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Summary. In this paper we discuss the nature of independence of sources in the
theory of evidence from an algebraic point of view, starting from the analogy with
the case of projective geometries. Independence in Dempster’s rule is equivalent
to independence of frames as Boolean algebras. Collection of frames, though, can
be interpreted as semi-modular lattices on which independence can be defined in
several different forms. We prove those forms to be distinct but related to Boolean
independence, as a step towards a more general definition of this fundamental notion.
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1 Introduction

The theory of evidence was born as a contribution to a mathematically rig-
orous description of subjective probability, where different observers (or “ex-
perts”) of the same phenomenon possess in general different notions of what
the decision space is. Mathematically, this translates into admitting the ex-
istence of several distinct representations of the decision space at different
levels of refinement. Evidence available on those spaces or frames can then
be “moved” to a common frame or “common refinement” to be fused. In the
theory of evidence, information fusion takes place by combining evidence in
the form of belief functions by means of Dempster’s orthogonal sum [5].
Dempster’s combination, however, is guaranteed to exist [4] only when the
original frames are independent [15]. Combinability (in Dempster’s approach)
and independence of frames are strictly intertwined.

Evidence combination has indeed been widely studied [24, 23] in different
mathematical frameworks [19, 7]: An exhaustive review would be impossible
here [1, 11, 12, 2, 14]. In particular, a lot of work has been done on the issue
of merging conflicting evidence [6, 8, 10, 22], while some attention has been
given to situations in which the latter comes from dependent sources [3]. On
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the other hand not much work has been done on the properties of the families
of compatible frames [17, 9, 4].

Here we build on the results obtained in [4] to complete an algebraic anal-
ysis of families of frames and conduct a comparative study of the notion of
independence, so central in the theory of evidence, in an algebraic setup.
First, we recall the fundamental result on the equivalence between indepen-
dence of sources in Dempster’s combination (Section 2) and independence of
frames (Section 2.3). In this incarnation independence of sources can indeed
be studied from an algebraic point of view, and compared with other classical
forms of independence (Section 2.4)). In the core of the paper (Section 3)
we prove in particular that families of compatible frames form semi-modular
lattices, extending some recent preliminary results [4]. Independence can be
defined on semi-modular lattices in several different forms: We can then study
the relationship between evidential and lattice independence in all those dif-
ferent formulations (Section 4): they turn out to be distinct, but nevertheless
strictly related.

As independence of frames is a direct consequence of independence of Boolean
sub-algebras [18], the overall picture opens the way to a more comprehensive
definition of this basilar concept.

2 Independence of sources in Dempster’s combination

2.1 Dempster’s combination of belief functions

In the theory of evidence a basic probability assignment (b.p.a.) over a finite
set or frame [15] © is a function m : 2€ — [0, 1] on its power set 2€ = {A C O}
such that m(0) =0, > ,cem(A) =1, m(A) >0 VA C 6.
The belief function (b.f.) b: 29 — [0,1] associated with a b.p.a. m on O is
defined as b(A) = Y -4 m(B). The orthogonal sum or Dempster’s sum of
two b.f.s by, by is a new belief function by @ by with b.p.a.

_ 2 prg=a M, (B)ma, (C)
> 5o M (B)ma, (C)

When the denominator of (1) is zero the two b.f.s are non-combinable.

(1)

M, @b, (A)

2.2 Independence of sources

Independence plays a central role in Dempster’s combination (1), as it is the
fundamental assumption under which the combination of two belief functions
can actually take place.

Consider a problem in which we have probabilities for a question Q; and we
want to obtain degrees of belief for a related question Q3 [16, 20], with {2 and
© the sets of possible answers to ()1 and Q2 respectively. Formally, given a
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Q

P:Q—>[0,1]

b:2%>10,1]

Fig. 1. A probability measure P on {2 induces a belief function b on © whose values
on the events A of © are given by b(A) =3_ 5.1 yca PW)-

probability measure P on {2 we want to derive a degree of belief b(A) that
A C O contains the correct response to Q2 (see Figure 1). Let us call I'(w)
the subset of answers to Q2 compatible with a given outcome w € 2 of Q.
The map I' : 2 — 2€ is called a multi-valued mapping.

