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Abstract

In this paperwe extendthe classof enegy functionsfor
which theoptimal -expansiomand -swapmovescanbe
computedn polynomialtime Speci cally, we introducea
classof higherorder cliquepotentialsandshowthat the ex-
pansionandswapmovesfor anyenegy functioncomposed
of thesepotentialscanbe foundby minimizinga submodu-
lar function. We alsoshowthat for a subsebf thesepoten-
tials, theoptimalmovecanbefoundby solvingan st-mincut
problem.We referto this subsetistheP" Pottsmodel.

Our resultsenablethe useof powerfulmove makingal-
gorithmsi.e. -expansionand -swapfor minimizationof
enegy functionsinvolvinghigherorder cliques.Sud func-
tions havethe capability of modellingtherich statisticsof
natural scenesand can be usedfor manyapplicationsin
computevision. We demonstatetheir useon onesud ap-
plicationi.e. thetexture basedvideosegmentatiorproblem.

1. Intr oduction

In recentyearsdiscreteoptimizationhasemepgedasan
importanttool in solving ComputerVision problems.This
hasprimarily beentheresultof theincreasingiseof enegy
minimization algorithmssuchas graphcuts[4, 17], tree-
reweightedmessag@assing 11, 25] andvariantsof belief
propagatior{BP) [ 18, 26]. Thesealgorithmsallow usto per
form approximatenference(i.e. obtainthe MAP estimate)
ongraphicalmodelssuchasMarkov RandomFields(MRF)
andConditionalRandomFields(crF) [15].

-expansionand -swap aretwo popularmove mak-
ing algorithmsfor approximateenegy minimizationwhich
wereproposedn [4]. They areextremelyef cient andhave
beenshawn to producegoodresultsfor a numberof prob-
lems[23]. Thesealgorithmsminimize an enegy function
by startingfrom an initial labelling and making a series
of changegmoves)which decreasehe enengy iteratively.
Cornvergences achiezed whenthe enegy cannotbe mini-
mizedfurther. At eachsteptheoptimalmove (i.e. themove
decreasinghe enegy of thelabelling by the mostamount)
is computedn polynomialtime. However, this canonly be
donefor a certainclassof enegy functions.

Boykov et al. [4] provided a characterizatiorof clique
potentialsor which theoptimalmovescanbecomputedy
solving an st-mincutproblem. However, their resultswere
limited to potentialsof cliquesof sizeat mosttwo. We call
this classof enegy functionsP 2. In this paperwe provide
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thecharacterizationf enegy functionsinvolving higheror-

dercliquesi.e. cliguesof sizes3 andbeyondfor which the
optimal moves can be computedin polynomialtime. We
referto the classof functionsde ned by cliquesof sizeat
mostn asP". It shouldbe notedthatthis classis different
from the classF " of enegy functionswhich involve only
binaryrandomvariableq 7, 17].

Higher order cliqgues Most enegy minimization based
methoddor solvingComputeisionproblemsassumehat
theenegy canberepresenteth termsof unaryandpairwise
cliguepotentials.Thisassumptiorseserelyrestrictstherep-

resentationgbower of thesemodelsmakingthemunableto

capturetherich statisticsof naturalscene$16].

Higher order clique potentialshave the capability to
model comple interactionsof randomvariablesand thus
could overcomethis problem. Researcherbave long rec-
ognizedthis factandhave usedhigherordermodelsto im-
prove the expressive power of MRFsandCRFs [ 16, 20, 21].
Theinitial work in this regardhasbeenquite promisingand
higher order cligueshave beenshavn to improve results.
However their use hasbeenquite limited dueto the lack
of efcient algorithmsfor minimizing the resultingenegy
functions.

Traditional inferencealgorithmssuch as Bp are quite
computationallyexpensve for higherordercliques.Lan et
al. [16] recentlymadesomeprogresgowardssolving this
problem. They proposedapproximationmethodsfor Bp
to make ef cient inferencepossiblein higherorder MRFs.
However their resultsindicatethat BP only gave compara-
bleresultsto navegradientdescentln contrastwe provide
a characterizatiorof enegy functionsde ned by cliques
of size 3 (P3) or more (P") which can be solved using
powerful move makingalgorithmssuchas -expansiorand

-swaps.We provethattheoptimal -expansionand -
swap movesfor this classof functionscanbe computedn
polynomialtime. We thenintroducea new family of higher
orderpotentialfunctions referredto astheP" Pottsmodel,
andshow thattheoptimal -expansiorand -swapmoves
for themcanbecomputedy solvinganst-mincutproblem.
It shouldbenotedthatourresultsarea generalizatiorof the
classof enepgy functionsspeci ed by [4].

