondingseg-
mentationprovidedby theuser. Thefour different colours indicatepixels
belongingto thefour segmentsnamelysky, house, gardenandtree.

Figure3. The�r st row showsfour framesof the gardensequence. The
secondrow showsthesegmentationobtainedby minimizingtheenergy of
thepairwiseCRF (in equation(39)) usingthe�� -swapalgorithm.Thefour
different colours indicatethe four segments.Thesegmentationsobtained
using � -expansionto minimizethe sameenergy are shownin the third
row. Thefourth row showsthe resultsobtainedby minimizingtheenergy
containinghigherordercliquetermswhich forma P n Pottsmodel(given
in equation(42)) usingthe �� -swapalgorithm. The�fth row showsthe
resultsobtainedusingthe � -expansionalgorithm to minimizethe energy
in equation(42). Theuseof higherordercliquesresultsin more accurate
segmentation.

framework is independentof the representationof texture.
As we will describelater, the likelihoodof a patchof the
imageD belongingto thesegments canbecomputedusing
thedictionaryP s .

Theresultingtexturebasedsegmentationproblemcanbe
formulatedusinga CRF composedof higherordercliques.
We de�ne theGibbsenergy of this CRF as

E (x ) =
X

i 2V

 i (x i ) +
X

i 2V ;j 2N i

 ij (x i ; x j ) +
X

c2C

 c(x c); (42)

where c is a clique which representsthe patch D c =
f D i ; i 2 cg of the imageD andC is thesetof all cliques.
NotethatweuseoverlappingpatchesD c suchthatjCj = N .
The unary potentials i (x i ) and the pairwise potentials
 ij (x i ; x j ) are given by equations(40) and (41) respec-
tively. The clique potentials c(xc) arede�ned suchthat
they form a P n Pottsmodel(n = n2

p), i.e.

 c(x c) =
n

� 3G(c;s) if x i = s; 8i 2 c;
� 4 otherwise.

(43)

Figure4. Thekeyframeof the `Dayton' videosequencesegmentedinto
threesegments.

Figure5. Segmentationresultsof the `Dayton' sequence. Rows2 and3
showtheresultsobtainedfor theframesshownin row1 byminimizingthe
energy functionin equation(39) using�� -swapand� -expansionrespec-
tively. Row4 and 5 showthe segmentationsobtainedby minimizingthe
energy in equation(42) using�� -swapand� -expansionrespectively. The
useof higherordercliquesresultsin moreaccuratesegmentation.

HereG(c;s) is theminimumdifferencebetweenthe RGB

valuesof patchD c andall patchesbelongingto thedictio-
nary P s . Note that the above energy function encourages
thepatchD c which aresimilar to a patchin P s to take the
labels. Sincethecliquepotentialsform a P n Pottsmodel,
they canbeminimizedusingthe�� -swapand� -expansion
algorithmsasdescribedin section4.3.

Results: We testedour approachfor segmentingframes
of avideosequence.A keyframeof thevideowasmanually
segmentedandusedto learn the distributionsH a andthe
dictionaryof patchesP s . The �� -swap and � -expansion
algorithmswereusedto performsegmentationon theother
frames.In all ourexperiments,weusedpatchesof size4� 4,
togetherwith the following parametersetting: � 1 = 0:6,
� 2 = 6, � 3 = 0:6, � 4 = 6:5 and� = 5.

Fig. 2 showsthesegmentedkeyframeof thewell-known
gardensequence.Fig. 3 (row 2) shows the segmentation
obtainedfor four framesby minimizingtheenergy function
of thepairwiseCRF (de�ned in equation(39)) usingthe�� -
swap algorithm. Note that theseframesaredifferentfrom
thekeyframe(seeFig. 3 (row 1)). Theresultsobtainedby
the� -expansionalgorithmareshown in Fig. 3 (row 3). The
� -expansionalgorithmtakesanaverageof 3.7secondsper
framecomparedto the4.7secondsrequiredby the�� -swap



algorithm.Notethatthesegmentationsobtainedby boththe
algorithmsareinaccuratedueto smallcliquesizes.

Fig. 3 (row 4) shows the segmentationsobtainedwhen
the energy function of the higher order CRF (de�ned in
equation(42)) is minimized using �� -swap. Fig. 3 (row
5) shows the resultsobtainedusingthe � -expansionalgo-
rithm. On average,� -expansiontakes4.42secondswhile
�� -swap takes5 secondswhich is comparableto thecase
whenthe pairwiseCRF is used. For both �� -swap and� -
expansion,the useof higher order cliquesprovidesmore
accuratesegmentationthanthepairwiseCRF formulation.

Fig. 4 shows anotherexampleof a segmentedkeyframe
fromavideosequence.Thesegmentationsobtainedfor four
framesof this video areshown in Fig. 5. Note that even
thoughwe do not usemotion information, the segmenta-
tions provided by higher order cliquesare comparableto
themethodsbasedon layeredmotionsegmentation.

6. Discussionand Conclusions
In this paperwe have characterizeda classof higheror-

der clique potentialsfor which the optimal expansionand
swapmovescanbecomputedin polynomialtime. We also
introducedthe P n Pottsmodel family of clique potentials
andshowedthat theoptimalmovesfor it canbesolvedus-
ing graphcuts. Their useis demonstratedon the texture
basedvideo segmentationproblem. The P n Pottsmodel
potentialscanbeusedto solvemany otherComputerVision
problemssuchas object recognition[14] and novel view
synthesis[5] aswill beshown in forthcomingworks.

Weconcludewith theobservationthattheoptimalmoves
for many interestingcliquepotentialssuchasthosethatpre-
serveplanarityareNP-hardto compute[10]. Hence,they do
not lendthemselvesto ef�cient movemakingalgorithms.
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