The degree of belief b(A) of an event A C O is then the total probability of all
answers w that satisfy the above condition, namely b(A) = P({w|I'(w) C A}).
Consider now two multi-valued mappings 17, I'; inducing two b.f.s by, b2 on the
same frame @, {21 and (25 their domains and Py, P, the associated probability
measures on 21 and {2, respectively. If we suppose that the items of evidence
generating P; and P, are independent, we are allowed to build the product
space (£21 X {25, P; X Py): the detection of two outcomes wy € 21 and wy € 25
will then tell us that the answer to Q2 is somewhere in I'(wy,ws) = 7 (w1) N
I'5(w2). We then need to condition the product measure P; X Py over the set
of pairs (w1, ws) whose images have non-empty intersection: P = Py X Py|q,
with 2 = {(w1,ws) € 21 X 2|1 (w1) N T2 (w2) # B}. This new belief function
b is precisely the orthogonal sum of by, bs.

2.3 Independence of sources and independence of frames
Families of compatible frames

Dempster’s mechanism for evidence combination then assumes that the do-
mains on which the evidence is present (in the form of a probability measure)
are independent. This concept is mirrored by the notion of independence of
compatible frames [15]. Given two frames © and @', a map p : 2 — 26"
is a refining if p maps the elements of © to a disjoint partition of O
p({0}) N p({0'}) = D ¥0,0" € ©, Upep p({0}) = €', with p(A) = Uscap({0})
VA C O. @ is called a refinement of ©, @ a coarsening of @’.

Shafer calls a structured collection of frames a family of compatible frames
of discernment ([15], pages 121-125). In particular, in such a family every pair
of frames has a common refinement, i.e. a frame which is a refinement of both.
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If @4, ..., 0, are elements of a family of compatible frames F then there exists
a unique common refinement @ € F of them such that V8 € @ 30; € ©; for
i =1,...,n such that

{0} = p1(61) V- pp(0,),

where p; denotes the refining between ©@; and @. This unique frame is called
the minimal refinement @1 ® --- ® O,, of O1,...,0,.

In the example of Figure 2 we want to find out the position of a target
point in an image. We can pose the problem on a frame ©; = {c1,...,c5}

c O

T} €€ |€| €05 |C € € C|Cop

Iy €,

I, |y

Ts|Cy

ré eS] ebO

Cn G

Fig. 2. An example of family of compatible frames. Different discrete quantizations
of row and column ranges of an image have a common refinement, the set of cells
shown on the left. The refinings p1, p2, p3 between those frames appear to the right.

obtained by partitioning the column range of the image into 5 intervals,
but we can also partition it into 10 intervals, obtaining a different frame
Os = {c11, 12, ..., C51, C52}. The row range can also be divided in, say, 6 inter-
vals @3 = {ry,...,r}. All those frames belong to a family of compatible frames,
with the collection of cells @ = {ey, ..., e50} depicted in Figure 2-left as com-
mon refinement, and refinings shown in Figure 2-right. It is easy to verify that
O is the minimal refinement of @y, O3 as, for example, {e41} = pa(c11)Np3(ry).

Independence of frames

Now, let @1, ..., O, be elements of a family of compatible frames, and p; : @; —
201@86n the corresponding refinings to their minimal refinement. 61, ..., 0,
are independent [15] (ZF) if, whenever ) # A; C O; for i =1, ..., n,

pL(AD) -+ 01 po(Ay) # 0. (2)

In particular, if 35 € [1,..,n] s.t. ©; is a coarsening of some other frame O;,
64, ...,0, are not IF. An equivalent condition is [4]

018 ®O, =0, % x 6, (3)
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i.e. their minimal refinement is their Cartesian product.
Now, independence of frames and Dempster’s rule are strictly related [4].

Proposition 1. Let ©4,...,0,, elements of a family of compatible frames.
Then they are independent iff all the possible collections of b.f.s by, ..., b, de-
fined respectively on ©1,...,0, are combinable on their minimal refinement
01 Q6.

Proposition 1 states that independence of frames and independence of sources
(which is at the root of Dempster’s combination) are in fact equivalent.

This is not at all surprising when we compare the condition under which
Dempster’s sum is well defined

Ii(w) NTa(w2) # 0, (wi,w2) € 21 X 2
with independence of frames expressed as

p1(01) n p2(92) 75 @, (91,92) € O X Os.

2.4 An algebraic study of independence

In its equivalent form of independence of frames (Proposition 1) independence
of sources can be analyzed from an algebraic point of view.

