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Abstract—In this paper, we analyze from a geometric perspective the meaningful relations taking place between belief and
probability functions in the framework of the geometric approach
to the theory of evidence. Starting from the case of binary domains, we identify and study three major geometric entities relating a generic belief function (b.f.) to the set of probabilities P:
1) the dual line connecting belief and plausibility functions; 2) the
orthogonal complement of P; and 3) the simplex of consistent
probabilities. Each of them is in turn associated with a different
probability measure that depends on the original b.f. We focus
in particular on the geometry and properties of the orthogonal
projection of a b.f. onto P and its intersection probability, provide
their interpretations in terms of degrees of belief, and discuss their
behavior with respect to affine combination.

18
Index Terms—Bayesian belief functions (b.f.), commutativity,
19 geometric approach, intersection probability, orthogonal projec20 tion, theory of evidence.

I. I NTRODUCTION

21

U

NCERTAINTY measures play a major role in fields like
artificial intelligence, where problems involving formal24 ized reasoning are common. The theory of evidence is among
25 the most popular such formalisms, thanks perhaps to its nature
26 of natural extension of the classical Bayesian methodology.
27 Indeed, the notion of belief function (b.f.) [1] generalizes that of
28 finite probability, with classical probabilities forming a subclass
29 P of b.f. called Bayesian b.f. B.F.s are defined on the power set
30 2Θ = {A ⊂ Θ} of a finite domain Θ and have the form
22
23

b(A) =



m(B)

B⊂A

where m : 2Θ → [0, 1] is a second function called basic probability assignment (b.p.a.).
The interplay of belief and Bayesian functions is of course
34 of great interest in the theory of evidence. In particular, many
35 people worked on the problem of finding a probabilistic or
36 possibilistic [2] approximation of an arbitrary b.f. A number of
37 papers [3]–[6] have been published on this issue (see [7] and [8]
38 for a review) mainly in order to find efficient implementations
39 of the rule of combination aiming to reduce the number of
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focal elements. Tessem [9], for instance, incorporated only the 40
highest-valued focal elements in his mklx approximation; a 41
similar approach inspired the summarization technique formu- 42
lated by Lowrance et al. [10]. The relation between b.f.s and 43
probabilities is as well the foundation of a popular approach to 44
the theory of evidence, i.e., Smets’ “Transferable Belief Model” 45
[11], where beliefs are represented at credal level while deci- 46
sions are made by resorting to a Bayesian b.f. called pignistic 47
function [12]. On his side, Voorbraak [13] proposed to adopt the 48
˜ b , which is the 49
so-called relative plausibility function (pl.f.) pl
unique probability that assigns to each singleton its normalized 50
plausibility given a b.f. b with plausibility plb . He proved 51
˜ b is a perfect representative of b when combined with 52
that pl
˜ b ⊕ p = b ⊕ p ∀p ∈ P. Cobb and Shenoy 53
other probabilities pl
[14]–[16] analyzed the properties of the relative plausibility of 54
singletons [17] and discussed its nature of probability function 55
that is equivalent to the original b.f.
56
The study of the link between b.f.s and probabilities has also 57
been posed in a geometric setup [18]–[20]. Black in particular 58
dedicated his doctoral thesis to the study of the geometry of b.f.s 59
and other monotone capacities [20]. An abstract of his results 60
can be found in [19], where he uses shapes of geometric loci to 61
give a direct visualization of the distinct classes of monotone 62
capacities. In particular, a number of results about lengths 63
of edges of convex sets representing monotone capacities are 64
given together with their “size” meant as the sum of those 65
lengths. Another close reference is perhaps the work of Ha 66
and Haddawy [18], who proposed an “affine operator” that 67
can be considered a generalization of both b.f.s and interval 68
probabilities and can be used as a tool for constructing convex 69
sets of probability distributions. Uncertainty is modeled as 70
sets of probabilities represented as “affine trees,” while actions 71
(modifications of the uncertain state) are defined as tree manip- 72
ulators. A small number of properties of the affine operator are 73
also presented. In a later work [21], they presented the interval 74
generalization of the probability cross-product operator called 75
convex closure (cc) operator. They analyzed the properties of 76
the cc operator relative to manipulations of sets of probabilities 77
and presented interval versions of Bayesian propagation algo- 78
rithms based on it. Probability intervals were represented in a 79
computationally efficient fashion by means of a data structure 80
called pcc-tree, where branches are annotated with intervals, 81
and nodes are annotated with convex sets of probabilities.
82
On our side, in a series of recent works [22]–[24], we 83
proposed a geometric interpretation of the theory of evidence in 84
which b.f.s are represented as points of a simplex called belief 85
space [22]. As a matter of fact, as a b.f. b : 2Θ → [0, 1] is com- 86
pletely specified by its 2|Θ| − 1 belief values {b(A), A ⊂ Θ, 87
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A = ∅}, it can be represented as a point of the Cartesian
.
space RN −1 , N = 2|Θ| . In this framework, different uncertainty
descriptions like upper and lower probabilities, b.f.s, and prob91 ability and possibility measures can be studied in a unified
92 fashion.
93
In this paper, we use tools provided by the geometric
94 approach (Section III) to study the interplay of belief and
95 Bayesian functions in the framework of the belief space. We
96 introduce two new probabilities related to a b.f., which are both
97 derived from purely geometric considerations. We thoroughly
98 discuss their interpretation and properties, and their relations
99 with the other known Bayesian approximations of b.f.s, i.e.,
100 pignistic function and relative plausibility of singletons.
88

89
90

101

A. Paper Outline

More precisely, we first look for an insight by considering the
simplest case in which the frame of discernment has only two
104 elements (Section IV). It turns out that each b.f. b is associated
105 with three different geometric entities: 1) the simplex of con106 sistent probabilities P[b] = {p ∈ P : p(A) ≥ b(A) ∀A ⊂ Θ};
107 2) the line (b, plb ) joining b with the related pl.f. plb ; and
108 3) the orthogonal complement P ⊥ of the probabilistic subspace
109 P. These in turn determine three different probabilities asso110 ciated with b: 1) the barycenter of P[b] or pignistic function
111 BetP [b]; 2) the intersection probability p[b]; and 3) the orthog112 onal projection π[b] of b onto P. In the binary case, all those
113 Bayesian functions coincide.
114
In Section V, we prove that although the line (b, plb ) is
115 always orthogonal to P, it does not intersect in general the
116 Bayesian region. However, it does intersect the region of
117 Bayesian normalized sum functions (n.s.f.s), i.e., the natural
118 generalizations of b.f.s obtained by relaxing the positivity con119 straint for b.p.a. This intersection yields a Bayesian n.s.f. ς[b].
120
In Section VI, we will see that ς[b] is in turn associated with
121 a Bayesian b.f. p[b], which we call intersection probability. We
122 will give two different interpretations of the way this probability
123 distributes the masses of the focal elements of b to the elements
124 of Θ, both depending on the difference between plausibility and
125 belief of singletons. We will also compare the combinatorial
126 and geometric behavior of p[b] with those of the pignistic
127 function and the relative plausibility of singletons.
128
Section VII will instead be devoted to the study of the
129 orthogonal projection of b onto the probability simplex P. We
130 will show that π[b] always exists and is indeed a probability
131 function. After precising the condition under which a b.f. b
132 is orthogonal to P, we will give two equivalent expressions
133 of the orthogonal projection. We will see that π[b] can be
134 reduced to another probability signaling the distance of b from
135 orthogonality, and that this “orthogonality flag” can in turn
136 be interpreted as the result of a mass redistribution process
137 analogous to that associated with the pignistic transformation.
138 We will prove that as BetP [b] does, π[b] commutes with the
139 affine combination operator and can therefore be expressed
140 as a convex combination of basis pignistic functions, which
141 confirms the strict relation between π[b] and BetP [b].
142
Finally, in Section VIII, we will briefly outline a compari143 son between the two functions introduced here by comparing
102
103

their expressions as convex combinations, and formulate some
conditions under which they coincide. For the sake of completeness, we will discuss the case of unnormalized b.f. (u.b.f.) and
argue that, while p[b] is not defined for a generic u.b.f. b, π[b]
exists and retains its properties.
To improve the readability of this paper, all major proofs have
been moved to the Appendix.

150

II. T HEORY OF E VIDENCE

151

144
145
146
147
148
149

The theory of evidence [1] was introduced in the late 1970s 152
by G. Shafer as a way of representing epistemic knowl- 153
edge, which was inspired by the sequence of seminal works 154
[25]–[27] of A. Dempster. In this formalism, the best represen- 155
tation of chance is a b.f. rather than a Bayesian mass distrib- 156
ution. A b.f. assigns probability values to sets of possibilities 157
rather than single events.
158
Deﬁnition 1: A b.p.a. over a finite set or “frame of discern- 159
ment” [1] Θ is a function m : 2Θ → [0, 1] on its power set 160
2Θ = {A ⊂ Θ} such that
161
m(∅) = 0



m(A) ≥ 0

m(A) = 1,

∀A ⊂ Θ.

A⊂Θ

Subsets of Θ associated with nonzero values of m are called
focal elements.
Deﬁnition 2: The b.f. b : 2Θ → [0, 1] associated with a b.p.a.
m on Θ is defined as

b(A) =
m(B).

162
163
164
165

B⊂A

Conversely, the unique b.p.a. mb associated with a given b.f. b 166
can be recovered by means of the Moebius inversion formula 167
mb (A) =



(−1)|A−B| b(B)

(1)

B⊂A

so that there is a 1–1 correspondence between the two set
functions mb ↔ b. In the theory of evidence, a probability
function or Bayesian b.f. is just a special b.f. assigning nonzero
masses to singletons only: mb (A) = 0, |A| > 1.
A dual mathematical representation of the evidence encoded
by a b.f. b is the pl.f.
→
→

plb : 2Θ
A

168
169
170
171
172
173

[0, 1]
plb (A)

where the plausibility plb (A) of an event A is given by

174

.
plb (A) = 1 − b(Ac )

mb (B)
=1 −
B⊂Ac

=



mb (B) ≥ b(A)

(2)

B∩A=∅

where Ac denotes the complement of A in Θ. For each event A, 175
plb (A) expresses the amount of evidence not against A.
176
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III. G EOMETRY OF B ELIEF AND PL.F. S
A. Belief Space

Motivated by the search for meaningful probabilistic approximations of b.f.s, we introduced the notion of belief space
[22], [24], [28] as the space of all b.f.s with a given do182 main.1 Consider a frame of discernment Θ and introduce in
183 the Cartesian space RN −1 , N = 2|Θ| an orthonormal reference
184 frame {XA : A ⊂ Θ, A = ∅} (note that ∅ is not included). Each

N −1
185 vector v =
is then potentially a
A⊂Θ,A=∅ vA X(A) in R
186 b.f., in which each component vA measures the belief value
187 of A : vA = b(A). Not every such vector v ∈ RN −1 however
188 represents a valid b.f.
189
Deﬁnition 3: The belief space associated with Θ is the set of
190 points BΘ of RN −1 that correspond to a b.f.
191
We will assume the domain Θ fixed and denote the belief
192 space with B. To determine which points “are” b.f.s, we can
193 exploit the Moebius inversion lemma (1) by computing the
194 corresponding b.p.a. and checking the axioms mb must obey.
195 It is not difficult to prove (see [29] for details) that B is convex.
196 Let us call
179
180
181

.
bA = b ∈ B s.t. mb (A) = 1 mb (B) = 0,

∀B = A

the unique b.f. assigning all the mass to a single subset A of
Θ (Ath basis b.f.), and Eb the list of focal elements of b. The
following theorem can then be proven [29].
200
Theorem 1: The set of all b.f.s with focal elements in a given
201 collection L is closed and convex in B, namely
197

198
199

{b : Eb ⊂ L} = Cl(bA : A ∈ L)
202

where Cl denotes the cc operator

Cl(b1 , . . . , bk ) =

b ∈ B : b = α1 b1 + · · · + αk bk ,



αi = 1, αi ≥ 0

∀i . (3)

Fig. 1. Simplicial structure of the belief space B. Its vertices are all basis b.f.s
bA represented as vectors of RN −1 . The probabilistic subspace is just a subset
Cl(bx , x ∈ Θ) of its border.

signing nonzero masses to singletons only, Theorem 1 implies
the following corollary.
Corollary 2: The set P of all Bayesian b.f.s on Θ is the
simplex determined by all basis b.f.s associated with singletons2

203

B. Plausibility Space

215

As pl.f.s are also completely determined by their N − 1
values plb (A), A ⊂ Θ, A = ∅ on the power set of Θ, they too
can be seen as vectors of RN −1 . We call plausibility space the
region PL of RN −1 whose points correspond to pl.f.s

PL = v ∈ RN −1 : ∃plb : 2Θ → [0, 1]

s.t. vA = plb (A),
∀A ⊂ Θ, A = ∅ .

216
217

In [23], we proved the following proposition.
Proposition 1: PL is a simplex
A ⊂ Θ, A = ∅) whose vertices are

plA = −
(−1)|B| bB .

(4)

The convex space delimited by a collection of (affinely independent [30]) points is called a simplex: Fig. 1 illustrates the
simplicial form of B. Each b.f. b ∈ B can be written as a convex
208 sum as

b=
mb (A)bA .
(5)
205
206
207

A⊂Θ,A=∅

209
210

218
219

220

PL = Cl(plA , 221
222

(6)

B⊂A

The following is then just a consequence of Theorem 1.
Corollary 1: The belief space B is the cc of all basis b.f.s bA
B = Cl(bA , A ⊂ Θ, A = ∅).

213
214

P = Cl(bx , x ∈ Θ).

i

204

211
212

Geometrically, a b.p.a. mb is nothing but the set of coordinates
of b in the simplex B. Clearly, since a probability is a b.f. as1 Several notations in this paper have been changed with respect to other
previous works in order to adopt a more standard symbology for belief and
plausibility functions.

The vertex plA of the plausibility space turns out to be the
plausibility vector associated with the basis b.f. bA , plA = plbA .
Again, every plausibility vector plb can be uniquely expressed
as a combination of the basis b.f.s bA . We have that3

plb =
plb (B)XB
B⊂Θ

=



B⊂Θ

=


A⊂Θ



plb (B) ·

bA

bA (−1)|A\B|

A⊃B




|A\B|

(−1)

plb (B)

B⊂A

2 With a harmless abuse of notation, we will denote the basis belief function
associated with a singleton x by bx instead of b{x} . Accordingly, we will write
mb (x), plb (x) instead of mb ({x}), plb ({x}).
3 Note that pl (∅) = 0, so that the expression is well defined although X
b
∅
does not exist.

223
224
225
226
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(since by Moebius transform XB =
228 which yields

plb =
µb (A)bA

227



|A\B|
)
A⊃B bA (−1)

(7)

A⊂Θ

229

where (see [23])
. 
µb (A) =
(−1)|A\B| plb (B)
B⊂A

= (−1)|A|+1



mb (B),

A=∅

(8)

B⊃A

(µb (∅) = 0) is the Moebius inverse of the pl.f. called basic
plausibility assignment (b.pl.a.). The Bayesian region P =
Cl(bx , x ∈ Θ) is part of the border of both belief and plausi233 bility spaces.
230

231
232

234

C. N.S.F.s

It may be confusing to think of belief and pl.f.s as points
of the same Cartesian space. However, this is a simple consequence of the fact that both are defined on the same domain,
238 i.e., the power set of Θ. As Θ is finite, they can both be seen as
239 real-valued vectors with the same number N − 1 = 2|Θ| − 1 of
240 components.
241
Furthermore, as belief and plausibility spaces do not exhaust
242 the whole RN −1 , it is natural to wonder whether points “out243 side” them have any meaningful interpretation in this frame244 work [29]. In fact, following the same principle, each vector
245 v = [v1 , . . . , vA , . . . , vΘ ] ∈ RN −1 can be thought of as a func246 tion ς : 2Θ \ ∅ → R s.t. ς(A) = vA . Each of these functions ς
247 has a Moebius inverse mς : 2Θ \ ∅ → R such that

ς(A) =
mς (B)
235
236
237

B⊂A

i.e., each vector ς of RN −1 can be thought of as a sum function
(see [31] for a brief introduction). However, mς does not in
250 general meet the positivity constraint: mς (A) ≥ 0 ∀A ⊂ Θ.
251
The section {v ∈ RN −1 : vΘ = 1} of RN −1 corresponds to
252 the constraint ς(Θ) = 1, so that all points of this section are
253 sum functions meeting the normalization axiom

mς (A) = 1.