Outline of the Paper In section2, we provide the no-
tation and discussthe basic theory of enegy minimiza-
tion andsubmodularfunctions. Section3 describeshe -
expansionand  -swap algorithms. Further it provides



constraint®nthe pairwisepotentialsvhichguaranteeom-
putationof the optimalmovein polynomialtime. In section
4, we generalizethis classto P" functions. We alsoshav
that the optimal movesfor a sub-classf thesefunctions,
i.e. the P" Potts model, can be computedby solving an
st-mincutproblem. This enablesus to addresghe texture
basedsegmentationproblem(seesection5). We conclude
by listing someComputerVision problemswhere higher
ordercligue potentialscanbe used.

2. Preliminaries

Considera random eld X de ned over a latticeV =
f1;2;:::;Ngwith aneighbourhoodystemN . Eachran-
domvariableX; 2 X isassociatedith alatticepointi 2 V

Given a neighborhoodsystemN , a clique c is speci ed
by a setof randomvariablesX . suchthat8i;j 2 c;i 2
N; andj 2 N;, whereN; andN; arethe setsof all neigh-
boursof variableX; andX; .

Any possibleassignmenbf labelsto the randomvari-
ableswill be called a labelling (denotedby x). In other
words,x takesvaluesfrom thesetL = LN . Theposterior
distribution Pr(xjD) overthelabellingsof therandom eld
is aGibbsdistributionif it canbewrittenin theform:

PrixiD) = Ze( o) ()

c2C

whereZ is a normalizingconstantknown asthe partition
function,andC s the setof all cliques.Theterm ((X.) is
known asthe potentialfunction of theclique c wherex . =
fXi;i 2 cg. Thecorrespondingsibbsenegy is givenby
E(x) = c(Xc) (2

logPr(xjD) logZz =

c2C

Themaximuma posterior(MAP) labellingxmap, Of theran-
dom eld is de nedas

Xmap = argr)pzaLxPr(XJD) = argmin E(X): (3)

2.1 Submodular Energy Functions

Submodularsetfunctionsplay animportantrole in en-
ergy minimizationasthey canbe minimizedin polynomial
time[2, 9]. In this papemwe will explain their propertiesn
termsof functionsof binaryrandomvariableswvhich canbe
seemassetfunctions[17].

De nition 1. A projectionof a functionf : L" ! Rons
variablesis a functionf P : LS ! R which is obtainedby
xing thevaluesofn s argumentoff (). Here p refeis
to the setof variableswhosevalueshavebeen xed.

Example 1. The function fP(xp;:::;Xn) =

De nition 2. A functionof one binary variable is always
submodular A functionf (x1;x2) of two binary variables
fX1;X20 is submodulaif andonly if:

f(0;0)+ f(1;1) f(0;1)+ f(1;0) (4)

Afunctionf : L" ! R issubmodulaif andonlyif all its
projectionson 2 variablesare submodulaf 2, 17].

Minimizing submodular functions using graph cuts

Certainsubmodulafunctionscanbe minimizedby solving

an st-mincutproblem[2]. Kolmogoror et al. [17] shaved

thatall submodulafunctionsof binaryvariableswhich can

be written in termsof potentialfunctionof cliquesof sizes
2 and 3 canbe minimizedin this manner Freedmarand

Drineas[ 7] extendecthis resultby characterizinghe class
of functionsF " involving higherordercliquesde ned on

binary variableswhoseminimization can be translatedto

anst-mincutproblem. The classof multi-label submodular
functionswhich canbetranslatednto anst-mincutproblem
hasalsobeencharacterizethdependenthpy [6] and[8].

2.2 Metric and Semi-metric Potential functions
In this subsectionve provide the constraintgor pairwise
potentialso de ne a metricor a semi-metric.