A powerful intuition comes from the intriguing similarity between ZF and
independence of vector subspaces (recalling Equations 2 and 3):

p1(A1) N Npp(An) #0, VA; C O; O1® RO, =01 x-x6,

v+t v, £0, Yu; €V span{Vy, .., Vo =V x - X V.

(4)

While a number of compatible frames @1, ..., ©,, are ZF iff each choice of their

representatives A; € 29 has non-empty intersection, a collection of vector

subspaces V1, ..., V, is “independent” iff for each choice of vectors v; € V; the

sum of those vectors is non-zero. These relations, introduced in what seem

very different contexts, can be formally obtained from each other under the
following correspondence of quantities and operators:

v A, Vo2 +on 00, @< span.

As we will see here, families of frames and collections of subspaces of a vector
space or “projective geometries” share the algebraic structure of semi-modular
lattice, which in turn admits a characteristic notion of independence. It is
natural to wonder how ZF is related to lattice-theoretic independence.

3 The semi-modular lattice of frames

3.1 Lattices

A partially ordered set or poset is a set P endowed with a binary relation <
such that, for all x,y,z in P the following conditions hold: 1. z < z; 2. if
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r<yandy <z thenz=1y;3. if x <yand y < z then z < z. In a poset we
say that « “covers” y (z > y) if x > y and there is no intermediate element
in the chain linking them. A classical example is the power set 2€ of a set ©
together with the set-theoretic inclusion C. Given two elements x,y € P of
a poset P their least upper bound x V y is the smallest element of P that is
bigger than both = and y, while their greatest lower bound x Ay is the biggest
element of P that is smaller than both = and y. Not every pair of elements of
a poset, though, is guaranteed to admit inf and/or sup.

A lattice L is a poset in which each pair of elements admits both inf and sup.
When each arbitrary (even not finite) collection of elements of L admits both
inf and sup, L is said complete. In this case there exist 0 = AL, 1 = VL called
respectively initial and final element of L. 2© is complete, with 0 = () and
1 = {O}. The height h(z) of an element z in L is the length of a maximal
chain from 0 to z. In the case of the power set 22, the height of a subset
A € 29 is simply its cardinality |A|.

3.2 Semi-modularity of the lattice of frames
In a family of compatible frames one can define the following order relation:
01 <Oy Tp: Oy — 261 refining (5)

i.e. ©1 is a refinement of @,. The inverse relation @1 <* O, iff O is a
coarsening of @, is also a valid ordering. After introducing the notion of
mazximal coarsening as the largest cardinality common coarsening ©1®- - -®6,,
of a given collection of frames ©1,--- ,6,,, we can prove that [4]

Proposition 2. Both (F, <) and (F,<*) where F is a family of compatible
frames are lattices, with respectively \,0; = Q,0;, \,0; = @, 0; and
/\: @i = @i @i; \/;k 0; = ®l O;.

A special class of lattices arises from projective geometries, i.e. collections
L(V) of all subspaces of a given vector space V.

Definition 1. A lattice L is upper semi-modular if for each pair x,y of ele-
ments of L, x = x Ay implies x Vy = y. A lattice L is lower semi-modular if
for each pair x,y of elements of L, x V y = y implies x > A y.

Clearly if L is upper semi-modular with respect to an order relation <, the
corresponding dual lattice with order relation <* is lower semi-modular.

Theorem 1. (F, <) is an upper semi-modular lattice; (F, <*) is a lower semi-
modular lattice.

Proof. We just need to prove the upper semi-modularity of F with respect
to <. Consider two compatible frames @, @', and suppose that © covers their
minimal refinement @ ® @' (their inf with respect to <). The proof articulates
into the following steps (see Figure 3):
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P'=020 "

Fig. 3. Upper semi-modularity of (F, <).

since © covers © ® ©' we have that O] = | ® O'| + 1;

hence there exists a single element p € @ which is refined into two elements

p1,p2 of ORE': all other elements of O are left unchanged: {p1,p2} = p(p);
e this in turn implies that pi,ps belong each to the image of a different

element of @ (otherwise © would itself be a refinement of @', and we

would have O ® O’ = 0): p1 € p'(p}), p2 € p'(Ph);

if we merge p}, p5 we have a coarsening @ of ©": {p},ps} = p" (®");

but ©” is a coarsening of ©, too, as we can build the following refining

o:0" 29 a(q) =p'(p"(q))

as p'(p”"(q)) is a subset of © Vg € ©":

- ifg=p", 0(q) is {p} U (' (P}) \ {p1}) U (0'(p2) \ {p2});

— if g #£p", p'(p"(q)) is also a set of elements of O, as all elements of ©
but p are left unchanged by p;

as |@"] =10'| — 1, ©" is the maximal coarsening of ©,0": " =60 ¢ 6’;

hence @’ covers © & @', which is the sup of ©,60 in (F, <).