248
249

A⊂Θ

Normalized sum functions (N.S.F.s) are natural extensions of
b.f.s in this geometric framework. Analogous to the case of
256 b.f.s, we call Bayesian n.s.f. any n.s.f. ς such that

mς (x) = 1.
(9)
254
255

x∈Θ

257

IV. B ELIEF AND P ROBABILITY IN THE B INARY C ASE

It may be helpful to visually render these concepts in a simple
example. Fig. 2 shows the geometry of belief and plausibility
spaces for a binary frame Θ2 = {x, y}. As |Θ| = 2, b.f. and
261 pl.f. “are” vectors [vx , vy , vΘ ] of a space with N − 1 = 22 −
258

259
260

Fig. 2. In a binary frame Θ2 = {x, y}, both belief B and plausibility PL
space are simplices with vertices {bΘ = [0, 0] , bx = [1, 0] , by = [0, 1] }
and {plΘ = [1, 1] , plx = bx , ply = by }, respectively. A b.f. b and the corresponding pl.f. plb are always located in symmetric positions with respect to
˜
the segment P of probabilities on Θ2 . The associated relative plausibility pl
b

and belief b̃ of singletons are shown as the intersections of the probabilistic
subspace with the line joining plb and bΘ = [0, 0] and the line passing through
b and bΘ , respectively. The other Bayesian functions related to b all coincide
with the center of the segment of consistent probabilities P[b].

1 = 3 dimensions. However, since b(Θ) = plb (Θ) = 1 for all 262
b, we can neglect the component vΘ ≡ 1 and represent belief 263
and plausibility vectors as points of a plane with coordinates 264
b = [b(x) = mb (x), b(y) = mb (y)]
plb = [plb (x) = 1 − mb (y), plb (y) = 1 − mb (x)] .

In this case, the b.pl.a. of b is µb (x) = (−1)2 B⊃x mb (B) = 265
mb (x) + mb (Θ) = plb (x), µb (y) = (−1)2 B⊃y mb (B) = 266
mb (y) + mb (Θ) = plb (y), and plb = plb (x)bx + plb (y)by . We 267
can notice that both B and PL are symmetric with respect to 268
the Bayesian region P. Furthermore, each pair of functions 269
(b, plb ) determines a line orthogonal to P, where b and plb 270
lie on symmetric positions on the two sides of the Bayesian 271
segment P = Cl(bx , by ).
272
Let us denote with a(v1 , . . . , vk ) the affine subspace of 273
a Cartesian space Rm generated by some points v1 , . . . , 274
m
m
v
k ∈ R , i.e., the set {v ∈ R : v = α1 v1 + · · · + αk vk , 275
α
=
1}.
276
i i
In the binary case, the plane R2 in which B, PL lie is the 277
affine space of n.s.f.s on Θ2 . The region P  of all Bayesian n.s.f. 278
is obviously (9) the line
279
P  = ς ∈ R2 : mς (x) + mς (y) = 1 = a(P)
and coincides with the affine space a(P) = a(bx , x ∈ Θ) gen- 280
erated by P.
281
Consider now the set of probabilities P[b] dominating b (con- 282
sistent probabilities), i.e., the Bayesian b.f. such that p(A) ≥ 283
b(A) ∀A ⊂ Θ. In the simple binary case, the probabilities 284
consistent with b form a segment (1-D simplex) in P (see Fig. 2) 285
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286
287

whose center of mass P is known [23], [32], [33] to be Smets’
pignistic function [34], [35]
BetP [b] =


x∈Θ

 mb (A)
bx
|A|
A⊃x

= bx mb (x) +

mb (Θ)
2

+ by mb (y) +

mb (Θ)
2

.

as the translated version of a vector space

We can notice however that it also coincides with the orthogonal
projection π[b] of b onto P, and the intersection p[b] of the line
290 a(b, plb ) with the Bayesian simplex P
p[b] = π[b] = BetP [b] = P[b].
Epistemic notions like consistency and pignistic transformation
seem then to be related to geometric properties such as orthog293 onality. It is natural to wonder whether this is true in general or
294 is just an artifact of the binary frame.
295
It is worth to notice incidentally that the relative plausibility
˜ b [13]
296 of singletons pl
291
292

. plb (x)
˜ b (x) =

pl
plb (y)

(11)

y∈Θ

297
298
299

although consistent with b does not follow the same scheme.
The same can be said of the relative belief of singletons, i.e.,
the Bayesian function
. mb (x)
b̃(x) = 
mb (y)
y∈Θ

assigning to each singleton x its normalized mass (see
Fig. 2). We will consider their behavior separately in the near
future [36].
303
In the following, we will instead study two other geometric
304 loci related to b, in particular the line a(b, plb ) and the orthog305 onal complement P ⊥ of P, and introduce the two Bayesian
306 b.f.s associated with them, i.e., orthogonal projection π[b] and
307 intersection probability p[b]. We will compare them with both
308 pignistic function and relative plausibility of singletons, and
309 with each other. We will provide interpretations of π[b], p[b]
310 in terms of degrees of belief and discuss their behavior with
311 respect to affine combination.

300
301
302

312

V. G EOMETRY OF THE D UAL L INE

Let us then first consider the “dual line” connecting a pair of
belief and plausibility measures supporting the same evidence.
As a matter of fact, orthogonality turns out to be a general
316 feature of a(b, plb ). As we just saw in the binary case, b(Θ) =
317 plb (Θ) = 1 ∀b, so that we can consider b, plb as points of RN −2 .
313
314
315

321

a(P) = bx + span(by − bx ∀y ∈ Θ, y = x)
where span(by − bx ) denotes the vector space generated by 322
the n − 1 vectors by − bx (n = |Θ|). After recalling that, by 323
definition
324
bB (A) =

(10)
288
289

5

we can point out that
symmetry

 1,
by − bx (A) = 0,

−1,

1,
0,

A⊃B
else

(12)

these vectors show a rather peculiar 325
326

A ⊃ {y}, A ⊃ {x}
A ⊃ {x}, {y} or A ⊃ {x}, {y} (13)
A ⊃ {y}, A ⊃ {x}

327
that can be usefully exploited.
Lemma 1: [by − bx ](Ac ) = −[by − bx ](A) ∀A ⊂ Θ.
328
Proof: By (12) [by − bx ](A) = 1 ⇒ A ⊃ {y}, A ⊃ 329
{x} ⇒ Ac ⊃ {x}, Ac ⊃ {y} ⇒ [by − bx ](Ac ) = −1
and 330
vice-versa. On the other side, [by − bx ](A) = 0 ⇒ A ⊃ {y}, 331
A ⊃ {x} or A ⊃ {y}, A ⊃ {x}. In the first case, 332
Ac ⊃ {x}, {y}, and in the second one, Ac ⊃ {x}, {y}. In 333
both cases, [by − bx ](Ac ) = 0.
 334
Theorem 2: The line connecting plb and b in RN −2 is orthog- 335
onal to the affine space generated by the probabilistic simplex, 336
i.e., b − plb ⊥ a(P).
337
Proof 4 : Having denoted with XA the Ath axis of the 338
orthonormal reference frame {XA : A = Θ, ∅} in RN −2 (see 339
Section III), we can write their difference as
340

plb − b =
[plb (A) − b(A)] XA
∅AΘ

where

341

[plb − b](Ac ) = plb (Ac ) − b(Ac )
= 1 − b(A) − b(Ac )
= 1 − b(Ac ) − b(A)
= plb (A) − b(A)
= [plb − b](A).

(14)

The scalar product ·, · between the vector plb − b and the basis 342
vectors of a(P) is then
343

plb − b, by − bx  =
[plb − b](A) · [by − bx ](A)
∅AΘ

which by (14) becomes


344



[plb − b](A) [by − bx ](A) + [by − bx ](Ac )

|A|≤|Θ|/2 ,A=∅

318

A. Orthogonality

319

Let us consider the affine subspace a(P) = a(bx , x ∈ Θ)
generated by the simplex of Bayesian b.f.s. This can be written

320

whose addenda are all nil by Lemma 1.
4 In

fact, the proof is valid for A = Θ, ∅ too.

 345

6

346
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B. Intersection With the Region of Bayesian N.S.F.s

One might be tempted to conclude that since a(b, plb ) and
P are always orthogonal, their intersection is the orthogonal
349 projection of b onto P as in the binary case. Unfortunately, this
350 is not the case for in general they do not intersect each other.
351
As a matter of fact, b and plb belong to a (2n−2 )-dimensional
352 Euclidean space, while the dimension of P is only n − 1. If
353 n = 2, n − 1 = 1 and 2n − 2 = 2 so that a(P) divides the
354 plane into two half-planes with b on one side and plb on the
355 other side (see Fig. 2).
356
Formally, for a point on the line a(b, plb ) to be a probability,
357 we need to find a value of α such that b + α(plb − b) ∈ P.
358 Its components obviously are b(A) + α[plb (A) − b(A)] for any
359 subset A ⊂ Θ, A = Θ, ∅ and in particular when A = {x} is a
360 singleton

347
348


Proof: The numerator of (16) is trivially |B|>1 m(B). 375
On the other side
376


1 − b(xc ) − b(x) =
mb (B) −
mb (B) − mb (x)
B⊂xc

B⊂Θ



=

mb (B)

B⊃x,B =x

so that the denominator of β[b] becomes


[plb (y) − b(y)] =
(1 − b(y c ) − b(y))
y∈Θ

y∈Θ

=



361
362

(15)

A necessary condition for this point to belong to P is the
normalization constraint for singletons


b(x) + α

x∈Θ



(1 − b(xc ) − b(x)) = 1

x∈Θ


1 − x∈Θ b(x)
.
= β[b]
⇒α= 
c
x∈Θ (1 − b(x ) − b(x))



which yields a single candidate value β[b] for the line coordinate of the intersection.
Using the terminology in Section III-C, the candidate
366 projection
363
364
365

.
ς[b] = b + β[b](plb − b) = a(b, plb ) ∩ P 

(17)

(having called P  the set of all Bayesian n.s.f.s in RN −2 )
is a Bayesian n.s.f. but is not guaranteed
to be a Bayesian

b.f.
For
n.s.f.s,
the
condition
m
(x) = 1 implies
ς
x∈Θ


370
m
(A)
=
0,
so
that
P
can
be
written
as
ς
|A|>1

367
368
369




P =

ς=



mς (A)bA ∈ RN −2 :

A⊂Θ



mς (A) = 1,

|A|=1





mς (A) = 0 .

(18)

Theorem 3: The coordinates of ς[b] with respect to the basis
Bayesian b.f.s {bx , x ∈ Θ} can be expressed in terms of the
373 b.p.a. mb of b as
371
372



mb (A)

(19)

A⊃x,A=x

374

yielding (20). Equation (19) comes directly from (15) when we 378
recall that b(x) = mb (x), ς(x) = mς (x) ∀x ∈ Θ.
 379
Equation (19) ensures that mς[b] (x) is positive for each 380
x
∈ Θ. A symmetric
 version can be obtained after realizing that 381
( |B|=1 mb (B)/ |B|=1 mb (B)|B|) = 1, so that we can write 382
mς[b] (x) = b(x) 

|B|=1
|B|=1

mb (B)

mb (B)|B|



+ [plb − b](x) 

|B|>1

mb (B)

|B|>1 mb (B)|B|

where


1 − x∈Θ mb (x)
|B|>1 mb (B)
=
.
β[b] = 
x∈Θ (plb (x) − mb (x))
|B|>1 mb (B)|B|
(20)

. (21)

It is easy to prove that the line a(b, plb ) intersects the probabilis- 383
tic subspace only for 2-additive b.f.s (the proof can be found in 384
the Appendix).
385
Theorem 4: ς[b] ∈ P if and only if (iff) b is 2-additive, i.e., 386
mb (A) = 0|A| > 2, and in this case, plb is the reflection of b 387
through P.
388
For 2-additive b.f.s, ς[b] is nothing but the mean probability 389
function (b + plb )/2. In the general case however, the reflection 390
of b through P not only does not coincide with plb but is also 391
not even a pl.f. [37].
392
VI. I NTERSECTION P ROBABILITY

|A|>1

mς[b] (x) = mb (x) + β[b]

mb (B)|B|

|B|>1


(16)

mb (B)

y∈Θ B⊃y,B =y

=
b(x)+α [plb (x)−b(x)] = b(x)+α [1−b(xc )−b(x)] .



377

393

We have seen that although the line a(b, plb ) is always 394
orthogonal to P, it does not intersect the probabilistic subspace 395
in general, but it does intersect the region
of Bayesian n.s.f.s 396

in ς[b] (17). But of course (since
m
ς[b] (x) = 1) ς[b] is 397
x
naturally associated with a Bayesian b.f., assigning an equal 398
amount of mass to each singleton and 0 to each A : |A| > 1, 399
namely
400
. 
p[b] =
mς[b] (x)bx
(22)
x∈Θ

where mς[b] (x) is given by (19). It is easy to see that p[b] is 401
a probability, since by definition mp[b] (A)
= 0 for |A| > 1, 402
m
(x)
=
m
(x)
≥
0
∀x
∈
Θ,
and
ς[b]
x∈Θ mp[b] (x) = 403
p[b]
m
(x)
=
1
by
construction.
We
call p[b] the 404
ς[b]
x∈Θ
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Fig. 4. Location of intersection probability p[b] and relative plausibility of
˜ with respect to the non-Bayesianity flag R[b]. They both lie on
singletons pl
b
˜ is closer
the segment joining R[b] and the relative belief of singletons b̃, but pl
b
to b̃ than p[b].

Fig. 3. Geometry of the line a(b, plb ) and relative locations of p[b], ς[b], and
π[b]. Each b.f. b and the related pl.f. plb lie on opposite sides of the hyperplane
P  of the Bayesian n.s.f. that divides RN −2 into two parts. The line a(b, plb )
connecting them always intersects P  but not necessarily a(P) (vertical line).
This intersection ς[b] is naturally associated with a probability p[b] (in general
distinct from the orthogonal projection π[b] of b onto P) having the same
components in the base {bx , x ∈ Θ} of a(P). P is a simplex (a segment in
the figure) in a(P) : π[b] and p[b] are both “true” probabilities.
405
406
407

intersection probability. The geometry of ς[b] and p[b] with
respect to the regions of Bayesian b.f. and n.s.f. is sketched
in Fig. 3.

408

A. Interpretations

409

1) Non-Bayesianity Flag and Relative Plausibility: A first
interpretation of this new probability is immediate after noticing that

410
411

β[b] = 
412

(24)


Geometrically, since kb̃ = x∈Θ mb (x) ≤ 1, p[b] belongs to 427
the segment linking R[b] with the relative belief of singletons 428
b̃ with convex coordinate the total mass of singletons kb̃ . But 429
now, the relative pl.f. can also be written in terms of b̃ and R[b] 430
as by definition
431

=

plb (x) − mb (x)
kpl
˜ − kb̃
b
plb (x)
mb (x)
−
kpl
k
˜ − kb̃
˜ − kb̃
pl
b
b

˜ b (x)
= pl

kpl
˜
b
kpl
˜ − kb̃
b

− b̃(x)

kb̃
kpl
˜ − kb̃
b

˜ b (x) = plb (x)/k ˜ , and b̃(x) = mb (x)/k , so that
since pl
plb
b̃

where



mb (x)

x∈Θ

kpl
˜ =
b



x∈Θ

plb (x) =

˜b =
pl


mb (A)|A|

A⊂Θ

˜ b , respectively, so that
are the normalization factors for b̃ and pl
p[b] can be rewritten as
p[b](x) = mb (x) + (1 − kb̃ )

415
416
417

p[b] = kb̃ b̃ + (1 − kb̃ )R[b].