De nition 3. A potentialfunction j (a;b) for a pairwise
cligueoftworandonmvariablesf x; ; x; gis saidto bea semi-
metricif it satis es

j(@b = 0 () a=b (5)
j (&b = j(bja) O (6)
De nition 4. Thepotentialfunctionis metricif in addition
to theabove mentionedconstaintsit alsosatis es
j (ad)  j(ab+ j(bd): (7)
Example 2. Thefunction j (a;b) = ja b2 is a semi-
metric but nota metricasit doesnot alwayssatisfycondi-
tion (7).
3. Move Making Algorithms
In this sectionwe describethe move makingalgorithms
of [4] for approximateenegy minimizationandexplainthe
conditionsunderwhich they canbe applied.

3.1 Minimizing P2 functions
Boykov et al. [4] addressethe problemof minimizing
enegy functionsconsistingof unaryand pairwisecliques.
These‘unctionsg:(an bewritten a§<
E(x) = i(xi)+
i2v 2V 2N

i (Xisxp): (8)

They proposedtwo move making algorithms called -
expansionsand  -swapsfor this problem. Thesealgo-
rithmswork by startingfrom ainitial labellingx andmak-
ing a seriesof changegmoves)which lower the enepy it-
eratvely. Corvergenceis achievedwhenthe enegy cannot



bedecreaseflrther At eachstepthe move decreasinghe
enegy of thelabellingby themostamounts made.We will
referto suchamove asoptimal Recentlyanalternatie in-
terpretatiorof the -expansionsvasgivenin [13].

Boykov etal. [4] shavedthatthe optimalmovesfor cer
tain enepgy functionsof the form (8) canbe computedby
solving an st-mincut problem. Speci cally, they shaved
thatif the pairwisepotentialfunctions j; de ne a metric
then the enegy function in equation(8) can be approxi-
matelyminimizedusing -expansion.Similarly if ; de-
nes asemi-metricjt canbeminimizedusing -swap.

3.2 Binary Movesand Move Energies

The movesof boththe -expansionand -swapalgo-
rithms can be representeds a vector of binary variables
t =ft;; 8 2 Vg. A transformationfunctionT (x;t) takes
thecurrentlabellingx andamovet andreturnsthenew la-
belling® which hasbeeninducedby themove. Theenegy
of amovet (denotedby E, (t)) is de ned astheenegy of
thelabelling ® it inducesi.e. E,(t) = E(T(x;t)). The
optimalmoveis de nedast = argmin; E(T (x;t)).

As discussedn section2.1, theoptimalmovet canbe
computedn polynomialtime if thefunctionE, (t) is sub-
modular Fromde nition 2 thisimpliesthatall projections
of En (t) ontwo variablesshouldbe submodulat.e.

En(0;0)+ER(1;1) En(0;1)+ER(1;0); 8p2V V: (9)

3.3 The -expansionalgorithm
An -expansiomrmove allows any randomvariableto ei-

therretainits currentlabel or take label™ *. Oneiteration

of the algorithminvolves performingexpansiongor all

in L in someordersuccessiely. The transformatiorfunc-

tionT (:) foran -expansionmove transformghelabelof

arandomvariableX; as

0

1

Xi if

T (i) = it 1

(10)

Theoptimal -expansiormove canbecomputedn polyno-
mial time if theenegy functionE (t) = E(T (x;t)) sat-
is es constraint(9). Substitutingthevalueof E in (9) we
gettheconstraint
EP(; )+ EP(xi;xj) EP(xi; )+ EP(; xj); 8p2V V:
11)

3.4.The -swapalgorithm

An  -swapmove allows arandomvariablewhosecur-
rentlabelis or to eithertakelabel or . Oneitera-
tion of the algorithminvolvesperformingswap movesfor
all ; inL in someordersuccessiely. Thetransforma-
tion functionT () foran -swaptransformshelabelof
arandomvariablex; as

if X ;. andt;
if X ;. andt;

o

T (Xi;tj) =

(12)

Theoptimal
time if the enepgy function E

-swapmove canbecomputedn polynomial
(t) = E(T (x;t)) satis-

es (9). As before,substitutingthevalueof E  in (9) we

gettheconstraint

EP(; )+EP(:; ) EP(;)+EP(; ) 82V VW
(13)

In the next sectionwe provide a classof enegy functions
which satisfyequation(11) and(13).