Theorem 1 strengthens the main result of [4], where we proved that finite
families of frames are Birkhoff. A lattice is Birkhoff if x Ay < x,y implies
x,y <z Vy. (Upper) semi-modularity implies the Birkhoff property, but not
vice-versa.

3.3 Finite lattice of frames

We will here focus on finite families of frames. Given a set of compatible frames
O4, ...,0, consider the set P(O) of all partitions of their minimal refinement
©=0;Q -®6,. As TF involves only partitions of ©1 ® --- ® ©,,, we can
conduct our analysis there. We denote by
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1234
(@]
1234 / v 14/23
1,3.4/2 y'
o o 12473 & 1234 o 1284 13234 o

O

1,3/2/4

1/2/3,4 1,2/3/4

1/2/3/4

Fig. 4. The partition (lower) semi-modular lattice L*(©) for a frame © of size
4. Partitions Ai,..., Ax of @ are denoted by A;/.../Ai. Partitions with the same
number of elements are arranged on the same level.

lattice associated with a frame of size 4: @ = {1,2, 3,4}, depicted in Figure
4. According to the ordering <* each edge indicates that the bottom element
is bigger than the top one. If we pick the pair of partitions y = {1,2/3,4}
and vy = {1,3/2,4}, we can notice that both y,y’ cover their inf y A* ¢y’ =
{1,2,3,4} but their sup y V* ¢y’ = {1/2/3/4} does not cover any of them.
Hence, (P(@),<*) is not upper semi-modular but lower semi-modular.

3.4 A lattice-theoretic interpretation of independence

We can now reinterpret the analogy introduced in Section 2.4 between sub-
spaces of a vector space V and elements of a family of compatible frames. Both
are lattices: according to the chosen order relation we get an upper L(©) or
lower L*(©) semi-modular lattice (see table)

lattice L(V) L*(O) L(©)
initial element O {0} 0x e
suply Vg span(Vy, Va) 601 R 6Oy 61 ® Oy
infly Als Vinv, O @ O 01 ® 6,
order relation I1 < ly| Vi3 C Vo |@q coars. of ©3|61 refin. of Oy
height A(ly) | dim(Vi) | &1 | |6

where 0z denotes the unique frame of a family F with cardinality 1.
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4 Independence on lattices and independence of frames

4.1 Independence on lattices

As a matter of fact, abstract independence can be defined on the elements
of a semi-modular lattice [21]. Consider again the classical example of linear
independence of vectors. By definition vy, ..., v, are linearly independent iff
Ei a;v; = 0 F a; = 0 Vi: Well known equivalent conditions are:

Iy v € span(vi, i # j) Vi=1,...,n;
Ty winspan(vi,..,vj—1) =0 Vj=2,...,m (6)
I3 dim(span(vy,...,v,)) = n.

As 1D subspaces are elements of a lattice L(V') for which span = V, N = A,
dim = h and 0 = 0 we can generalize the relations (6) to collections {l1, ..., 1, }
of non-zero elements of any semi-modular lattice with initial element 0 as

Il : lj ﬁ\/z;éj li VJZI,,TL,
n: AV, li=0 Vi=2..mn; (7)
Iz: h(Vl) =32 h(l).

4.2 Lattice-theoretic independence on the lattice of frames

Independence assumes then several different forms in lattice theory. As com-
patible frames form semi-modular lattices it is natural to suppose that some
of those may indeed coincide with Shafer’s independence of frames, or at least
have some relations with it.