R[b](x) =


1 − x∈Θ mb (x)
1 − kb̃

=
pl
(x)
−
m
(x)
k
˜ − kb̃
b
b
x∈Θ
x∈Θ
pl
b

kb̃ =

413
414

then measures the relative contribution of each singleton x 418
to the non-Bayesianity of b. Equation (23) shows in fact that 419
the non-Bayesian mass 1 − kb̃ is assigned by p[b] to each 420
singleton according to its relative contribution R[b](x) to the 421
non-Bayesianity of b.
422
The flag probability R[b] also relates the intersection proba- 423
bility p[b] to other two classical Bayesian approximations, i.e., 424
˜ b and belief b̃ of singletons, as (23) 425
the relative plausibility pl
reads as
426

plb (x) − mb (x)
.
kpl
˜ − kb̃
b

(23)

When b is Bayesian, plb (x) − mb (x) = 0 ∀x ∈ Θ. If b is not
Bayesian, there exists at least a singleton x such that plb (x) −
mb (x) > 0. The Bayesian b.f.

plb (x) − mb (x)
.
A⊃x,A=x mb (A)
=
R[b](x) = 
m
(A)|A|
b
|A|>1
y∈Θ (plb (y) − mb (y))

kb̃
kpl
˜
b




b̃ +

k
1 − b̃
kpl
˜
b

432


R[b].

˜ b and p[b] belong to Cl(R[b], b̃). However, as k ˜ = 433
Both pl
plb

˜ ≤ kb̃ , which in turn implies that 434
A⊂Θ mb (A)|A| ≥ 1, kb̃ /kpl
b
˜ b (see Fig. 4). 435
p[b] is closer to R[b] than the relative pl.f. pl
˜ b in Cl(R[b], b̃) measures the ratio 436
The convex coordinate of pl
between total mass and plausibility of singletons. Obviously, 437
˜ b = R[b] by (23).
when kb̃ = 0 (b̃ does not exists), p[b] = pl
438
2) Meaning of the Ratio β[b] and Pignistic Function: To 439
shed more light on p[b] and get an alternative interpretation of 440
the intersection probability, it is useful to compare p[b] as ex- 441
pressed in (23) with another classical Bayesian approximation 442
of b, i.e., the pignistic function
443
.  mb (A)
= mb (x) +
BetP [b](x) =
|A|
A⊃x


A⊃x,A=x

mb (A)
.
|A|

8
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We can notice that in BetP [b], the mass of each event A,
|A| > 1 is considered separately, and its mass mb (A) is equally
shared among
 the elements of A. In p[b], instead, it is the
447 total mass
|A|>1 mb (A) = 1 − kb̃ of nonsingletons that is
448 considered, and this total mass is distributed proportionally to
449 their non-Bayesian contribution to each element of Θ.
450
How should β[b] be interpreted then? If we write p[b](x) as
444

445
446

3) Example: Let us see a simple example to briefly discuss 470
the two interpretations of p[b] introduced above. Consider a 471
ternary frame Θ = {x, y, z}, and a b.f. b with b.p.a. given by 472
mb (x) = 0.1
mb (z) = 0.2
mb ({x, z}) = 0.1

p[b](x) = mb (x) + β[b] (plb (x) − mb (x))
451
452
453
454

455

(25)

mb ({x, y}) = 0.3
mb ({y, z}) = 0

mb (Θ) = 0.3.

we can observe that a fraction measured by β[b] of its nonBayesian contribution plb (x) − mb (x) is uniformly assigned to
each singleton. This leads to another parallelism between p[b]
and BetP [b]. It suffices to note that if |A| > 1

1
|B|>1 mb (B)
=
β[bA ] = 
|A|
|B|>1 mb (B)|B|

Recalling (23), the total mass of singletons is kb̃ = 0.1 + 0 + 473
0.2 = 0.3, while the non-Bayesian contributions of x, y, z are 474
respectively
475

so that both p[b](x) and BetP [b](x) assume the form

so that the non-Bayesian flag has values R(x) = 0.7/1.7,
R(y) = 0.6/1.7, R(z) = 0.4/1.7.
For each singleton then, the original b.p.a. mb (x) is increased
by a share of the mass of nonsingletons 1 − kb̃ = 0.7 proportional to the value of R(x), i.e.,

mb (x) +



mb (A)βA

A⊃x,A=x

plb (x)−mb (x) = mb (Θ) + mb ({x, y}) + mb ({x, z}) = 0.7
plb (y)−mb (y) = mb ({x, y}) + mb (Θ) = 0.6
plb (z)−mb (z) = mb ({x, z}) + mb (Θ) = 0.4

where βA = const = β[b] for p[b], while βA = β[bA ] in case of
the pignistic function.
458
Under which condition p[b] and pignistic function coincide?
459 A sufficient condition can be achieved by decomposing β[b] as

|B|>1 mb (B)
β[b] = 
|B|>1 mb (B)|B|
n 
mb (B)
k=2
 |B|=k

=
n
|B|=k mb (B)
k=2 k

456
457

=

σ2 + · · · + σn
2σ 2 + · · · + nσ n

mb (x) +



mb (A)β[b] = mb (x) +

A⊃x,A=x

≡




A⊃x,A=x

mb (A)
|A|

mb (A)β[b]

A⊃x,A=x

=


A⊃x,A=x

mb (A)
.
|A|

If ∃k : mb (A) = 0 for |A| = k, then β[b] = 1/k, and the equality is met.

467
In particular, this is true when Σi = 0, i > 2, i.e., when b
468 is 2-additive. The condition of Theorem 5 is in fact a rather
469 straightforward generalization of the concept of 2-additivity.

476
477
478
479
480

p[b](x) = mb (x) + (1 − kb̃ )R(x)
= 0.1 + 0.7 ∗ 0.7/1.7
= 0.388
p[b](y) = mb (y) + (1 − kb̃ )R(y)
= 0 + 0.7 ∗ 0.6/1.7
= 0.247
p[b](z) = mb (z) + (1 − kb̃ )R(z)

(26)

. 
460 after defining σ k =
|B|=k mb (B).
461
Theorem 5: Intersection probability and pignistic function
462 coincide if ∃k ∈ [2, . . . , n] such that σ i = 0 ∀i = k, i.e., the
463 focal elements of b have size 1 or k only.
464
Proof: p[b] = BetP [b] is equivalent to

465
466

mb (y) = 0

= 0.2 + 0.7 ∗ 0.4/1.7
= 0.365.
Equivalently, the line coordinate β[b] of p[b] is equal to

481

1 − kb̃
mb ({x, y}) |{x, y}| + mb ({x, z}) |{x, z}| + mb (Θ)|Θ|
=

0.7
0.7
=
0.3 ∗ 2 + 0.1 ∗ 2 + 0.3 ∗ 3
1.7

and measures the share of plb (x) − mb (x) assigned to each 482
singleton
483
p[b](x) = mb (x) + β[b] (plb (x) − mb (x))
= 0.1 + 0.7/1.7 ∗ 0.7
p[b](y) = mb (y) + β[b] (plb (y) − mb (y))
= 0 + 0.7/1.7 ∗ 0.6
p[b](z) = mb (z) + β[b] (plb (z) − mb (z))
= 0.2 + 0.7/1.7 ∗ 0.4.
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VII. O RTHOGONAL P ROJECTION

484

Although the intersection of the line a(b, plb ) with the region
P  of the Bayesian n.s.f. is not always in P, an orthogonal
487 projection π[b] of b onto a(P) is obviously guaranteed to exist
488 as a(P) is nothing but a linear subspace in the space of n.s.f.s
489 (such as b). An explicit calculation of π[b], however, requires
490 a description of the orthogonal complement of a(P) in RN −2 .
491 Let us denote with n = |Θ| the cardinality of Θ.
485
486

Theorem 6: The orthogonal projection π[b] of b onto a(P) 509
can be expressed in terms of the b.p.a. mb of b as
510
π[b](x) =



mb (A)21−|A| +

A⊃x

π[b](x) =



+

We need to find a necessary
and sufficient condition for an

arbitrary vector v = A⊂Θ vA XA to be orthogonal5 to the
probabilistic subspace a(P). If we compute the scalar product
496 v, by − bx  between v and the generators by − bx of a(P ),
497 we get




vA XA , by − bx =
vA [by − bx ](A)
A⊂Θ

498

A⊂Θ

which remembering (13) becomes

v, by − bx  =
vA −
A⊃y,A⊃x

499
500

A⊃x,A⊃y

A⊃x,A⊃y

If the vector v in particular is a b.f. (vA = b(A))
 

b(A) =
mb (B)
A⊃y,A⊃x

mb (A)



A⊃x

1 − |A|21−|A|
n

mb (B)2n−1−|B∪{y}|

since 2n−1−|B∪{y}| is the number of subsets A of {x}c contain503 ing both B and y, and the orthogonality condition becomes


mb (B)2n−1−|B∪{y}| =
mb (B)2n−1−|B∪{x}| ,
B⊂{y}c

∀y = x.
Now, sets B ⊂ {x, y}c appear in both summations with the
same coefficient (since in that case |B ∪ {x}| = |B ∪ {y}| =
|B| + 1), and the equation, after erasing the common factor
507 2n−2 , reduces to


mb (B)21−|B| =
mb (B)21−|B| ,
∀y = x
504
505
506

B⊃x,B ⊃y

(27)
which expresses the desired orthogonality condition.
5 The

proof is again valid for A = Θ, ∅ too. See Section VIII-A.

(29)

Equation (29) shows that π[b] is indeed a probability, since both 511
1 + |Ac |21−|A| ≥ 0 and 1 − |A|21−|A| ≥ 0 ∀|A| = 1, . . . , n. 512
This is not at all trivial, as π[b] is the projection of b onto 513
the afﬁne space a(P) and could have in principle assigned 514
negative masses to one or more singletons. π[b] is hence another 515
valid candidate to the role of the probabilistic approximation 516
of b.f. b.
517
518

Theorem 6 does not apparently provide any intuition about 519
the meaning of π[b] in terms of degrees of belief. In fact, if 520
we process (29), we can reduce π to a new Bayesian function 521
strictly related to the pignistic function.
522
Theorem 7: π[b] = P(1 − kO [b]) + kO [b]O[b], where P is 523
the uniform probability, and
524

mb (A)21−|A|
Ō[b](x)
=  A⊃x
O[b](x) =
1−|A|
kO [b]
A⊂Θ mb (A)|A|2

mb (A)
(30)

is a Bayesian b.f.
525
As 0 ≤ |A|21−|A| ≤ 1 for all A ⊂ Θ, kO [b] assumes val- 526
ues in the interval [0, 1]. Theorem 7 then implies that the 527
orthogonal projection is always located on the line segment 528
Cl(P, O[b]) joining the uniform, noninformative probability, 529
and the Bayesian function O[b].
530
By (30), it turns out that π[b] = P iff O[b] = P (since 531
kO [b] > 0). The meaning of O[b] becomes clear when noticing 532
that condition (27) (under which a b.f. b is orthogonal to a(P)) 533
can be rewritten as
534


mb (B)21−|B| +
mb (B)21−|B|
B⊃y,B ⊃x

=



B⊃y,x

mb (B)21−|B| +

B⊃x,B ⊃y

≡



mb (B)21−|B| =

B⊃y

508

.

A⊃x 2|A|
mb (A)|A|
A⊂Θ
2|A|

502

B⊃y,B ⊃x

mb (A)

1−|A|

=

B⊂{x}c

B⊂{x}c



A⊃y,A⊃x B⊂A

=

1 + |A |2
n
c

B. Orthogonality Flag

vA .

The orthogonal complement a(P)⊥ of a(P) can then be expressed as




⊥
v(P) = v :
vA =
vA ∀y = x .
A⊃y,A⊃x

501



1 − |A|21−|A|
n

mb (A)

(28)

A. Orthogonality Condition

493
494
495


A⊂Θ

A⊃x

492

9





mb (B)21−|B|

B⊃y,x

mb (B)21−|B|

B⊃x

≡ Ō[b](x) = const
≡ O[b](x) = const = P

∀x ∈ Θ.
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Fig. 5. Redistribution processes associated with pignistic transformation and orthogonal projection. (Top) In the pignistic transformation, the mass of each focal
element A is distributed among its elements. (Bottom) In the orthogonal projection instead (through the orthogonality flag), the mass of each f.e. A is divided
among all its subsets B ⊂ A. In both cases, the related relative plausibility of singletons yields a Bayesian b.f.

Therefore, π[b] = P iff b ⊥ a(P), and O − P measures the
nonorthogonality of b with respect to P. O[b] then deserves the
537 name of orthogonality ﬂag.
535
536

the b.p.a. of each event A among its subsets B ⊂ A (∅, A 554
included). In this second case, we get a u.b.f. [38] bU
555
mbU (A) =

538
539
540
541
542

C. Interpretation in Terms of Plausibilities and
Redistribution Processes
A compelling link can be drawn between orthogonal projection and pignistic function by means of the orthogonality flag
O[b]. Let us define the two b.f.s
. 1  mb (A)
bA
b# =
k#
|A|
A⊂Θ

. 1  mb (A)
b2 =
bA
k2
2|A|
A⊂Θ
where k# and k2 are the normalization factors needed to make
them two admissible b.f.
545
Theorem 8: O[b] is the relative plausibility of singletons of
546 b2 , and BetP [b] is the relative plausibility of singletons of b# .
547
Proof: By definition of pl.f.
543
544

plb2 (x) =



mb2 (A)

A⊃x

=


plb2 (x) =

x∈Θ

548

Ō[b]
1  mb (A)
=
|A|
k2
2k2
2
A⊃x
1   mb (A)
kO [b]
=
|A|
k2
2k2
2
x∈Θ A⊃x

˜ b (x) = Ō[b]/kO [b] = O[b]. Equivalently
by (39). Hence, pl


 mb (B)
2|B|
B⊃A

whose relative belief of singletons b̃U is in fact the orthogonal- 556
ity flag O[b].
557
1) Example: Let us consider again as an example the b.f. 558
b on the ternary frame seen in Section VI-A3. To get the 559
orthogonality flag O[b], we need to apply the redistribution 560
process of Fig. 5 (bottom) to each focal element of b. In this 561
case, their masses are divided among their subsets as
562
m(x) = 0.1 → m (x) = m (∅) = 0.1/2 = 0.05
m(z) = 0.2 → m (z) = m (∅) = 0.2/2 = 0.1
m ({x, y}) = 0.3 → m ({x, y}) = m (x) = m (y)
= m (∅) = 0.3/4 = 0.075
m ({x, z}) = 0.1 → m ({x, z}) = m (x) = m (z)
= m (∅) = 0.1/4 = 0.025
m(Θ) = 0.3 → m (Θ) = m ({x, y}) = m ({x, z})
= m ({y, z}) = m (x) = m (y)
= m (z) = m (∅) = 0.3/8 = 0.0375.
By summing all contributions related to singletons on the right- 563
hand side, we get
564
mbU (x) = 0.05 + 0.075 + 0.025 + 0.0375 = 0.1875

2

plb (x) =


A⊃x

mb (A) =

1
1  mb (A)
= BetP [b](x)
k#
|A|
k#
A⊃x


˜ b (x) = BetP [b](x).
and since x BetP [b](x) = 1, pl


The two functions b# and b2 represent two different
551 processes acting on b (see Fig. 5). The first one redistributes
552 the mass of each focal element among its singletons (yielding
553 directly a Bayesian b.f. BetP [b]). The second one distributes

549
550

mbU (y) = 0.075 + 0.0375 = 0.1125
mbU (z) = 0.1 + 0.025 + 0.0375 = 0.1625
whose sum is the normalization factor

565

kO [b] = mbU (x) + mbU (y) + mbU (z) = 0.4625
so that by normalizing, we get O[b] = [0.405, 0.243, 0.351] . 566
The orthogonal projection π[b] is finally the convex 567
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combination of O[b] and P = [1/3, 1/3, 1/3] with coor569 dinate kO [b]
568

π[b]= P(1 − kO [b]) + kO [b]O[b]
= [1/3,1/3,1/3] (1−0.4625)+0.4625[0.405, 0.243, 0.351]
= [0.366, 0.291, 0.342] .