4. Characterizing P" Functions

Now we characterizea classof higherorderclique po-
tentialsfor which the expansionand swap moves can be
computedn polynomialtime. RecallthatP" functionsare
de ned on cliquesof sizeat mostn. From the additivity
theorem[17] it follows that the optimal movesfor all en-
ergy functionscomposedf theseclique potentialscanbe
computedn polynomialtime. We constrainthe clique po-
tentialsto take theform:

c(Xc) = fe(Qc( 1 Xc)): (14)
whereQ¢( ;Xc) isafunctionalde ned as:
Qc( 5Xc) = ij2c clXi;x): (15)

Heref . isanarbitraryfunctionof Q., . isapairwisefunc-
tion de ned onall pairsof randomvariablesn thecliquec,
and is anoperatorappliedonthesefunctions ¢(xi;X;).

4.1 Conditions for  -swaps
We will now specifytheconstraintsinderwhichall -
swap movesfor higherorderclique potentialscanbe com-
putedin pgynomialtime. For the momentwe considerthe
case = ,i.e.
X
Qc(Xc) =

ijj 2¢

c(XirXj): (16)

Theorem1. Theoptimal -swapmoveforany , 2L
canbecomputedn polynomialtimeif thepotentialfunction
<(Xc) de nedonthecliquecis oftheform(],gl) wheef ()

is a concave non-deceasingfunction, = and ¢(;)
satis estheconstaints
c(@b)= ¢(bja) 8a;b2L a7
c(@b)  ¢(d;d) 8a;b;d2 L (18)

Proof. To prove that the optimal swap move canbe com-
putedin polynomialtime we needto shav thatall projec-
tionsontwovariablesofary  -swapmoveenegy aresub-
modular Fromequation(13) thisimpliesthat8i; j 2 cthe
condition:

C(f ; g[ Xenf ijj g) + c(f ; g[ Xenf ijj g)
c(f5 9l Xentijg) +  o(f 5 9l Xentijg) (19)

1A functionf (x) is concae if for ary two points(a; b) and where
0 1. f(a+ (1 (b f(a+ (1 )b).




shouldbe satis ed. Herexi;j ¢ denoteshe labelling of
all variablesX ,;u 2 c excepti andj. The costof ary
con gurationf ;  g[ Xcnfij g Of thecliquecanbewritten

as
c(FxisXj gl Xenij g) = Fe(Qe(fXisXjg[ Xenfij g))
= fcg(c(xi , Xj) + anfi;j gg)écnf isj g) +
c(XiiXu) + c(Xj;%u)) (20)
u2cenfij g u2cenfij g
Let Dp represent Qcntij g(Xentijg)r D repre-
gent uzenfijg c(i Xu), and D represent

uzenfij g o( ;Xy). Using equation (20), the equa-

tion (19) becomes

fe( c(; )+D +D +D) (21)
+ fe(c(; )+D +D +D)
fe( o(; )+2D +D)+fc( (; )+2D +D):
As <( ; )= ¢(; ) fromconstraint{17) thiscondition
transformgo:
2f( (; )+D +D +D) (22)
fe( c(; )+2D +D)+fc(c(; )+2D +D):

To prove (22) we needlemmal.

Lemma 1. For a nondecreasingconcaveunctionf (x):
2c a+b=) 2f(c) f(a)+f(b): (23)

Proofin [10].

Usingthe above lemmatogethemith thefactthat

20 ) (o)

(seeconstraint(18)), we seethatthetheoremholdtrue. O

;) 8, 2L (29

Theclassof cliguepotentialdescribedy theoreml is a
strict generalizatiorof the classspeci ed by the constraints
of [4] which canbe obtainedby consideringonly pairwise
cliques,choosingf () asa linearincreasingunctior?, and
constraining ¢(a;a) = 0;8a2 L.

4.2 Conditions for -expansions

In thissubsectionve characterizéhehigherorderclique
potentialsfor which the optimal -expansionmove canbe
computedn polynomialtimeforall 2 L;x 2 L.

Theorem2. Theoptimal -expansionrmoveforany 2 L
canbecomputedn polynomialtimeif thepotentialfunction

c(Xc) de ned on the clique c is of the [prm (14) whee
f¢() isaincreasinglinear function, = and .(;)is
a metric.

2All linearfunctionareconcae.