We analyze the relations (7) in the flag lower semi-modular case L*(©):

O1,..,0, I & 0; ®(X)O; # 6, Vi=1,..,n
i#]
j—1

O1,...,0, I & 0; (RO =0r Vi=2 ..n (8)
=1

n

—1=Y"(el -1

i=1

@Wﬂn@@Mé@
i=1

as
OiNO; =6, 00;, O;VO;=0,20; h'(0;)=I6;-1

The frames 61, ...,0,, are I} iff none of them is a coarsening of the minimal
refinement of all the others; they are Z5 iff Vj > 1 ©; does not have a non-
trivial common coarsening with the minimal refinement of its predecessors. Z3
on its side has a very interesting semantics in terms of probability spaces: As
the dimension of the polytope of probability measures definable on a domain
of size k is k — 1, I3 is equivalent to say that the dimension of the probabil-
ity polytope for the minimal refinement is the sum of the dimensions of the
polytopes associated with the individual frames.
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4.3 Evidential independence is stronger than Z7, ZJ

To study the logical implications between these lattice-theoretic relations and
independence of frames we first need to prove an interesting Lemma.

Lemma 1. 04,...,0,, ZF, n> 1+ @, 0, = 0.

Proof. We prove Lemma 1 by induction. For n = 2, let us suppose that
@1,@2 are ZF. Then pl(Al)ﬂpz(Az) 7é @ VAl - @1,142 - @2, A17A2 75 (Z) (pi
denotes as usual the refining from ©; to ©1 ® ©3). Suppose by absurd that
their common coarsening has more than a single element, ©; & @, = {a, b}.
But then p;i(p'(a)) N pa(p?(b)) = 0, where p’ denotes the refining between
61 ® O3 and O;, which goes against the hypothesis.

Induction step. Suppose that the thesis holds for n — 1. Then, since 64, ..., 6,
ZF implies {O;,i # j} ZF Vj, this implies by inductive hypothesis that

Poi=0r vi=1,..,n
i

Of course then, as Or is a coarsening of ©; Vj =1,...,n,

Qj@@ei =600 =0r.
i#]
We can use Lemma 1 to state that evidential independence of frames is indeed
stronger than lattice-theoretic independence of frames in its first form.

Theorem 2. 04,...,0, IF and O; # 0F Vj then O4,...,0, 1.

Proof. Let us suppose that ©4,...,0, are ZF but not I7, i.e. 3j : ©; coars-
ening of ),,; ©.

We need to prove that 34; C 64, ..., A, € Op s.t. p1(A1) N---Npp(4,) =10
where p; denotes the refining from ©; to ©1 ® - - - ® O,, (Equation 2).

Since O is a coarsening of ), ,; ©; then there exists a partition I7; of §),_,; ©;
associated with @, and a refining p from 6; to ®i¢j O;.

As {0;,i # j} are IF, for all 0 € ), ,; O; there exists 0; € O;, i # j s.t.

{0y = rie2),
i)

where p; is the refining to @),; ©;. Now, 6 belongs to a certain element A
of the partition IT;. By hypothesis (©; # 0x Vj) II,; contains at least two
elements. But then we can choose §; = p~'(B) with B another element of
II;. In that case we obviously get

pi(0;) N ﬂ pi(0:;) =10
i#]
which implies that {©;,i = 1,...,n}~ZF against the hypothesis.
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However, the two notions are not equivalent: 04, ...,0,, I7 ¥ 01, ...,0, IF.
Consider as a counterexample two frames @, and @5 in which ©; is not a
coarsening of @y (01,60, are Z7). Then ©1,605 # O1 ® O3 but it easy to find
a situation (see Figure 6-left) in which 61, O are not ZF.

@1 ®---® ijl
@j+l

0,00 0,,80,,

Fig. 5. A counterexample to Z5 + Z7.

More, it is easy to prove that ZF is also stronger than the second form of
lattice-theoretic independence.

Theorem 3. 64,...,0, ZF - Oy, ...,60, I3.

Proof. We first need to show that ©1,...,0,, are ZF iff the pair {O;, ®;£,;0;}
is ZF. As a matter of fact (3) can be written as

O; ®®6i =0, x (Xi;ﬁj@i) = {9]',@61'} IF.
i#j 1#£]

But then by Lemma 1 we get as desired.

These two form of independence I, 75 are not trivially related to each other:
for instance, O, ..., @,, Z5 does not imply O, ..., @,, Z7. Figure 5 shows a coun-
terexample: Given 61 ®---®60,;_; and ©;, one choice of O 1 s.t. O1,...,0,11
are Z5 but not 77 is shown.

It follows from Theorems 2 and 3 that, unless some frame is unitary, ZF F
I3 ANTZ5. The converse is however false. Think of a pair of frames (n = 2), for
which ©1 ® O3 # 01,603 (I}), ©1® O3 = 0% (Z5). Now, those conditions are
met by the counterexample of Figure 5, in which the two frames are not ZF.
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4.4 Evidential independence is opposed to I}

On its side, lattice independence in its third form 73 is actually incompatible
with evidential independence.