570

D. Orthogonal Projection and Afﬁne Combination

As a confirmation of this relationship, orthogonal projection
and pignistic function both commute with affine combination.
573
Theorem 9: Orthogonal projection and affine combination
574 commute, i.e., if α1 + α2 = 1
571
572

π[α1 b1 + α2 b2 ] = α1 π[b1 ] + α2 π[b2 ].
Proof: By 
Theorem 7, π[b] = (1 − kO [b])P + Ō[b],
where kO [b] = A⊂Θ mb (A)|A|21−|A| , and Ō[b](x) =

1−|A|
577
. Hence
A⊃x mb (A)2

575
576

kO [α1 b1 +α2 b2 ] =



Fig. 6. Orthogonal projection π[b] and pignistic function BetP [b] are both
located on the simplex whose vertices are all the basis pignistic functions, i.e.,
the uniform probabilities associated with each single event A. However, the
convex coordinates of π[b] are weighted by a factor kO [bA ] = |A|21−|A| ,
yielding a point that is closer to vertices related to lower size events.

Theorem 10: The orthogonal projection can be expressed as 589
a convex combination of all noninformative probabilities with 590
support on a single event A as
591




π[b] = P 1 −
αA  +
αA P A
A=Θ

(α1 mb1 (A)+α2 mb2 (A)) |A|21−|A|

A⊂Θ

592


π[b] = π

which in turn implies (since α1 + α2 = 1)

A⊂Θ

π[α1 b1 + α2 b2 ] = (1 − α1 kO [b1 ] − α2 kO [b2 ]) P


= 1−


This property can be used to find an alternative expression
of the orthogonal projection as the convex combination of the
582 pignistic functions associated with all basis b.f.s.
583
Lemma 2: The orthogonal projection of a basis b.f. bA
584 is given by π[bA ] = (1 − |A|21−|A| )P + |A|21−|A| P A , where

585 P A = (1/|A|)
x∈A bx is the center of mass of all the proba586 bilities with support in A.
587
Proof: By (30), kO [bA ] = |A|21−|A| , so that



x∈A bx

= P A.

mb (A)π[bA ]

A⊂Θ

0,




1−|A|

mb (A)|A|2

A⊂Θ





P+

593

mb (A)|A|21−|A| PA

A⊂Θ



mb (A)|A|21−|A| P +



mb (A)|A|21−|A| PA

A=Θ

+ mb (Θ)|Θ|21−|Θ| P

579
580
581

i.e., O[bA ] = (1/|A|)



mb (A)bA =

A⊂Θ

= α1 π[b1 ] + α2 π[b2 ].

1
|A| ,



= 1−

+ α1 Ō[b1 ] + α2 Ō[b2 ]


= α1 (1 − kO [b1 ]) P + Ō[b1 ]


+ α2 (1 − kO [b2 ]) P + Ō[b2 ]

588



by Theorem 9, which by Lemma 2 becomes



mb (A) (1 − |A|21−|A| )P + |A|21−|A| PA

= α1 Ō[b1 ]+α2 Ō[b2 ]

21−|A| , x ∈ A
⇒ O[bA ](x) =
0,
x∈A


A⊂Θ

A⊃x

Ō[bA ](x) =

(31)

Proof:

= α1 kO [b1 ]+α2 kO [b2 ],

Ō[α1 b1 +α2 b2 ](x) =
(α1 mb1 (A)+α2 mb2 (A)) 21−|A|

578

A=Θ

.
αA = mb (A)|A|21−|A| .

x∈A
x∈A


 594

i.e., (31).
As P A = BetP [bA ], we recognize that

BetP [b] =
mb (A)BetP [bA ]
A⊂Θ

π[b] =


A=Θ


αA BetP [bA ] + 1 −



595


αA  BetP [bΘ ]

A=Θ

(32)
with αA = mb (A)kO [bA ]. Both orthogonal projection and pig- 596
nistic function are convex combinations of all basis pignistic 597
functions. However, as kO [bA ] = |A|21−|A| < 1 for |A| > 2, 598
the orthogonal projection turns out to be closer to the vertices 599
associated with events of lower cardinality (see Fig. 6).
600
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frame Θ = {x, y, z, w} of size 4. Their analytic expressions for 613
the generic element x ∈ Θ are
614
BetP [b](x) = mb (x) +

+

Fig. 7. Orthogonal projection and pignistic function for the b.f. (33) on the
ternary frame Θ3 = {x, y, z}.

1) Example—Ternary Case: Let us consider as an example
602 a ternary frame Θ3 = {x, y, x} and a b.f. on Θ3 with b.p.a.
601

mb (x) = 1/3

mb (Θ3 ) = 1/3
mb (A) = 0,
603

A = {x}, {x, z}, Θ3 .

(33)

According to (31)

1
1 bx + b y + b z
1 bx + b z
= bx +
+
3
3
2
3
3

=
604
605

1 1 1
+ +
3 6 9

+ bz

1 1
+
6 9

+ by

1
9

1
5
11
bx + b y + bz
18
9
18

and the orthogonal projection is the barycenter of the simplex
Cl(P {x} , P {x,z} , P) (see Fig. 7). On the other side
BetP [b](x) =

11
mb (x) mb (x, z) mb (Θ3 )
+
+
=
1
2
3
18

1
BetP [b](y) =
9
BetP [b](z) =

5
1 1
+ =
6 9
18

i.e., BetP [b] = π[b]. This is true for each b.f. b ∈ B3 , since
for
= 3 then αA = mb (A) for |A| ≤ 2, and 1 −
 (32) if |Θ| 
α
=
1
−
A A
A=Θ mb (A) = mb (Θ).
2) Distance Between BetP and π in the Quaternary Case:
610 To get a hint of the relationship between orthogonal projection
611 and pignistic function in the general case, let us compare their
612 expressions in the simplest case in which they are distinct: a

606

607
608
609

+

5
(mb ({x, y, z}) + mb ({x, y, w})
16
+ mb ({x, z, w}))
1
1
mb ({y, z, w}) + mb (Θ).
16
4

(34)

They are very similar to each other. Basically, the difference is 615
that π[b] also counts the masses of focal elements in {x}c (with 616
a small contribution), while BetP [b] by definition does not.
617
After computing their difference
618
BetP [b](x)−π[b](x) =

π[b] = 1/3P {x} + 1/3P {x,z} + (1 − 1/3 − 1/3)P

= bx

1
(mb ({x, y, z}) + mb ({x, y, w})
3
+ mb ({x, z, w}))

1
+ mb (Θ)
4
1
π[b](x) = mb (x) + (mb ({x, y}) + mb ({x, z})
2
+ mb ({x, w}))

+

mb ({x, z}) = 1/3

1
(mb ({x, y}) + mb ({x, z})
2
+ mb ({x, w}))

1
[mb ({x, y, z}) + mb ({x, y, w})
48
+ mb ({x, z, w})−3mb ({y, z, w})]

we can study their L2 distance as b varies. After introducing the 619
notation
620
.
.
y1 = mb ({x, y, z}) y2 = mb ({x, y, w})
.
.
y3 = mb ({x, z, w}) y4 = mb ({y, z, w})
we can maximize (minimize) the norm
. 
#BetP [b] − π[b]#2 =
|BetP [b](x) − π[b](x)|2

621

x

= (y1 + y2 + y3 − 3y4 )2
+ (y1 + y2 + y4 − 3y3 )2
+ (y1 + y3 + y4 − 3y2 )2
+ (y2 + y3 + y4 − 3y1 )2
by imposing (∂/∂yi )#BetP [b](y) − π[b](y)#2 = 0 subject to 622
y1 + y2 + y3 + y4 = 1. The unique solution turns out to be
623
y = [1/4, 1/4, 1/4, 1/4]
which corresponds to [after replacing this solution into (34)] 624
BetP [b] = π[b] = P, where P = [1/4, 1/4, 1/4, 1/4] is the 625
uniform probability on Θ. In other words, the distance between 626
pignistic function and orthogonal projection is minimal (zero) 627
when all size 3 subsets have the same mass.
628
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It is then natural to suppose that their difference must be maximal when all the mass is concentrated on a single size-3 event.
This is in fact correct: #BetP [b] − π[b]#2 is maximal and equal
632 to 12 + 12 + 12 + (−3)2 = 12 when yi = 1, yj = 0 ∀j = i,
633 i.e., the mass of one among {x, y, z}, {x, y, w}, {x, z, w},
634 {y, z, w} is one.
629

630
631

VIII. B RIEF D ISCUSSION

635

The intuition for both the novel probabilistic approximations
of a b.f. we introduced in this paper is provided by the analysis
of the interplay between belief and probability spaces in the
context of the geometric approach to the theory of evidence.
640 Both intersection probability and orthogonal projection are
641 related to the notion of orthogonality: the orthogonality of the
642 dual line and that of π[b] − b with respect to P. Neverthe643 less, they possess different interpretations in terms of mass
644 assignment, and relate in significant but distinct ways with the
645 pignistic transformation.
646
An interesting parallel between p[b] and π[b] comes from
647 their geometric description as points of a segment. Theorem 7
648 and (24)
636

637
638
639

{bA ∈ RN , ∅ ⊆ A ⊆ Θ}
.
this time including a vector b∅ = [1 0 · · · 0] . Note also that in 678
this case bΘ = [0 · · · 0 1] .
679
It is natural to wonder whether the above discussion, and in 680
particular definition and properties of p[b] and π[b], retains its 681
validity. Let us consider again the binary case. We now have 682
to use four coordinates associated with all events in Θ: ∅, {x}, 683
{y}, and Θ. Remember that in the case of u.b.f.
684

b(A) =
mb (B),
A=∅
∅B⊆A

i.e., the contribution of the empty set is not considered when 685
computing the belief value of an event A = ∅.6 The correspond- 686
ing basis belief and pl.f.s are then
687
pl∅ = [0, 0, 0, 0]

bx = [0, 1, 0, 1]

plx = [0, 1, 0, 1] = bx

π[b] = kO [b]O[b] + P(1 − kO [b])

by = [0, 0, 1, 1]

ply = [0, 0, 1, 1] = by

p[b] = kb̃ b̃ + (1 − kb̃ )R[b]

bΘ = [0, 0, 0, 1]

plΘ = [0, 1, 1, 1] .

state that they can both be written as convex combinations that
depend on some flag probabilities associated with them, namely
651 orthogonality and non-Bayesianity flag, respectively
π[b] ↔ O[b]
p[b] ↔ R[b].
It is then worth to study the condition under which p[b] and
orthogonal projection π[b] are the same probability.
A trivial consequence of Theorem 4 is that when b is
655 2-additive, π[b] = p[b] = ς[b]. This though gives us just “point656 wise” information on the relationship between intersection
657 probability and orthogonal projection. It would definitively be
658 worth conducting a study of the distance between all Bayesian
˜ b , b̃ as b varies in B,
659 approximations of b.f.s, BetP , π, p, pl
660 in order to understand how they depend on the b.p.a. of b.
661 We started doing this for the pair BetP [b], π[b] in the case of
662 quaternary frames (Section VII-D2), getting some interesting
663 results. We reserve to explore this direction thoroughly in the
664 near future.
652
653
654

A. U.B.F.s

We also wish to add a remark on the validity of the results
presented in this paper. They have been in fact obtained for
“classical” b.f.s for which the mass assigned to the empty set
669 is 0 : b(∅) = mb (∅) = 0. However, it makes sense in certain
670 situations to work with u.b.f.s [38], i.e., b.f.s admitting nonzero
671 support mb (∅) = 0 for the empty set [39]. mb (∅) is an indicator
672 of the amount of conflict in the evidence carried by a b.f. b but
673 can also be interpreted as the possibility that the existing frame
674 of discernment does not exhaust all the possible outcomes of
666
667
668

the problem. U.B.F.s are naturally associated with vectors with 675
N = 2|Θ| coordinates. A new set of basis u.b.f. can then be 676
defined
677

b∅ = [1, 0, 0, 0]

649
650

665
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A striking difference with the “classical” case is that b(Θ) = 688
1 − mb (∅) = plb (Θ), which implies that both belief and plau- 689
sibility spaces are not in general subsets of the section vΘ = 690
1 of RN . In other words, u.b.f. and u.pl.f. are not n.s.f.s 691
(Section III-C).
692
More precisely, b, plb are n.s.f. iff b(∅) = 0. As a conse- 693
quence, the line a(b, plb ) is not guaranteed to intersect the 694
afﬁne space P  of the Bayesian n.s.f.
695
Consider for instance the line connecting b∅ and pl∅ in the 696
binary case
697
α b∅ + (1 − α) pl∅ = α [1, 0, 0, 0] ,

α ∈ R.

As P  = {[a, b, (1 − b), −a] , a, b ∈ R}, there clearly is no 698
value α ∈ R s.t. α · [1, 0, 0, 0] ∈ P  .
699
Simple calculations show that in fact a(b, plb ) ∩ P  = ∅ iff 700
b(∅) = 0 (i.e., b is “classical”) or (trivially) b ∈ P. This is true 701
in the general case.
702
Proposition 2: p[b] and β[b] are well defined for classical 703
b.f.s only.
704
It is interesting to note that however the orthogonality results 705
of Section V-A are still valid since Lemma 1 does not involve 706
the empty set, while the proof of Theorem 2 is valid for the 707
components A = ∅, Θ too (as by − bx (A) = 0 for A = ∅, Θ). 708
Proposition 3: a(b, plb ) is orthogonal to P for each u.b.f. b, 709
although ς[b] = a(b, plb ) ∩ P  = ∅ iff b is a b.f.
710
Analogously, the orthogonality condition (27) does not con- 711
cern the mass of the empty set. The orthogonal projection π[b] 712
of a u.b.f. b is then well defined (check Theorem 6’s proof), and 713
6 In the unnormalized case, the notation b is usually reserved for implicability
functions, while belief functions are denoted by Bel [12].

14

714
715

IEEE TRANSACTIONS ON SYSTEMS, MAN, AND CYBERNETICS—PART B: CYBERNETICS, VOL. 37, NO. 4, AUGUST 2007

it is still given by (28) and (29), where this time the summations
on the right-hand side include the empty set too

π[b](x) =
mb (A)21−|A|

+

∅⊆A⊂Θ

π[b](x) =



mb (A)

A⊃x

+


∅⊆A⊃x

716

1 − |A|2
n

1−|A|

mb (A)

mb (A)

759


mb (A)bA + β[b]

A⊂Θ







µb (A)bA −

A⊂Θ

=


mb (A)bA

A⊂Θ

bA [mb (A) + β[b] (µb (A) − mb (A))]

A⊂Θ

.

IX. C ONCLUSION

In this paper, we introduced two new probabilistic approximations of b.f.s, which are both derived from purely geometric
considerations. They are indeed associated with two different
720 geometric loci: the dual line passing through b and plb in the
721 belief space; and the orthogonal complement of the probability
722 subspace.
723
After proving that the line a(b, plb ) is always orthogonal
724 to P and intersects the region of the Bayesian n.s.f. P  , we
725 introduced the probability p[b] associated with this intersection
726 and discussed two interpretations of p[b] in terms of non727 Bayesian contributions of singletons.
728
On the other side, after precising the condition under which a
729 b.f. b is orthogonal to P, we gave two equivalent expressions of
730 the orthogonal projection of b onto P. We saw that π[b] can be
731 reduced to another probability signaling the distance of b from
732 orthogonality, and that this “orthogonality flag” can in turn be
733 interpreted as the result of a mass redistribution process anal734 ogous to that associated with the pignistic transformation. We
735 proved that π[b] commutes with the affine combination operator
736 and can therefore be expressed as a convex combination of basis
737 pignistic functions, which confirms the strict relation between
738 π[b] and BetP [b].
739
We finally studied the difference between intersection prob740 ability and orthogonal projection, and discussed which results
741 retain their validity in the case of u.b.f.s.
742
We have seen when discussing the binary case that, while
743 BetP [b], p[b], and π[b] belong to the same “family” of Bayesian
744 approximations of b (as they coincide under 2-additivity), the
745 relative plausibility p̃[b] and belief b̃ of singletons [13] do not fit
746 in the same scheme. In the near future, we will show that p̃[b]
747 turns out to be the best Bayesian approximation of a b.f. in the
748 framework of Dempster’s combination rule, and investigate the
749 dual geometry of relative plausibility and belief of singletons
750 [36]. Naturally enough, the geometric approach can also be
751 exploited to study the problem of approximating a b.f. with a
752 possibility measure or “consistent” b.f. [2]. Last but not least, it
753 will be definitively worth to seek for a complete picture of the
754 conditions under which all different Bayesian approximations
755 of b coincide as a crucial contribution to a full understanding
756 their semantics.
717
718
719

Proof of Theorem 4



1 + |Ac |21−|A|
n
1 − |A|21−|A|
n

757
758

By definition (17), ς[b] can be written in terms of the refer- 760
ence frame {bA , A ⊂ Θ} as
761

A⊃x



A PPENDIX
P ROOFS

since µb (.) is the Moebius inverse of plb (.). For ς[b] to be 762
a Bayesian b.f., accordingly, all the components related to 763
nonsingleton subsets need to be zero
764
mb (A) + β[b] (µb (A) − mb (A)) = 0,

∀A : |A| > 1.