Proof. To prove that the optimal expansionmove can be
computedn polynomialtime we needto show thatall pro-

jectionsof ary -expansionmove enegy on two variables
of the clique are submodular From equation(11) this im-

pliesthat8i; j 2 cthecondition

c(fy gl Xenf iij g) +
c(fa; gl Xenf ijj g) +

c(fasby[ Xcnf isj g)
c(f; bg[ Xenf iij g) (25)

is satis ed. Herea andb arethe currentlabelsof the vari-

ablesX; andX; respectiely.

p Let D representQcnrij g(Xenfij g)» and Dy represent
wzentii g c(liXu) for ary labell. Then,usingequation

(20) the constrain(25) becomes

fe( (; D+ D +Dp+ D) (26)
+ fo( (@ )+ Da+ D +D)
fe( e(; )*+2D +D)

LetR;y = ¢(; )+ D +Dp+D,Rx= (a; )+
Da+D +D,Rz3= ¢(; )+2D + D,andRs =
fe( c(a;b)+ Dy + Dp+ D). Since ( ;) isametric,we
obsenethat

B+ o@ ) (s )t (@b (27)
) Ri1+ R» R3z + Ry: (28)

Thus,we requireafunctionf suchthat

Ri+R2 R3+Ry =) f(Ry)+f(R2) f(R3)+f(Ra):
(29)

Thefollowing lemmaprovidesustheform of this function.

Lemma 2. For a functionf, y; + y»

f(y1) + f(y2)
Proofin [10].

Y3+ Ya =)
f (y3) + f(ys) if andonlyif fis linear.

Sincef () is linear, this provesthetheorem. O

It shouldbe notedthatthe classof clique potentialsde-
ned by the above theoremis a small subsetof the class
of functionswhich canbeusedunder -swaps. In factit
is the sameclassof enegy functionasde ned by [4] i.e.
P2. This canbe seenby observingthat the potentialsof
thehigherordercliquesde ned by theorem?2 canberepre-
sentedasa sumof metric pairwiseclique potentials. This
raisesthe questionwhetherwe cande ne a classof higher
orderclique potentialswhich cannotbe decomposethto a
setof P2 potentialsandbe solved using -expansions.To
answerthiswe de ne theP" Pottsmodel.

4.2.1 P" Potts Model
We now introducethe P" Pottsmodelfamily of higheror-
der clique potentials. This family is a strict generalization



of theGeneralizedPottsmodel[4] andcanbeusedfor mod-
elling mary problemsin ComputeVision.

We de ne the P" Pottsmodel potentialfor cliquesof
sizen as
K if Xj = |k;8i20;

max otherwise (30)

c(Xc) =
where max > «; 8lk 2 L. For apairwisecliquethisre-
ducesotheP 2 Pottsmodelpotentialde nedas j (a;b) =
k ifa= b= Iy and max Otherwise.f weuse | = 0, for
all Iy, this functionbecomesan exampleof a metric poten-
tial function.

4.2.2 GoingBeyond P2 for -expansions

We now shav how the classof potentialfunctionscharac-
terizedin sectigy.2 canbeextendedby using: = max’
insteadbf = asintheprevioussubsectionTo thisend
wede ne Q¢(x¢) as

Qc(xc) = max c(Xi;%j): (31)

Theorem 3. Theoptimal -expansionrmoveforany 2 L
canbecomputedn polynomialtimeif thepotentialfunction

¢(Xc) de ned on the clique c is of the form (14) whee
f¢() isaincreasinginear function, ='max' and (; )
de nesa P? PottsModel.

Proof. The costof ary con gurationf ;  g[ Xcnfij g Of
thecligueunder ="max' canbewrittenas

c(fXi; Xj g [ Xent i5j g)

= fe(Qc(fFXiiXja[ Xenfij g)) (32)
= fe(max( o(Xi;Xj); Qenfijj g(Xenfij g);
max  c¢(Xi;Xu); max  co(Xj;Xy))) (33)

u2cenfij g u2cenfij g

Substitutingthis value of . in constraint(25) and again
bsingD to represenQcnsij g(Xcntij g) @and Dy represent
c(I; xy) for ary labell, we get:

u2cnfij g
fe(max( o(; b);D ;Dp; D))
+ fe(max( c(a; );Da;D ;D))
fe(max( c(; );D ;D ;D))
+ fc(max( ¢(a;b);Da;Dp;D)): (34)