Theorem 4. If ©4,...,0, IF, n > 2 then 61, ...,0,713. If 01,05 IF then
@1,@2 IZ): ’Lﬁﬂ@l =0r1€ {1,2}

Proof. According to (3), O4, ..., O, are ZF iff |®O;| = [], |©;|, while according
to (8) they are Z3 iff |01 ®-- - ® O, | —1 = ".(|©;] —1). They are both met iff

Z\Qi\—H@H:n—L

which happens only if n = 2 and either @1 = 0# or @1 = 0f.

Stronger results hold when considering only pairs of frames. For n = 2 the
relations (8) read as

O1 6 Oy #£ 61,6, 01D 6Oy =0x, |Q1®62|=|91|+|@2|—1. (9)

Theorem 5. If ©1,03 # 0% then O1,02 I3 implies ©1,09 I .
If30; =0r j € {1,2} then ©1,0, I35, I3, TF, —17.

Proof. The first fact is obvious from (9). If instead @3 = 0z then by (9)
O1®0x = 0x = O3 and O1, O are not I while they are 75. As |©; ® O] =
|0%| - |©1] = |@1], |©2] = 1 in that case ©1,O04 are I3 again by (9). Finally,
according to (3), they are ZF as |01 @ Oy = |01] =1-|O1] = |02]|O1].

For the binary partitions of ©, i.e. the atoms (elements covering 0) A* of the
lattice L*(©), Theorem 4 implies that ZF and Zj are incompatible.

Corollary 1. If ©4,...,0,, € A* then ©4,...,0,, IF implies 1, ...,0,, =1;.
On the other side, the other two relations are trivial for atoms of L*(60).

Theorem 6. If ©4,...,0,, € A* then O4,...,0,, are both Z{ and Z;.

Proof. If ©; € A* Vj then 0; & Q),,; 0; = 0F # ©; Vj and 61, ...,0, are
Z7. But then by Equation 8 O, ...,0,, are also 7.

As a matter of fact, evidential independence and 73 are in opposition for pairs
of atoms of L*(O).

Theorem 7. ©1,0; € A* are IF iff O1,027L;.

Proof. By Theorem 4 we have that ZF F —Z3. To prove the reverse implication
Z5 + —IF we just need to notice that ©1,0, € A* are 73 iff |01 ® O3] =
[©1] + 102 =1 = 242 -1 = 3 while for them to be ZF it has to be
|©1 ® O3] = 101||O2]| =2-2 =4.



A lattice-theoretic interpretation of independence of frames 13

———

Fig. 6. Left: A counterexample to Z7 - ZF. Right: Relations between independence
of frames ZF and all different forms of semi-modular independence on the lower
semi-modular lattice of frames L*(O).

5 Comments and conclusions

Independence of sources in the theory of evidence can be reduced to indepen-
dence of frames. This shows in turn intriguing formal analogies with linear in-
dependence. In this paper we proved that families of frames share indeed with
projective geometries the algebraic structure of semi-modular lattice (The-
orem 1). Several forms of independence relations can be introduced on the
elements of such lattices, and related with Shafer’s independence of frames.

Figure 6-right illustrates what we have learned about how ZF relates to the

various forms of lattice-theoretic independence in the lower semi-modular lat-
tice of frames, in the general case of a collection of more than two non-atomic
frames (the case ©; = Of is neglected). Evidential independence appears dis-
tinct from but related to lattice-theoretic independence.
This is even more interesting when we consider that condition (2) comes di-
rectly from the notion of independence of frames as Boolean sub-algebras
[18]. Boolean independence ZF is a stronger condition than both Z7 and Zj
(Theorems 2, 3) which are indeed trivial for binary partitions of © (Theorem
6). On the other side ZF and Zj are mutually exclusive (Theorems 4 and 7,
Corollary 1). As 73 is in turn a form of matroidal independence [13] this sheds
new light on the relation between Boolean algebra and matroid theory.

The prosecution of this study, particularly in the context of matroid theory,
could in the future shed some more light on both the nature of independence
of sources in the theory of subjective probability, and the relationship between
lattice, matroidal and Boolean independence in discrete mathematics, point-
ing out the necessity of a more general, comprehensive definition of this very
useful and widespread notion.
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