This condition in turn reduces to (recalling expression (20) 765
of β[b])
766
µb (A)



mb (B)

|B|>1



+ mb (A)
≡ µb (A)





mb (B)|B| −

|B|>1

mb (B) + mb (A)

|B|>1





mb (B) = 0

|B|>1



mb (B)(|B| − 1) = 0

|B|>1

(35)


∀A : |A| > 1. But now, |B|>1 mb (B)(|B|−1) = |B|>1 mb (B) 767

+ |B|>2 mb (B)(|B| − 2), so that (35) reads as
768
[µb(A)+ mb(A)]



mb(B)+ mb(A)

|B|>1



mb(B)(|B|−2) = 0

|B|>2

≡ [mb (A) + µb (A)] M1 [b] + mb (A)M2 [b] = 0 (36)
. 
∀A : |A| > 1, after defining M1 [b] = |B|>1 mb (B), and 769

.
M2 [b] = |B|>2 mb (B)(|B| − 2), respectively.
770
Now, it is easy to note that
771
M1 [b] = 0 ⇔ mb (B) = 0

∀B : |B| > 1 ⇔ b ∈ P

M2 [b] = 0 ⇔ mb (B) = 0

∀B : |B| > 2

as all the terms inside the summations are nonnegative by defin- 772
ition of b.p.a.. We can distinguish three cases: 1) M1 = 0 = M2 773
(b ∈ P); 2) M1 = 0 but M2 = 0, and finally 3) M1 = 0 = M2 . 774
If M1 = M2 = 0, then b is a probability (trivially), while if 775
M1 = 0 = M2 , then (36) implies mb (A) = µb (A) = 0, |A| > 776
1 i.e., b ∈ P, which is a contradiction.
777
The only nontrivial case is then M2 = 0, where condition 778
(36) becomes
779
M1 [b] [mb (A) + µb (A)] = 0,

∀A : |A| > 1.
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For all |A| > 2, we have that mb (A) = µb (A) = 0 (since
M2 = 0), and the constraint
is met. If |A| = 2, in
stead µb (A) = (−1)|A|+1 B⊃A mb (B) = (−1)2+1 mb (A) =
783 −mb (A) (since mb (B) = 0 ∀B ⊃ A, |B| > 2) so that µb (A) +
784 mb (A) = 0, and the constraint is again met. Finally, as the
785 coordinate β[b] of ς[b] on the line a(b, plb ) can then be re786 written as
780

781
782

β[b] =

M1 [b]
M2 [b] + 2M1 [b]

if M2 = 0, then β[b] = 1/2, and ς[b] = (b + plb )/2.

788

Proof of Theorem 6

789

Finding the orthogonal projection π[b] of b onto a(P) is
equivalent to imposing the condition π[b] − b, by − bx  = 0 ∀
y = x. Replacing the masses of π − b

790
791

π(x) − mb (x),
−mb (A),
792
793

x∈Θ
|A| > 1

(38)
After replacing the first n − 1 equations of (38) into the normalization constraint, we get
π(x)+





−



mb (A)2





=

Ax



1
n mb (x) + 1 −
mb (y) + n
mb (A)21−|A|
n




Ax

1−|A|

mb (A)2

mb (y)

mb (A)21−|A|



|A| −

1−|A|

mb (A)2



|A| .

A⊃x,|A|>1

Ax


We then just need to note that − y∈Θ mb (y) = 802

− |A|=1 mb (A)|A|21−|A| , so that the orthogonal projection 803
can be finally expressed as
804


1
n mb (x) + n
π(x) =
mb (A)21−|A|
n
Ax


1−|A|
+1−
mb (A)|A|2
A⊂Θ



mb (A)21−|A|

Ax



1 − |A|21−|A|
n

mb (A)

A⊂Θ

=1

y =x



mb (A)21−|A| (n − |A|)

801
for n − |A| = 0 when A = Θ. Hence, π(x) is equal to



1
1 + (n − 1)mb (x) −
mb (y) −
mb (A)21−|A| |A|
n
y =x
A⊃x,|A|>1


+
mb (A)21−|A| (n − |A|)

i.e., (28), and since
21−|A| +

nπ(x) = 1 + (n − 1)mb (x) −



Ax


1−|A|

which is equivalent to

+

=

+

A⊃x,A⊃y,|A|>1

796

mb (A)21−|A| (n − |A|)

A⊃x,1<|A|<n

mb (A)21−|A|

A⊃y,A⊃x,|A|>1

y =x



=

= mb (x) +



π(x)+mb (y)−mb (x)+

mb (A)21−|A|

y =x Ax,A⊃y

−

into (27) yields, after extracting the singletons x from the
summation, the system

y∈Θ

794

800

y∈Θ



1−|A|
+ mb (y)

 π(y) = π(x)+ A⊃y,A⊃x,|A|>1 mb (A)2




− mb (x)−
mb (A)21−|A|
∀y = x
A⊃x,A
⊃y,|A|>1





π(y) = 1.


795

they contain). Instead
 

(37)

787

15

805

|A| 1−|A| 1 + 21−|A| (n − |A|)
1
−
2
=
n
n
n
1 + 21−|A| |Ac |
=
n

we get the second form (29).

806

Proof of Theorem 7

807

y =x A⊃x,A⊃y,|A|>1

−





mb (A)21−|A| .

y =x A⊃y,A⊃x,|A|>1

797

But now


y =x A⊃y,A⊃x,|A|>1

798
799

mb (A)21−|A| =



By (28), we can write

808

1
π[b](x) = Ō[b](x) +
n
mb (A)21−|A| |A|



mb (A)

A⊂Θ

−

A⊃x,|A|>1

as all events A not containing x do contain some y = x,
and they are counted |A| times (i.e., once for each element






mb (A)|A|2

A⊂Θ

= Ō[b](x) +

1−|A|

1
(1 − kO [b]) .
n

16

809
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But since


Ō[b](x) =

x∈Θ



mb (A)21−|A|

x∈Θ A⊃x

=



mb (A)|A|21−|A|

A⊂Θ

= kO [b]

(39)

i.e., kO [b] is the normalization factor for Ō[b], the function (30)
is a Bayesian b.f., and we can write (as P(x) = (1/n)) π[b] =
812 (1 − kO [b])P + kO [b]O[b].
810
811

813
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Abstract—In this paper, we analyze from a geometric perspective the meaningful relations taking place between belief and
probability functions in the framework of the geometric approach
to the theory of evidence. Starting from the case of binary domains, we identify and study three major geometric entities relating a generic belief function (b.f.) to the set of probabilities P:
1) the dual line connecting belief and plausibility functions; 2) the
orthogonal complement of P; and 3) the simplex of consistent
probabilities. Each of them is in turn associated with a different
probability measure that depends on the original b.f. We focus
in particular on the geometry and properties of the orthogonal
projection of a b.f. onto P and its intersection probability, provide
their interpretations in terms of degrees of belief, and discuss their
behavior with respect to affine combination.

18
Index Terms—Bayesian belief functions (b.f.), commutativity,
19 geometric approach, intersection probability, orthogonal projec20 tion, theory of evidence.

I. I NTRODUCTION

21

U

NCERTAINTY measures play a major role in fields like
artificial intelligence, where problems involving formal24 ized reasoning are common. The theory of evidence is among
25 the most popular such formalisms, thanks perhaps to its nature
26 of natural extension of the classical Bayesian methodology.
27 Indeed, the notion of belief function (b.f.) [1] generalizes that of
28 finite probability, with classical probabilities forming a subclass
29 P of b.f. called Bayesian b.f. B.F.s are defined on the power set
30 2Θ = {A ⊂ Θ} of a finite domain Θ and have the form
22
23

b(A) =



m(B)

B⊂A

where m : 2Θ → [0, 1] is a second function called basic probability assignment (b.p.a.).
The interplay of belief and Bayesian functions is of course
34 of great interest in the theory of evidence. In particular, many
35 people worked on the problem of finding a probabilistic or
36 possibilistic [2] approximation of an arbitrary b.f. A number of
37 papers [3]–[6] have been published on this issue (see [7] and [8]
38 for a review) mainly in order to find efficient implementations
39 of the rule of combination aiming to reduce the number of

31
32
33
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1

focal elements. Tessem [9], for instance, incorporated only the 40
highest-valued focal elements in his mklx approximation; a 41
similar approach inspired the summarization technique formu- 42
lated by Lowrance et al. [10]. The relation between b.f.s and 43
probabilities is as well the foundation of a popular approach to 44
the theory of evidence, i.e., Smets’ “Transferable Belief Model” 45
[11], where beliefs are represented at credal level while deci- 46
sions are made by resorting to a Bayesian b.f. called pignistic 47
function [12]. On his side, Voorbraak [13] proposed to adopt the 48
˜ b , which is the 49
so-called relative plausibility function (pl.f.) pl
unique probability that assigns to each singleton its normalized 50
plausibility given a b.f. b with plausibility plb . He proved 51
˜ b is a perfect representative of b when combined with 52
that pl
˜ b ⊕ p = b ⊕ p ∀p ∈ P. Cobb and Shenoy 53
other probabilities pl
[14]–[16] analyzed the properties of the relative plausibility of 54
singletons [17] and discussed its nature of probability function 55
that is equivalent to the original b.f.
56
The study of the link between b.f.s and probabilities has also 57
been posed in a geometric setup [18]–[20]. Black in particular 58
dedicated his doctoral thesis to the study of the geometry of b.f.s 59
and other monotone capacities [20]. An abstract of his results 60
can be found in [19], where he uses shapes of geometric loci to 61
give a direct visualization of the distinct classes of monotone 62
capacities. In particular, a number of results about lengths 63
of edges of convex sets representing monotone capacities are 64
given together with their “size” meant as the sum of those 65
lengths. Another close reference is perhaps the work of Ha 66
and Haddawy [18], who proposed an “affine operator” that 67
can be considered a generalization of both b.f.s and interval 68
probabilities and can be used as a tool for constructing convex 69
sets of probability distributions. Uncertainty is modeled as 70
sets of probabilities represented as “affine trees,” while actions 71
(modifications of the uncertain state) are defined as tree manip- 72
ulators. A small number of properties of the affine operator are 73
also presented. In a later work [21], they presented the interval 74
generalization of the probability cross-product operator called 75
convex closure (cc) operator. They analyzed the properties of 76
the cc operator relative to manipulations of sets of probabilities 77
and presented interval versions of Bayesian propagation algo- 78
rithms based on it. Probability intervals were represented in a 79
computationally efficient fashion by means of a data structure 80
called pcc-tree, where branches are annotated with intervals, 81
and nodes are annotated with convex sets of probabilities.
82
On our side, in a series of recent works [22]–[24], we 83
proposed a geometric interpretation of the theory of evidence in 84
which b.f.s are represented as points of a simplex called belief 85
space [22]. As a matter of fact, as a b.f. b : 2Θ → [0, 1] is com- 86
pletely specified by its 2|Θ| − 1 belief values {b(A), A ⊂ Θ, 87

1083-4419/$25.00 © 2007 IEEE
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A = ∅}, it can be represented as a point of the Cartesian
.
space RN −1 , N = 2|Θ| . In this framework, different uncertainty
descriptions like upper and lower probabilities, b.f.s, and prob91 ability and possibility measures can be studied in a unified
92 fashion.
93
In this paper, we use tools provided by the geometric
94 approach (Section III) to study the interplay of belief and
95 Bayesian functions in the framework of the belief space. We
96 introduce two new probabilities related to a b.f., which are both
97 derived from purely geometric considerations. We thoroughly
98 discuss their interpretation and properties, and their relations
99 with the other known Bayesian approximations of b.f.s, i.e.,
100 pignistic function and relative plausibility of singletons.
88

89
90

101

A. Paper Outline

More precisely, we first look for an insight by considering the
simplest case in which the frame of discernment has only two
104 elements (Section IV). It turns out that each b.f. b is associated
105 with three different geometric entities: 1) the simplex of con106 sistent probabilities P[b] = {p ∈ P : p(A) ≥ b(A) ∀A ⊂ Θ};
107 2) the line (b, plb ) joining b with the related pl.f. plb ; and
108 3) the orthogonal complement P ⊥ of the probabilistic subspace
109 P. These in turn determine three different probabilities asso110 ciated with b: 1) the barycenter of P[b] or pignistic function
111 BetP [b]; 2) the intersection probability p[b]; and 3) the orthog112 onal projection π[b] of b onto P. In the binary case, all those
113 Bayesian functions coincide.
114
In Section V, we prove that although the line (b, plb ) is
115 always orthogonal to P, it does not intersect in general the
116 Bayesian region. However, it does intersect the region of
117 Bayesian normalized sum functions (n.s.f.s), i.e., the natural
118 generalizations of b.f.s obtained by relaxing the positivity con119 straint for b.p.a. This intersection yields a Bayesian n.s.f. ς[b].
120
In Section VI, we will see that ς[b] is in turn associated with
121 a Bayesian b.f. p[b], which we call intersection probability. We
122 will give two different interpretations of the way this probability
123 distributes the masses of the focal elements of b to the elements
124 of Θ, both depending on the difference between plausibility and
125 belief of singletons. We will also compare the combinatorial
126 and geometric behavior of p[b] with those of the pignistic
127 function and the relative plausibility of singletons.
128
Section VII will instead be devoted to the study of the
129 orthogonal projection of b onto the probability simplex P. We
130 will show that π[b] always exists and is indeed a probability
131 function. After precising the condition under which a b.f. b
132 is orthogonal to P, we will give two equivalent expressions
133 of the orthogonal projection. We will see that π[b] can be
134 reduced to another probability signaling the distance of b from
135 orthogonality, and that this “orthogonality flag” can in turn
136 be interpreted as the result of a mass redistribution process
137 analogous to that associated with the pignistic transformation.
138 We will prove that as BetP [b] does, π[b] commutes with the
139 affine combination operator and can therefore be expressed
140 as a convex combination of basis pignistic functions, which
141 confirms the strict relation between π[b] and BetP [b].
142
Finally, in Section VIII, we will briefly outline a compari143 son between the two functions introduced here by comparing
102
103

their expressions as convex combinations, and formulate some
conditions under which they coincide. For the sake of completeness, we will discuss the case of unnormalized b.f. (u.b.f.) and
argue that, while p[b] is not defined for a generic u.b.f. b, π[b]
exists and retains its properties.
To improve the readability of this paper, all major proofs have
been moved to the Appendix.

150

II. T HEORY OF E VIDENCE

151

144
145
146
147
148
149

The theory of evidence [1] was introduced in the late 1970s 152
by G. Shafer as a way of representing epistemic knowl- 153
edge, which was inspired by the sequence of seminal works 154
[25]–[27] of A. Dempster. In this formalism, the best represen- 155
tation of chance is a b.f. rather than a Bayesian mass distrib- 156
ution. A b.f. assigns probability values to sets of possibilities 157
rather than single events.
158
Deﬁnition 1: A b.p.a. over a finite set or “frame of discern- 159
ment” [1] Θ is a function m : 2Θ → [0, 1] on its power set 160
2Θ = {A ⊂ Θ} such that
161
m(∅) = 0



m(A) ≥ 0

m(A) = 1,

∀A ⊂ Θ.