As f is a linear function, from lemma?2 we seethat the
above conditionis trueif:

b);D ;Dp; D)+ max( c(a; );Da;D ;D)
);D ;D ;D) + max( ¢(a;b);Da;Dy;D):

Weonly considethecasea & andb6& . It canbeeasily
seenthatfor all othercasegheabove inequalityis satis ed
by aequality As . isaP? Pottsmodelpotential the LHS
of the above inequality is alwaysequalto 2 nax. As the
maximumvalueof therRHS IS 2 max theaboveinequalityis
alwaystrue. O

max( ¢ ;
max( ¢(;

/U{»/u’ Il W \
\ O -

ué\ l;
N /
s

Figure 1. Graph constructionfor computingthe optimal movesfor the
P" Pottsmodel.

Note thatthe classof potentialsdescribedn above the-
oremis the sameasthe family of clique potentialsde ned
bytheP" Pottsmodelin equation(30) for acliquec of size
n. This provesthatfor the P" Pottsmodelthe optimal -
expansionmove canbe solvedin polynomialtime. In fact
we will showv thatthe optimal -expansionand  -swap
movesfor this subsebf potentialfunctionscanbefoundby
solvingan st-mincutproblem.

4.3 Graph Cuts for P" Potts Model

We now considerthe minimizationof enegy functions
whoseclique potentialsform aP" Pottsmodel(seeequa-
tion (30)). Speci cally, we shawv thattheoptimal  -swap
and -expansionmovescanbe obtainedby solving an st-
mincutproblem. The graphcorrespondingo the st-mincut
is shavn for only oneclique. However, the additivity the-
orem|[17] allows usto constructthe graphfor anarbitrary
numberof cliquesby simply appendinghe graphscorre-
spondingo singlecliques.

-swap: Givenacliquex., ouraimisto nd the opti-
mal  -swap move (denotedby t.). Sincethe clique po-
tential ;(xc) formsa P" Pottsmodel, its value after an

-swapmovet. = ftj;i 2 cgwheret; 2 f0; 1gis given
by

E if ti = 0;8i 2 c;
(T (Xe;te)) = . if ti= 1,8 2c;
) max  Otherwise.
(35)

Furtherwe canaddaconstant to all possiblevaluesof the
clique potentialwithout changingthe optimalmovet .. We

choose = ax : Notethatsince max

and max , thefollowing hold true:
+ 0; + 0; (36)
= max Tt (37)



Fig. 1 shows the graphconstructioncorrespondingo the
above valuesof the clique potential. Here,the nodev; cor-
respondgo t;. In otherwords,afterthe computatiorof the
st-mincutv; is connectedo the source(i.e. it belongsto
the sourceset)if t; = 0 andv; is connectedo the sink
(i.e. it belongsto the sink set)if t; = 1. In addition,
therearetwo extra nodesdenotedby M and M respec-
tively. Theweightsof thegrapharegivenbywy = +
andw, = + . Notethatall the weightsare positive
(seeequationq36)). In orderto shav thatthis graphcor
respondgo the clique potentialin equation(35) (plus the
constant ) we considerthreecases:

ti = 0;8i 2 c: In this casethest-mincutcorresponds
to the edgeconnectingM; with the sink which hasa
costw, = + . Recallthatthe costof anst-mincut
is the sum of weightsof the edgesincludedin the st-
mincut which go from the sourcesetto the sink set.

ti = 1;8i 2 c: In this casethest-mincutcorresponds
to the edgeconnectinghe sourcewith M ¢ which has
acostwg =+

All othercases:The st-mincutis given by the edges

connectingM; with the sink andthe sourcewith M.

Thecostof thecutiswg + we = + + + =
max +  (from equation(37)).

Thus,we can nd theoptimal -swap move for minimiz-

ing enegy functionswhoseclique potentialsform an P"

Pottsmodelusingan st-mincutoperation.

-expansion: Givena clique x¢, ouraimisto nd the
optimal -expansionmovet .. Again, sincethe clique po-
tential .(xc) formsanP" Pottsmodel,its valueafteran

-expansionmovet is givenby

g if ti = 0;8i 2 c;
(T (Xg;te)) = . if ti = 1;8i 2 c;
" max Otherwise,
(38)
where = if xj = foralli 2 cand =

otherwise.The above clique potentialis similar to the one
de nedforthe -swapmovein equation(35). Therefore,
it canberepresentedsingagraphby addingaconstant =

max . This provesthatthe optimal -expansion
move canbe obtainedusingan st-mincutoperation.

5. Texture BasedSegmentation

We now presentexperimentalresultswhich illustrates
theadwantageof higherordercliques.Higherordercliques
provide a probabilisticformulationfor awide varietyof ex-
emplarbasedapplicationsin computervision, e.g.3D re-
construction 19 andobjectrecognition[14]. For this pa-
per, we considerone suchproblemi.e. texture basedseg-

mentation® This problemcanbe statedasfollows. Given
a setof distincttextures(e.g.a dictionary of RGB patches
or histogramaf textons)togethemwith their objectclassla-
bels,the taskis to sggmentanimage. In otherwords, the
pixels of theimageshouldbe labelledasbelongingto one
of theobjectclassege.g.seeFig. 3).

The above problemcan be formulatedwithin a proba-
bilistic framewnork using CRF [15]. A CRF representghe
conditionaldistribution of a setof randomvariablesX =

tation. The mostprobable(i.e. maximuma posterior)seg-
mentationcanbe obtainedby (approximately)minimizing
thecorrespondingsibbsenepy.

Pairwise CRF : For the problem of segmentation,it is
common practice to assumea pairwise CRF where the
cliguesareof sizeat mosttwo [1, 3, 27]. In this casethe
Gibbsenegy of the CRF is of theform:

X
E(x) = i(xi)+
i2v 12V 2N |

i (XiiXj); (39)

whereN; is theneighbourhooaf pixel D (de nedin this
work asthe 8-neighbourhood)The unarypotential ;(x;)

theseggmentsas
i(xi) =

The pairwise potentials j (x;;x;) are de ned suchthat

they encourageontiguoussegmentswhoseboundariedie

onimageedgesi.e.
(

logp(DijHa); whenx; = a: (40)

1+ sexp W) if x 6 x;;
i (XiiXxj) = 2 .
0 if X = Xj;
(41)
where 1, » and aresomeparametersThetermg(i;j)

representshe differencebetweernthe RGB valuesof pixels
D; andD; . Wereferthereaderto [3] for details.Notethat
the pairwisepotentials j (x;;X;) form a metric. Hence,
theenegy functionin equation(39) canbeminimizedusing
both -swapand -expansionalgorithms.

Higher Order Cliques: TheP" functionspresentedn

this paperallow usto go beyond the pairwise CRF frame-
work by incorporatingtexture information as higherorder
cligues.Unlike thedistributionsH ; which describethe po-
tential for one variable X, texture capturesrich statistics
of naturalimages[17, 24]. In this work, we representhe
texture of eachobjectclasss 2 f1;2;  ;nsgusingadic-

tionaryPs of n, np RGB patchesNote,however, thatour

30ur forthcoming work also demonstrateshe effectivenessof P "
functionson otherapplications.



Figure 2. Sgmentedkeyframe of the garden sequence The left image
showsthe keyframe while the right image showsthe correspondingsey-
mentationprovided by the user Thefour different colours indicate pixels
belongingto the four sgmentsmamelysky, house gardenandtree

Figure 3. The r st row showsfour framesof the gardensequence The
secondrow showsthe sgmentatiorobtainedby minimizingthe enegy of
thepairwisecRF (in equation(39)) usingthe  -swapalgorithm. Thefour
different colours indicate the four sggments. The s@gmentationobtained
using -expansionto minimizethe sameenegy are shownin the third
row. Thefourth row showsthe resultsobtainedby minimizingthe enegy
containinghigherorder cliquetermswhich forma P " Pottsmodel(given
in equation(42)) usingthe  -swapalgorithm. The fth row showsthe
resultsobtainedusingthe -expansionalgorithmto minimizethe enegy
in equation(42). Theuseof higherorder cliquesresultsin more accumate
segmentation.

framawork is independenof the representatiomnf texture.
As we will describelater, the likelihood of a patchof the
imageD belongingto the segments canbecomputedising
thedictionaryP.
Theresultingtexturebasedsegmentatiorproblemcanbe
formulatedusinga CRF composedf higherordercliques.
We de ne the Gibbsenegy of this CRF as
X X
E(x) = i(xi) + i (Xiix) +
i2v i2V ij 2N c2C

c(Xc); (42)

where ¢ is a clique which representghe patchD. =
fDi;i 2 cgof theimageD andCis the setof all cliques.
Notethatwe useoverlappingpatche® . suchthatjCj = N.
The unary potentials ;(x;) and the pairwise potentials

i (xi;x;) are given by equations(40) and (41) respec-
tively. The clique potentials .(x.) arede ned suchthat
they formaP" Pottsmodel(n = nf,), i.e.