A⊂Θ

Subsets of Θ associated with nonzero values of m are called
focal elements.
Deﬁnition 2: The b.f. b : 2Θ → [0, 1] associated with a b.p.a.
m on Θ is defined as

b(A) =
m(B).

162
163
164
165

B⊂A

Conversely, the unique b.p.a. mb associated with a given b.f. b 166
can be recovered by means of the Moebius inversion formula 167
mb (A) =



(−1)|A−B| b(B)

(1)

B⊂A

so that there is a 1–1 correspondence between the two set
functions mb ↔ b. In the theory of evidence, a probability
function or Bayesian b.f. is just a special b.f. assigning nonzero
masses to singletons only: mb (A) = 0, |A| > 1.
A dual mathematical representation of the evidence encoded
by a b.f. b is the pl.f.
→
→

plb : 2Θ
A

168
169
170
171
172
173

[0, 1]
plb (A)

where the plausibility plb (A) of an event A is given by

174

.
plb (A) = 1 − b(Ac )

mb (B)
=1 −
B⊂Ac

=



mb (B) ≥ b(A)

(2)

B∩A=∅

where Ac denotes the complement of A in Θ. For each event A, 175
plb (A) expresses the amount of evidence not against A.
176
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177
178

3

III. G EOMETRY OF B ELIEF AND PL.F. S
A. Belief Space

Motivated by the search for meaningful probabilistic approximations of b.f.s, we introduced the notion of belief space
[22], [24], [28] as the space of all b.f.s with a given do182 main.1 Consider a frame of discernment Θ and introduce in
183 the Cartesian space RN −1 , N = 2|Θ| an orthonormal reference
184 frame {XA : A ⊂ Θ, A = ∅} (note that ∅ is not included). Each

N −1
185 vector v =
is then potentially a
A⊂Θ,A=∅ vA X(A) in R
186 b.f., in which each component vA measures the belief value
187 of A : vA = b(A). Not every such vector v ∈ RN −1 however
188 represents a valid b.f.
189
Deﬁnition 3: The belief space associated with Θ is the set of
190 points BΘ of RN −1 that correspond to a b.f.
191
We will assume the domain Θ fixed and denote the belief
192 space with B. To determine which points “are” b.f.s, we can
193 exploit the Moebius inversion lemma (1) by computing the
194 corresponding b.p.a. and checking the axioms mb must obey.
195 It is not difficult to prove (see [29] for details) that B is convex.
196 Let us call
179
180
181

.
bA = b ∈ B s.t. mb (A) = 1 mb (B) = 0,

∀B = A

the unique b.f. assigning all the mass to a single subset A of
Θ (Ath basis b.f.), and Eb the list of focal elements of b. The
following theorem can then be proven [29].
200
Theorem 1: The set of all b.f.s with focal elements in a given
201 collection L is closed and convex in B, namely
197

198
199

{b : Eb ⊂ L} = Cl(bA : A ∈ L)
202

where Cl denotes the cc operator

Cl(b1 , . . . , bk ) =

b ∈ B : b = α1 b1 + · · · + αk bk ,



αi = 1, αi ≥ 0

∀i . (3)

Fig. 1. Simplicial structure of the belief space B. Its vertices are all basis b.f.s
bA represented as vectors of RN −1 . The probabilistic subspace is just a subset
Cl(bx , x ∈ Θ) of its border.

signing nonzero masses to singletons only, Theorem 1 implies
the following corollary.
Corollary 2: The set P of all Bayesian b.f.s on Θ is the
simplex determined by all basis b.f.s associated with singletons2

203

B. Plausibility Space

215

As pl.f.s are also completely determined by their N − 1
values plb (A), A ⊂ Θ, A = ∅ on the power set of Θ, they too
can be seen as vectors of RN −1 . We call plausibility space the
region PL of RN −1 whose points correspond to pl.f.s

PL = v ∈ RN −1 : ∃plb : 2Θ → [0, 1]

s.t. vA = plb (A),
∀A ⊂ Θ, A = ∅ .

216
217

In [23], we proved the following proposition.
Proposition 1: PL is a simplex
A ⊂ Θ, A = ∅) whose vertices are

plA = −
(−1)|B| bB .

(4)

The convex space delimited by a collection of (affinely independent [30]) points is called a simplex: Fig. 1 illustrates the
simplicial form of B. Each b.f. b ∈ B can be written as a convex
208 sum as

b=
mb (A)bA .
(5)
205
206
207

A⊂Θ,A=∅

209
210

218
219

220

PL = Cl(plA , 221
222

(6)

B⊂A

The following is then just a consequence of Theorem 1.
Corollary 1: The belief space B is the cc of all basis b.f.s bA
B = Cl(bA , A ⊂ Θ, A = ∅).

213
214

P = Cl(bx , x ∈ Θ).

i

204

211
212

Geometrically, a b.p.a. mb is nothing but the set of coordinates
of b in the simplex B. Clearly, since a probability is a b.f. as1 Several notations in this paper have been changed with respect to other
previous works in order to adopt a more standard symbology for belief and
plausibility functions.

The vertex plA of the plausibility space turns out to be the
plausibility vector associated with the basis b.f. bA , plA = plbA .
Again, every plausibility vector plb can be uniquely expressed
as a combination of the basis b.f.s bA . We have that3

plb =
plb (B)XB
B⊂Θ

=



B⊂Θ

=


A⊂Θ



plb (B) ·

bA

bA (−1)|A\B|

A⊃B




|A\B|

(−1)

plb (B)

B⊂A

2 With a harmless abuse of notation, we will denote the basis belief function
associated with a singleton x by bx instead of b{x} . Accordingly, we will write
mb (x), plb (x) instead of mb ({x}), plb ({x}).
3 Note that pl (∅) = 0, so that the expression is well defined although X
b
∅
does not exist.

223
224
225
226
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(since by Moebius transform XB =
228 which yields

plb =
µb (A)bA

227



|A\B|
)
A⊃B bA (−1)

(7)

A⊂Θ

229

where (see [23])
. 
µb (A) =
(−1)|A\B| plb (B)
B⊂A

= (−1)|A|+1



mb (B),

A=∅

(8)

B⊃A

(µb (∅) = 0) is the Moebius inverse of the pl.f. called basic
plausibility assignment (b.pl.a.). The Bayesian region P =
Cl(bx , x ∈ Θ) is part of the border of both belief and plausi233 bility spaces.
230

231
232

234

C. N.S.F.s

It may be confusing to think of belief and pl.f.s as points
of the same Cartesian space. However, this is a simple consequence of the fact that both are defined on the same domain,
238 i.e., the power set of Θ. As Θ is finite, they can both be seen as
239 real-valued vectors with the same number N − 1 = 2|Θ| − 1 of
240 components.
241
Furthermore, as belief and plausibility spaces do not exhaust
242 the whole RN −1 , it is natural to wonder whether points “out243 side” them have any meaningful interpretation in this frame244 work [29]. In fact, following the same principle, each vector
245 v = [v1 , . . . , vA , . . . , vΘ ] ∈ RN −1 can be thought of as a func246 tion ς : 2Θ \ ∅ → R s.t. ς(A) = vA . Each of these functions ς
247 has a Moebius inverse mς : 2Θ \ ∅ → R such that

ς(A) =
mς (B)
235
236
237

B⊂A

i.e., each vector ς of RN −1 can be thought of as a sum function
(see [31] for a brief introduction). However, mς does not in
250 general meet the positivity constraint: mς (A) ≥ 0 ∀A ⊂ Θ.
251
The section {v ∈ RN −1 : vΘ = 1} of RN −1 corresponds to
252 the constraint ς(Θ) = 1, so that all points of this section are
253 sum functions meeting the normalization axiom

mς (A) = 1.

248
249

A⊂Θ

Normalized sum functions (N.S.F.s) are natural extensions of
b.f.s in this geometric framework. Analogous to the case of
256 b.f.s, we call Bayesian n.s.f. any n.s.f. ς such that

mς (x) = 1.
(9)
254
255

x∈Θ

257

IV. B ELIEF AND P ROBABILITY IN THE B INARY C ASE

It may be helpful to visually render these concepts in a simple
example. Fig. 2 shows the geometry of belief and plausibility
spaces for a binary frame Θ2 = {x, y}. As |Θ| = 2, b.f. and
261 pl.f. “are” vectors [vx , vy , vΘ ] of a space with N − 1 = 22 −
258

259
260

Fig. 2. In a binary frame Θ2 = {x, y}, both belief B and plausibility PL
space are simplices with vertices {bΘ = [0, 0] , bx = [1, 0] , by = [0, 1] }
and {plΘ = [1, 1] , plx = bx , ply = by }, respectively. A b.f. b and the corresponding pl.f. plb are always located in symmetric positions with respect to
˜
the segment P of probabilities on Θ2 . The associated relative plausibility pl
b

and belief b̃ of singletons are shown as the intersections of the probabilistic
subspace with the line joining plb and bΘ = [0, 0] and the line passing through
b and bΘ , respectively. The other Bayesian functions related to b all coincide
with the center of the segment of consistent probabilities P[b].

1 = 3 dimensions. However, since b(Θ) = plb (Θ) = 1 for all 262
b, we can neglect the component vΘ ≡ 1 and represent belief 263
and plausibility vectors as points of a plane with coordinates 264
b = [b(x) = mb (x), b(y) = mb (y)]
plb = [plb (x) = 1 − mb (y), plb (y) = 1 − mb (x)] .

In this case, the b.pl.a. of b is µb (x) = (−1)2 B⊃x mb (B) = 265
mb (x) + mb (Θ) = plb (x), µb (y) = (−1)2 B⊃y mb (B) = 266
mb (y) + mb (Θ) = plb (y), and plb = plb (x)bx + plb (y)by . We 267
can notice that both B and PL are symmetric with respect to 268
the Bayesian region P. Furthermore, each pair of functions 269
(b, plb ) determines a line orthogonal to P, where b and plb 270
lie on symmetric positions on the two sides of the Bayesian 271
segment P = Cl(bx , by ).
272
Let us denote with a(v1 , . . . , vk ) the affine subspace of 273
a Cartesian space Rm generated by some points v1 , . . . , 274
m
m
v
k ∈ R , i.e., the set {v ∈ R : v = α1 v1 + · · · + αk vk , 275
α
=
1}.
276
i i
In the binary case, the plane R2 in which B, PL lie is the 277
affine space of n.s.f.s on Θ2 . The region P  of all Bayesian n.s.f. 278
is obviously (9) the line
279
P  = ς ∈ R2 : mς (x) + mς (y) = 1 = a(P)
and coincides with the affine space a(P) = a(bx , x ∈ Θ) gen- 280
erated by P.
281
Consider now the set of probabilities P[b] dominating b (con- 282
sistent probabilities), i.e., the Bayesian b.f. such that p(A) ≥ 283
b(A) ∀A ⊂ Θ. In the simple binary case, the probabilities 284
consistent with b form a segment (1-D simplex) in P (see Fig. 2) 285
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286
287

whose center of mass P is known [23], [32], [33] to be Smets’
pignistic function [34], [35]
BetP [b] =


x∈Θ

 mb (A)
bx
|A|
A⊃x

= bx mb (x) +

mb (Θ)
2

+ by mb (y) +

mb (Θ)
2

.

as the translated version of a vector space

We can notice however that it also coincides with the orthogonal
projection π[b] of b onto P, and the intersection p[b] of the line
290 a(b, plb ) with the Bayesian simplex P
p[b] = π[b] = BetP [b] = P[b].
Epistemic notions like consistency and pignistic transformation
seem then to be related to geometric properties such as orthog293 onality. It is natural to wonder whether this is true in general or
294 is just an artifact of the binary frame.
295
It is worth to notice incidentally that the relative plausibility
˜ b [13]
296 of singletons pl
291
292

. plb (x)
˜ b (x) =

pl
plb (y)

(11)

y∈Θ

297
298
299

although consistent with b does not follow the same scheme.
The same can be said of the relative belief of singletons, i.e.,
the Bayesian function
. mb (x)
b̃(x) = 
mb (y)
y∈Θ

assigning to each singleton x its normalized mass (see
Fig. 2). We will consider their behavior separately in the near
future [36].
303
In the following, we will instead study two other geometric
304 loci related to b, in particular the line a(b, plb ) and the orthog305 onal complement P ⊥ of P, and introduce the two Bayesian
306 b.f.s associated with them, i.e., orthogonal projection π[b] and
307 intersection probability p[b]. We will compare them with both
308 pignistic function and relative plausibility of singletons, and
309 with each other. We will provide interpretations of π[b], p[b]
310 in terms of degrees of belief and discuss their behavior with
311 respect to affine combination.

300
301
302

312

V. G EOMETRY OF THE D UAL L INE

Let us then first consider the “dual line” connecting a pair of
belief and plausibility measures supporting the same evidence.
As a matter of fact, orthogonality turns out to be a general
316 feature of a(b, plb ). As we just saw in the binary case, b(Θ) =
317 plb (Θ) = 1 ∀b, so that we can consider b, plb as points of RN −2 .
313
314
315

321

a(P) = bx + span(by − bx ∀y ∈ Θ, y = x)
where span(by − bx ) denotes the vector space generated by 322
the n − 1 vectors by − bx (n = |Θ|). After recalling that, by 323
definition
324
bB (A) =

(10)
288
289

5

we can point out that
symmetry

 1,
by − bx (A) = 0,

−1,

1,
0,

A⊃B
else

(12)

these vectors show a rather peculiar 325
326

A ⊃ {y}, A ⊃ {x}
A ⊃ {x}, {y} or A ⊃ {x}, {y} (13)
A ⊃ {y}, A ⊃ {x}

327
that can be usefully exploited.
Lemma 1: [by − bx ](Ac ) = −[by − bx ](A) ∀A ⊂ Θ.
328
Proof: By (12) [by − bx ](A) = 1 ⇒ A ⊃ {y}, A ⊃ 329
{x} ⇒ Ac ⊃ {x}, Ac ⊃ {y} ⇒ [by − bx ](Ac ) = −1
and 330
vice-versa. On the other side, [by − bx ](A) = 0 ⇒ A ⊃ {y}, 331
A ⊃ {x} or A ⊃ {y}, A ⊃ {x}. In the first case, 332
Ac ⊃ {x}, {y}, and in the second one, Ac ⊃ {x}, {y}. In 333
both cases, [by − bx ](Ac ) = 0.
 334
Theorem 2: The line connecting plb and b in RN −2 is orthog- 335
onal to the affine space generated by the probabilistic simplex, 336
i.e., b − plb ⊥ a(P).
337
Proof 4 : Having denoted with XA the Ath axis of the 338
orthonormal reference frame {XA : A = Θ, ∅} in RN −2 (see 339
Section III), we can write their difference as
340

plb − b =
[plb (A) − b(A)] XA
∅AΘ

where

341

[plb − b](Ac ) = plb (Ac ) − b(Ac )
= 1 − b(A) − b(Ac )
= 1 − b(Ac ) − b(A)
= plb (A) − b(A)
= [plb − b](A).

(14)

The scalar product ·, · between the vector plb − b and the basis 342
vectors of a(P) is then
343

plb − b, by − bx  =
[plb − b](A) · [by − bx ](A)
∅AΘ

which by (14) becomes


344



[plb − b](A) [by − bx ](A) + [by − bx ](Ac )

|A|≤|Θ|/2 ,A=∅

318

A. Orthogonality

319

Let us consider the affine subspace a(P) = a(bx , x ∈ Θ)
generated by the simplex of Bayesian b.f.s. This can be written

320

whose addenda are all nil by Lemma 1.
4 In

fact, the proof is valid for A = Θ, ∅ too.