3G(c;s) if
4 otherwise.

c(Xe) = Xi =8;8i2¢c  (43)

> { S
Figure 4. The keyframe of the "Dayton’ video sequencesggmentednto
threesggments.

Figure5. Sgmentationresultsof the “Dayton’ sequenceRows2 and 3

showtheresultsobtainedfor theframesshownin row 1 by minimizingthe

enegy functionin equation(39) using -swapand -expansionrespec-
tively Row4 and 5 showthe sgmentationobtainedby minimizingthe

enegyin equation(42) using -swapand -expansiorrespectivelyThe
useof higherorder cliquesresultsin more accumate segmentation.

Here G(c;s) is the minimum differencebetweerthe RGB
valuesof patchD . andall patcheselongingto the dictio-
nary Ps. Notethatthe abose enegy function encourages
the patchD . which aresimilarto a patchin P to take the
labels. Sincetheclique potentialsformaP" Pottsmodel,
they canbeminimizedusingthe -swapand -expansion
algorithmsasdescribedn section4.3.

Results: We testedour approachor segmentingframes
of avideosequenceA keyframeof thevideowasmanually
segmentedand usedto learnthe distributionsH ,; andthe
dictionary of patchesPs. The -swapand -expansion
algorithmswereusedto performsegmentatioron the other
frames.In all ourexperimentswe usedpatche®f size4 4,
togetherwith the following parametessetting: 1 = 0:6,
2=6, 3=06, 4= 6:5and = 5.

Fig. 2 shavsthe segmentedkeyframeof thewell-known
gardensequence.Fig. 3 (row 2) shaws the segmentation
obtainedor four framesby minimizingtheenegy function
of thepairwisecRF (de nedin equation(39)) usingthe -
swap algorithm. Note that theseframesare differentfrom
the keyframe (seeFig. 3 (row 1)). Theresultsobtainedby
the -expansioralgorithmareshovnin Fig. 3 (row 3). The

-expansionalgorithmtakesan averageof 3.7 secondgper
framecomparedothe4.7secondsequiredbythe -swap



algorithm.Notethatthe segmentationsbtainecby boththe
algorithmsareinaccuratedueto smallcliquesizes.

Fig. 3 (row 4) shows the segmentationobtainedwhen
the enegy function of the higher order crRr (de ned in
equation(42)) is minimizedusing  -swap. Fig. 3 (row
5) shaws the resultsobtainedusingthe -expansionalgo-
rithm. On average, -expansiontakes4.42secondswhile

-swap takes5 secondswhich is comparablégo the case
whenthe pairwisecrF is used. For both  -swapand -
expansion,the use of higher order cliques provides more
accuratesggmentatiorthanthe pairwisecrr formulation.

Fig. 4 shavs anotherexampleof a sgmentedkeyframe
fromavideosequenceThesegmentation®btainedor four
framesof this video are shawvn in Fig. 5. Note that even
thoughwe do not use motion information, the sggmenta-
tions provided by higher order cliquesare comparableto
themethodsbasedn layeredmotion sggmentation.

6. Discussionand Conclusions

In this paperwe have characterizeé classof higheror-
der clique potentialsfor which the optimal expansionand
swap movescanbe computedn polynomialtime. We also
introducedthe P" Pottsmodelfamily of clique potentials
andshavedthatthe optimal movesfor it canbe solvedus-
ing graphcuts. Their useis demonstratean the texture
basedvideo segmentationproblem. The P" Pottsmodel
potentialscanbeusedto solve mary otherComputenision
problemssuchas object recognition[14] and novel view
synthesig5] aswill beshavn in forthcomingworks.

We concludewith theobsenationthattheoptimalmoves
for mary interestingcliquepotentialssuchasthosethatpre-
sene planarityarenp-hardto computg 10]. Hencethey do
notlendthemselesto ef cient move makingalgorithms.
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