 345

6

346
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B. Intersection With the Region of Bayesian N.S.F.s

One might be tempted to conclude that since a(b, plb ) and
P are always orthogonal, their intersection is the orthogonal
349 projection of b onto P as in the binary case. Unfortunately, this
350 is not the case for in general they do not intersect each other.
351
As a matter of fact, b and plb belong to a (2n−2 )-dimensional
352 Euclidean space, while the dimension of P is only n − 1. If
353 n = 2, n − 1 = 1 and 2n − 2 = 2 so that a(P) divides the
354 plane into two half-planes with b on one side and plb on the
355 other side (see Fig. 2).
356
Formally, for a point on the line a(b, plb ) to be a probability,
357 we need to find a value of α such that b + α(plb − b) ∈ P.
358 Its components obviously are b(A) + α[plb (A) − b(A)] for any
359 subset A ⊂ Θ, A = Θ, ∅ and in particular when A = {x} is a
360 singleton

347
348


Proof: The numerator of (16) is trivially |B|>1 m(B). 375
On the other side
376


1 − b(xc ) − b(x) =
mb (B) −
mb (B) − mb (x)
B⊂xc

B⊂Θ



=

mb (B)

B⊃x,B =x

so that the denominator of β[b] becomes


[plb (y) − b(y)] =
(1 − b(y c ) − b(y))
y∈Θ

y∈Θ

=



361
362

(15)

A necessary condition for this point to belong to P is the
normalization constraint for singletons


b(x) + α

x∈Θ



(1 − b(xc ) − b(x)) = 1

x∈Θ


1 − x∈Θ b(x)
.
= β[b]
⇒α= 
c
x∈Θ (1 − b(x ) − b(x))



which yields a single candidate value β[b] for the line coordinate of the intersection.
Using the terminology in Section III-C, the candidate
366 projection
363
364
365

.
ς[b] = b + β[b](plb − b) = a(b, plb ) ∩ P 

(17)

(having called P  the set of all Bayesian n.s.f.s in RN −2 )
is a Bayesian n.s.f. but is not guaranteed
to be a Bayesian

b.f.
For
n.s.f.s,
the
condition
m
(x) = 1 implies
ς
x∈Θ


370
m
(A)
=
0,
so
that
P
can
be
written
as
ς
|A|>1

367
368
369




P =

ς=



mς (A)bA ∈ RN −2 :

A⊂Θ



mς (A) = 1,

|A|=1





mς (A) = 0 .

(18)

Theorem 3: The coordinates of ς[b] with respect to the basis
Bayesian b.f.s {bx , x ∈ Θ} can be expressed in terms of the
373 b.p.a. mb of b as
371
372



mb (A)

(19)

A⊃x,A=x

374

yielding (20). Equation (19) comes directly from (15) when we 378
recall that b(x) = mb (x), ς(x) = mς (x) ∀x ∈ Θ.
 379
Equation (19) ensures that mς[b] (x) is positive for each 380
x
∈ Θ. A symmetric
 version can be obtained after realizing that 381
( |B|=1 mb (B)/ |B|=1 mb (B)|B|) = 1, so that we can write 382
mς[b] (x) = b(x) 

|B|=1
|B|=1

mb (B)

mb (B)|B|



+ [plb − b](x) 

|B|>1

mb (B)

|B|>1 mb (B)|B|

where


1 − x∈Θ mb (x)
|B|>1 mb (B)
=
.
β[b] = 
x∈Θ (plb (x) − mb (x))
|B|>1 mb (B)|B|
(20)

. (21)

It is easy to prove that the line a(b, plb ) intersects the probabilis- 383
tic subspace only for 2-additive b.f.s (the proof can be found in 384
the Appendix).
385
Theorem 4: ς[b] ∈ P if and only if (iff) b is 2-additive, i.e., 386
mb (A) = 0|A| > 2, and in this case, plb is the reflection of b 387
through P.
388
For 2-additive b.f.s, ς[b] is nothing but the mean probability 389
function (b + plb )/2. In the general case however, the reflection 390
of b through P not only does not coincide with plb but is also 391
not even a pl.f. [37].
392
VI. I NTERSECTION P ROBABILITY

|A|>1

mς[b] (x) = mb (x) + β[b]

mb (B)|B|

|B|>1


(16)

mb (B)

y∈Θ B⊃y,B =y

=
b(x)+α [plb (x)−b(x)] = b(x)+α [1−b(xc )−b(x)] .



377

393

We have seen that although the line a(b, plb ) is always 394
orthogonal to P, it does not intersect the probabilistic subspace 395
in general, but it does intersect the region
of Bayesian n.s.f.s 396

in ς[b] (17). But of course (since
m
ς[b] (x) = 1) ς[b] is 397
x
naturally associated with a Bayesian b.f., assigning an equal 398
amount of mass to each singleton and 0 to each A : |A| > 1, 399
namely
400
. 
p[b] =
mς[b] (x)bx
(22)
x∈Θ

where mς[b] (x) is given by (19). It is easy to see that p[b] is 401
a probability, since by definition mp[b] (A)
= 0 for |A| > 1, 402
m
(x)
=
m
(x)
≥
0
∀x
∈
Θ,
and
ς[b]
x∈Θ mp[b] (x) = 403
p[b]
m
(x)
=
1
by
construction.
We
call p[b] the 404
ς[b]
x∈Θ
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Fig. 4. Location of intersection probability p[b] and relative plausibility of
˜ with respect to the non-Bayesianity flag R[b]. They both lie on
singletons pl
b
˜ is closer
the segment joining R[b] and the relative belief of singletons b̃, but pl
b
to b̃ than p[b].

Fig. 3. Geometry of the line a(b, plb ) and relative locations of p[b], ς[b], and
π[b]. Each b.f. b and the related pl.f. plb lie on opposite sides of the hyperplane
P  of the Bayesian n.s.f. that divides RN −2 into two parts. The line a(b, plb )
connecting them always intersects P  but not necessarily a(P) (vertical line).
This intersection ς[b] is naturally associated with a probability p[b] (in general
distinct from the orthogonal projection π[b] of b onto P) having the same
components in the base {bx , x ∈ Θ} of a(P). P is a simplex (a segment in
the figure) in a(P) : π[b] and p[b] are both “true” probabilities.
405
406
407

intersection probability. The geometry of ς[b] and p[b] with
respect to the regions of Bayesian b.f. and n.s.f. is sketched
in Fig. 3.

408

A. Interpretations

409

1) Non-Bayesianity Flag and Relative Plausibility: A first
interpretation of this new probability is immediate after noticing that

410
411

β[b] = 
412

(24)


Geometrically, since kb̃ = x∈Θ mb (x) ≤ 1, p[b] belongs to 427
the segment linking R[b] with the relative belief of singletons 428
b̃ with convex coordinate the total mass of singletons kb̃ . But 429
now, the relative pl.f. can also be written in terms of b̃ and R[b] 430
as by definition
431

=

plb (x) − mb (x)
kpl
˜ − kb̃
b
plb (x)
mb (x)
−
kpl
k
˜ − kb̃
˜ − kb̃
pl
b
b

˜ b (x)
= pl

kpl
˜
b
kpl
˜ − kb̃
b

− b̃(x)

kb̃
kpl
˜ − kb̃
b

˜ b (x) = plb (x)/k ˜ , and b̃(x) = mb (x)/k , so that
since pl
plb
b̃

where



mb (x)

x∈Θ

kpl
˜ =
b



x∈Θ

plb (x) =

˜b =
pl


mb (A)|A|

A⊂Θ

˜ b , respectively, so that
are the normalization factors for b̃ and pl
p[b] can be rewritten as
p[b](x) = mb (x) + (1 − kb̃ )

415
416
417

p[b] = kb̃ b̃ + (1 − kb̃ )R[b].

R[b](x) =


1 − x∈Θ mb (x)
1 − kb̃

=
pl
(x)
−
m
(x)
k
˜ − kb̃
b
b
x∈Θ
x∈Θ
pl
b

kb̃ =

413
414

then measures the relative contribution of each singleton x 418
to the non-Bayesianity of b. Equation (23) shows in fact that 419
the non-Bayesian mass 1 − kb̃ is assigned by p[b] to each 420
singleton according to its relative contribution R[b](x) to the 421
non-Bayesianity of b.
422
The flag probability R[b] also relates the intersection proba- 423
bility p[b] to other two classical Bayesian approximations, i.e., 424
˜ b and belief b̃ of singletons, as (23) 425
the relative plausibility pl
reads as
426

plb (x) − mb (x)
.
kpl
˜ − kb̃
b

(23)

When b is Bayesian, plb (x) − mb (x) = 0 ∀x ∈ Θ. If b is not
Bayesian, there exists at least a singleton x such that plb (x) −
mb (x) > 0. The Bayesian b.f.

plb (x) − mb (x)
.
A⊃x,A=x mb (A)
=
R[b](x) = 
m
(A)|A|
b
|A|>1
y∈Θ (plb (y) − mb (y))

kb̃
kpl
˜
b




b̃ +

k
1 − b̃
kpl
˜
b

432


R[b].

˜ b and p[b] belong to Cl(R[b], b̃). However, as k ˜ = 433
Both pl
plb

˜ ≤ kb̃ , which in turn implies that 434
A⊂Θ mb (A)|A| ≥ 1, kb̃ /kpl
b
˜ b (see Fig. 4). 435
p[b] is closer to R[b] than the relative pl.f. pl
˜ b in Cl(R[b], b̃) measures the ratio 436
The convex coordinate of pl
between total mass and plausibility of singletons. Obviously, 437
˜ b = R[b] by (23).
when kb̃ = 0 (b̃ does not exists), p[b] = pl
438
2) Meaning of the Ratio β[b] and Pignistic Function: To 439
shed more light on p[b] and get an alternative interpretation of 440
the intersection probability, it is useful to compare p[b] as ex- 441
pressed in (23) with another classical Bayesian approximation 442
of b, i.e., the pignistic function
443
.  mb (A)
= mb (x) +
BetP [b](x) =
|A|
A⊃x


A⊃x,A=x

mb (A)
.
|A|

8
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We can notice that in BetP [b], the mass of each event A,
|A| > 1 is considered separately, and its mass mb (A) is equally
shared among
 the elements of A. In p[b], instead, it is the
447 total mass
|A|>1 mb (A) = 1 − kb̃ of nonsingletons that is
448 considered, and this total mass is distributed proportionally to
449 their non-Bayesian contribution to each element of Θ.
450
How should β[b] be interpreted then? If we write p[b](x) as
444

445
446

3) Example: Let us see a simple example to briefly discuss 470
the two interpretations of p[b] introduced above. Consider a 471
ternary frame Θ = {x, y, z}, and a b.f. b with b.p.a. given by 472
mb (x) = 0.1
mb (z) = 0.2
mb ({x, z}) = 0.1

p[b](x) = mb (x) + β[b] (plb (x) − mb (x))
451
452
453
454

455

(25)

mb ({x, y}) = 0.3
mb ({y, z}) = 0

mb (Θ) = 0.3.

we can observe that a fraction measured by β[b] of its nonBayesian contribution plb (x) − mb (x) is uniformly assigned to
each singleton. This leads to another parallelism between p[b]
and BetP [b]. It suffices to note that if |A| > 1

1
|B|>1 mb (B)
=
β[bA ] = 
|A|
|B|>1 mb (B)|B|

Recalling (23), the total mass of singletons is kb̃ = 0.1 + 0 + 473
0.2 = 0.3, while the non-Bayesian contributions of x, y, z are 474
respectively
475

so that both p[b](x) and BetP [b](x) assume the form

so that the non-Bayesian flag has values R(x) = 0.7/1.7,
R(y) = 0.6/1.7, R(z) = 0.4/1.7.
For each singleton then, the original b.p.a. mb (x) is increased
by a share of the mass of nonsingletons 1 − kb̃ = 0.7 proportional to the value of R(x), i.e.,

mb (x) +



mb (A)βA

A⊃x,A=x

plb (x)−mb (x) = mb (Θ) + mb ({x, y}) + mb ({x, z}) = 0.7
plb (y)−mb (y) = mb ({x, y}) + mb (Θ) = 0.6
plb (z)−mb (z) = mb ({x, z}) + mb (Θ) = 0.4

where βA = const = β[b] for p[b], while βA = β[bA ] in case of
the pignistic function.
458
Under which condition p[b] and pignistic function coincide?
459 A sufficient condition can be achieved by decomposing β[b] as

|B|>1 mb (B)
β[b] = 
|B|>1 mb (B)|B|
n 
mb (B)
k=2
 |B|=k

=
n
|B|=k mb (B)
k=2 k

456
457

=

σ2 + · · · + σn
2σ 2 + · · · + nσ n

mb (x) +



mb (A)β[b] = mb (x) +

A⊃x,A=x

≡




A⊃x,A=x

mb (A)
|A|

mb (A)β[b]

A⊃x,A=x

=


A⊃x,A=x

mb (A)
.
|A|

If ∃k : mb (A) = 0 for |A| = k, then β[b] = 1/k, and the equality is met.

467
In particular, this is true when Σi = 0, i > 2, i.e., when b
468 is 2-additive. The condition of Theorem 5 is in fact a rather
469 straightforward generalization of the concept of 2-additivity.

476
477
478
479
480

p[b](x) = mb (x) + (1 − kb̃ )R(x)
= 0.1 + 0.7 ∗ 0.7/1.7
= 0.388
p[b](y) = mb (y) + (1 − kb̃ )R(y)
= 0 + 0.7 ∗ 0.6/1.7
= 0.247
p[b](z) = mb (z) + (1 − kb̃ )R(z)

(26)

. 
460 after defining σ k =
|B|=k mb (B).
461
Theorem 5: Intersection probability and pignistic function
462 coincide if ∃k ∈ [2, . . . , n] such that σ i = 0 ∀i = k, i.e., the
463 focal elements of b have size 1 or k only.
464
Proof: p[b] = BetP [b] is equivalent to

465
466

mb (y) = 0

= 0.2 + 0.7 ∗ 0.4/1.7
= 0.365.
Equivalently, the line coordinate β[b] of p[b] is equal to

481

1 − kb̃
mb ({x, y}) |{x, y}| + mb ({x, z}) |{x, z}| + mb (Θ)|Θ|
=

0.7
0.7
=
0.3 ∗ 2 + 0.1 ∗ 2 + 0.3 ∗ 3
1.7

and measures the share of plb (x) − mb (x) assigned to each 482
singleton
483
p[b](x) = mb (x) + β[b] (plb (x) − mb (x))
= 0.1 + 0.7/1.7 ∗ 0.7
p[b](y) = mb (y) + β[b] (plb (y) − mb (y))
= 0 + 0.7/1.7 ∗ 0.6
p[b](z) = mb (z) + β[b] (plb (z) − mb (z))
= 0.2 + 0.7/1.7 ∗ 0.4.
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VII. O RTHOGONAL P ROJECTION

484

Although the intersection of the line a(b, plb ) with the region
P  of the Bayesian n.s.f. is not always in P, an orthogonal
487 projection π[b] of b onto a(P) is obviously guaranteed to exist
488 as a(P) is nothing but a linear subspace in the space of n.s.f.s
489 (such as b). An explicit calculation of π[b], however, requires
490 a description of the orthogonal complement of a(P) in RN −2 .
491 Let us denote with n = |Θ| the cardinality of Θ.
485
486

Theorem 6: The orthogonal projection π[b] of b onto a(P) 509
can be expressed in terms of the b.p.a. mb of b as
510
π[b](x) =



mb (A)21−|A| +

A⊃x

π[b](x) =



+

We need to find a necessary
and sufficient condition for an

arbitrary vector v = A⊂Θ vA XA to be orthogonal5 to the
probabilistic subspace a(P). If we compute the scalar product
496 v, by − bx  between v and the generators by − bx of a(P ),
497 we get




vA XA , by − bx =
vA [by − bx ](A)
A⊂Θ

498

A⊂Θ

which remembering (13) becomes

v, by − bx  =
vA −
A⊃y,A⊃x

499
500

A⊃x,A⊃y

A⊃x,A⊃y

If the vector v in particular is a b.f. (vA = b(A))
 

b(A) =
mb (B)
A⊃y,A⊃x

mb (A)



A⊃x

1 − |A|21−|A|
n

mb (B)2n−1−|B∪{y}|

since 2n−1−|B∪{y}| is the number of subsets A of {x}c contain503 ing both B and y, and the orthogonality condition becomes


mb (B)2n−1−|B∪{y}| =
mb (B)2n−1−|B∪{x}| ,
B⊂{y}c

∀y = x.
Now, sets B ⊂ {x, y}c appear in both summations with the
same coefficient (since in that case |B ∪ {x}| = |B ∪ {y}| =
|B| + 1), and the equation, after erasing the common factor
507 2n−2 , reduces to


mb (B)21−|B| =
mb (B)21−|B| ,
∀y = x
504
505
506

B⊃x,B ⊃y

(27)
which expresses the desired orthogonality condition.
5 The

proof is again valid for A = Θ, ∅ too. See Section VIII-A.

(29)

Equation (29) shows that π[b] is indeed a probability, since both 511
1 + |Ac |21−|A| ≥ 0 and 1 − |A|21−|A| ≥ 0 ∀|A| = 1, . . . , n. 512
This is not at all trivial, as π[b] is the projection of b onto 513
the afﬁne space a(P) and could have in principle assigned 514
negative masses to one or more singletons. π[b] is hence another 515
valid candidate to the role of the probabilistic approximation 516
of b.f. b.
517
518

Theorem 6 does not apparently provide any intuition about 519
the meaning of π[b] in terms of degrees of belief. In fact, if 520
we process (29), we can reduce π to a new Bayesian function 521
strictly related to the pignistic function.
522
Theorem 7: π[b] = P(1 − kO [b]) + kO [b]O[b], where P is 523
the uniform probability, and
524

mb (A)21−|A|
Ō[b](x)
=  A⊃x
O[b](x) =
1−|A|
kO [b]
A⊂Θ mb (A)|A|2

mb (A)
(30)

is a Bayesian b.f.
525
As 0 ≤ |A|21−|A| ≤ 1 for all A ⊂ Θ, kO [b] assumes val- 526
ues in the interval [0, 1]. Theorem 7 then implies that the 527
orthogonal projection is always located on the line segment 528
Cl(P, O[b]) joining the uniform, noninformative probability, 529
and the Bayesian function O[b].
530
By (30), it turns out that π[b] = P iff O[b] = P (since 531
kO [b] > 0). The meaning of O[b] becomes clear when noticing 532
that condition (27) (under which a b.f. b is orthogonal to a(P)) 533
can be rewritten as
534


mb (B)21−|B| +
mb (B)21−|B|
B⊃y,B ⊃x

=



B⊃y,x

mb (B)21−|B| +

B⊃x,B ⊃y

≡



mb (B)21−|B| =

B⊃y

508

.

A⊃x 2|A|
mb (A)|A|
A⊂Θ
2|A|

502

B⊃y,B ⊃x

mb (A)

1−|A|

=

B⊂{x}c

B⊂{x}c



A⊃y,A⊃x B⊂A

=

1 + |A |2
n
c

B. Orthogonality Flag

vA .

The orthogonal complement a(P)⊥ of a(P) can then be expressed as




⊥
v(P) = v :
vA =
vA ∀y = x .
A⊃y,A⊃x

501



1 − |A|21−|A|
n

mb (A)

(28)

A. Orthogonality Condition

493
494
495


A⊂Θ

A⊃x

492

9





mb (B)21−|B|

B⊃y,x

mb (B)21−|B|

B⊃x

≡ Ō[b](x) = const
≡ O[b](x) = const = P

∀x ∈ Θ.
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Fig. 5. Redistribution processes associated with pignistic transformation and orthogonal projection. (Top) In the pignistic transformation, the mass of each focal
element A is distributed among its elements. (Bottom) In the orthogonal projection instead (through the orthogonality flag), the mass of each f.e. A is divided
among all its subsets B ⊂ A. In both cases, the related relative plausibility of singletons yields a Bayesian b.f.

Therefore, π[b] = P iff b ⊥ a(P), and O − P measures the
nonorthogonality of b with respect to P. O[b] then deserves the
537 name of orthogonality ﬂag.
535
536

the b.p.a. of each event A among its subsets B ⊂ A (∅, A 554
included). In this second case, we get a u.b.f. [38] bU
555
mbU (A) =

538
539
540
541
542

C. Interpretation in Terms of Plausibilities and
Redistribution Processes
A compelling link can be drawn between orthogonal projection and pignistic function by means of the orthogonality flag
O[b]. Let us define the two b.f.s
. 1  mb (A)
bA
b# =
k#
|A|
A⊂Θ

. 1  mb (A)
b2 =
bA
k2
2|A|
A⊂Θ
where k# and k2 are the normalization factors needed to make
them two admissible b.f.
545
Theorem 8: O[b] is the relative plausibility of singletons of
546 b2 , and BetP [b] is the relative plausibility of singletons of b# .
547
Proof: By definition of pl.f.
543
544

plb2 (x) =



mb2 (A)

A⊃x

=


plb2 (x) =

x∈Θ

548

Ō[b]
1  mb (A)
=
|A|
k2
2k2
2
A⊃x
1   mb (A)
kO [b]
=
|A|
k2
2k2
2
x∈Θ A⊃x

˜ b (x) = Ō[b]/kO [b] = O[b]. Equivalently
by (39). Hence, pl


 mb (B)
2|B|
B⊃A

whose relative belief of singletons b̃U is in fact the orthogonal- 556
ity flag O[b].
557
1) Example: Let us consider again as an example the b.f. 558
b on the ternary frame seen in Section VI-A3. To get the 559
orthogonality flag O[b], we need to apply the redistribution 560
process of Fig. 5 (bottom) to each focal element of b. In this 561
case, their masses are divided among their subsets as
562
m(x) = 0.1 → m (x) = m (∅) = 0.1/2 = 0.05
m(z) = 0.2 → m (z) = m (∅) = 0.2/2 = 0.1
m ({x, y}) = 0.3 → m ({x, y}) = m (x) = m (y)
= m (∅) = 0.3/4 = 0.075
m ({x, z}) = 0.1 → m ({x, z}) = m (x) = m (z)
= m (∅) = 0.1/4 = 0.025
m(Θ) = 0.3 → m (Θ) = m ({x, y}) = m ({x, z})
= m ({y, z}) = m (x) = m (y)
= m (z) = m (∅) = 0.3/8 = 0.0375.
By summing all contributions related to singletons on the right- 563
hand side, we get
564
mbU (x) = 0.05 + 0.075 + 0.025 + 0.0375 = 0.1875

2

plb (x) =


A⊃x

mb (A) =

1
1  mb (A)
= BetP [b](x)
k#
|A|
k#
A⊃x


˜ b (x) = BetP [b](x).
and since x BetP [b](x) = 1, pl


The two functions b# and b2 represent two different
551 processes acting on b (see Fig. 5). The first one redistributes
552 the mass of each focal element among its singletons (yielding
553 directly a Bayesian b.f. BetP [b]). The second one distributes

549
550

mbU (y) = 0.075 + 0.0375 = 0.1125
mbU (z) = 0.1 + 0.025 + 0.0375 = 0.1625
whose sum is the normalization factor

565

kO [b] = mbU (x) + mbU (y) + mbU (z) = 0.4625
so that by normalizing, we get O[b] = [0.405, 0.243, 0.351] . 566
The orthogonal projection π[b] is finally the convex 567
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combination of O[b] and P = [1/3, 1/3, 1/3] with coor569 dinate kO [b]
568

π[b]= P(1 − kO [b]) + kO [b]O[b]
= [1/3,1/3,1/3] (1−0.4625)+0.4625[0.405, 0.243, 0.351]
= [0.366, 0.291, 0.342] .

570

D. Orthogonal Projection and Afﬁne Combination

As a confirmation of this relationship, orthogonal projection
and pignistic function both commute with affine combination.
573
Theorem 9: Orthogonal projection and affine combination
574 commute, i.e., if α1 + α2 = 1
571
572

π[α1 b1 + α2 b2 ] = α1 π[b1 ] + α2 π[b2 ].
Proof: By 
Theorem 7, π[b] = (1 − kO [b])P + Ō[b],
where kO [b] = A⊂Θ mb (A)|A|21−|A| , and Ō[b](x) =

1−|A|
577
. Hence
A⊃x mb (A)2

575
576

kO [α1 b1 +α2 b2 ] =



Fig. 6. Orthogonal projection π[b] and pignistic function BetP [b] are both
located on the simplex whose vertices are all the basis pignistic functions, i.e.,
the uniform probabilities associated with each single event A. However, the
convex coordinates of π[b] are weighted by a factor kO [bA ] = |A|21−|A| ,
yielding a point that is closer to vertices related to lower size events.

Theorem 10: The orthogonal projection can be expressed as 589
a convex combination of all noninformative probabilities with 590
support on a single event A as
591




π[b] = P 1 −
αA  +
αA P A
A=Θ

(α1 mb1 (A)+α2 mb2 (A)) |A|21−|A|

A⊂Θ

592


π[b] = π

which in turn implies (since α1 + α2 = 1)

A⊂Θ

π[α1 b1 + α2 b2 ] = (1 − α1 kO [b1 ] − α2 kO [b2 ]) P


= 1−


This property can be used to find an alternative expression
of the orthogonal projection as the convex combination of the
582 pignistic functions associated with all basis b.f.s.
583
Lemma 2: The orthogonal projection of a basis b.f. bA
584 is given by π[bA ] = (1 − |A|21−|A| )P + |A|21−|A| P A , where

585 P A = (1/|A|)
x∈A bx is the center of mass of all the proba586 bilities with support in A.
587
Proof: By (30), kO [bA ] = |A|21−|A| , so that



x∈A bx

= P A.

mb (A)π[bA ]

A⊂Θ

0,




1−|A|

mb (A)|A|2

A⊂Θ





P+

593

mb (A)|A|21−|A| PA

A⊂Θ



mb (A)|A|21−|A| P +



mb (A)|A|21−|A| PA

A=Θ

+ mb (Θ)|Θ|21−|Θ| P

579
580
581

i.e., O[bA ] = (1/|A|)



mb (A)bA =

A⊂Θ

= α1 π[b1 ] + α2 π[b2 ].

1
|A| ,



= 1−

+ α1 Ō[b1 ] + α2 Ō[b2 ]


= α1 (1 − kO [b1 ]) P + Ō[b1 ]


+ α2 (1 − kO [b2 ]) P + Ō[b2 ]

588



by Theorem 9, which by Lemma 2 becomes



mb (A) (1 − |A|21−|A| )P + |A|21−|A| PA

= α1 Ō[b1 ]+α2 Ō[b2 ]

21−|A| , x ∈ A
⇒ O[bA ](x) =
0,
x∈A


A⊂Θ

A⊃x

Ō[bA ](x) =

(31)

Proof:

= α1 kO [b1 ]+α2 kO [b2 ],

Ō[α1 b1 +α2 b2 ](x) =
(α1 mb1 (A)+α2 mb2 (A)) 21−|A|

578

A=Θ

.
αA = mb (A)|A|21−|A| .

x∈A
x∈A


 594

i.e., (31).
As P A = BetP [bA ], we recognize that

BetP [b] =
mb (A)BetP [bA ]
A⊂Θ

π[b] =


A=Θ


αA BetP [bA ] + 1 −



595


αA  BetP [bΘ ]

A=Θ

(32)
with αA = mb (A)kO [bA ]. Both orthogonal projection and pig- 596
nistic function are convex combinations of all basis pignistic 597
functions. However, as kO [bA ] = |A|21−|A| < 1 for |A| > 2, 598
the orthogonal projection turns out to be closer to the vertices 599
associated with events of lower cardinality (see Fig. 6).
600
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frame Θ = {x, y, z, w} of size 4. Their analytic expressions for 613
the generic element x ∈ Θ are
614
BetP [b](x) = mb (x) +

+

Fig. 7. Orthogonal projection and pignistic function for the b.f. (33) on the
ternary frame Θ3 = {x, y, z}.

1) Example—Ternary Case: Let us consider as an example
602 a ternary frame Θ3 = {x, y, x} and a b.f. on Θ3 with b.p.a.
601

mb (x) = 1/3

mb (Θ3 ) = 1/3
mb (A) = 0,
603

A = {x}, {x, z}, Θ3 .

(33)

According to (31)

1
1 bx + b y + b z
1 bx + b z
= bx +
+
3
3
2
3
3

=
604
605

1 1 1
+ +
3 6 9

+ bz

1 1
+
6 9

+ by

1
9

1
5
11
bx + b y + bz
18
9
18

and the orthogonal projection is the barycenter of the simplex
Cl(P {x} , P {x,z} , P) (see Fig. 7). On the other side
BetP [b](x) =

11
mb (x) mb (x, z) mb (Θ3 )
+
+
=
1
2
3
18

1
BetP [b](y) =
9
BetP [b](z) =

5
1 1
+ =
6 9
18

i.e., BetP [b] = π[b]. This is true for each b.f. b ∈ B3 , since
for
= 3 then αA = mb (A) for |A| ≤ 2, and 1 −
 (32) if |Θ| 
α
=
1
−
A A
A=Θ mb (A) = mb (Θ).
2) Distance Between BetP and π in the Quaternary Case:
610 To get a hint of the relationship between orthogonal projection
611 and pignistic function in the general case, let us compare their
612 expressions in the simplest case in which they are distinct: a

606

607
608
609

+

5
(mb ({x, y, z}) + mb ({x, y, w})
16
+ mb ({x, z, w}))
1
1
mb ({y, z, w}) + mb (Θ).
16
4

(34)

They are very similar to each other. Basically, the difference is 615
that π[b] also counts the masses of focal elements in {x}c (with 616
a small contribution), while BetP [b] by definition does not.
617
After computing their difference
618
BetP [b](x)−π[b](x) =

π[b] = 1/3P {x} + 1/3P {x,z} + (1 − 1/3 − 1/3)P

= bx

1
(mb ({x, y, z}) + mb ({x, y, w})
3
+ mb ({x, z, w}))

1
+ mb (Θ)
4
1
π[b](x) = mb (x) + (mb ({x, y}) + mb ({x, z})
2
+ mb ({x, w}))

+

mb ({x, z}) = 1/3

1
(mb ({x, y}) + mb ({x, z})
2
+ mb ({x, w}))

1
[mb ({x, y, z}) + mb ({x, y, w})
48
+ mb ({x, z, w})−3mb ({y, z, w})]

we can study their L2 distance as b varies. After introducing the 619
notation
620
.
.
y1 = mb ({x, y, z}) y2 = mb ({x, y, w})
.
.
y3 = mb ({x, z, w}) y4 = mb ({y, z, w})
we can maximize (minimize) the norm
. 
#BetP [b] − π[b]#2 =
|BetP [b](x) − π[b](x)|2

621

x

= (y1 + y2 + y3 − 3y4 )2
+ (y1 + y2 + y4 − 3y3 )2
+ (y1 + y3 + y4 − 3y2 )2
+ (y2 + y3 + y4 − 3y1 )2
by imposing (∂/∂yi )#BetP [b](y) − π[b](y)#2 = 0 subject to 622
y1 + y2 + y3 + y4 = 1. The unique solution turns out to be
623
y = [1/4, 1/4, 1/4, 1/4]
which corresponds to [after replacing this solution into (34)] 624
BetP [b] = π[b] = P, where P = [1/4, 1/4, 1/4, 1/4] is the 625
uniform probability on Θ. In other words, the distance between 626
pignistic function and orthogonal projection is minimal (zero) 627
when all size 3 subsets have the same mass.
628
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It is then natural to suppose that their difference must be maximal when all the mass is concentrated on a single size-3 event.
This is in fact correct: #BetP [b] − π[b]#2 is maximal and equal
632 to 12 + 12 + 12 + (−3)2 = 12 when yi = 1, yj = 0 ∀j = i,
633 i.e., the mass of one among {x, y, z}, {x, y, w}, {x, z, w},
634 {y, z, w} is one.
629

630
631

VIII. B RIEF D ISCUSSION

635

The intuition for both the novel probabilistic approximations
of a b.f. we introduced in this paper is provided by the analysis
of the interplay between belief and probability spaces in the
context of the geometric approach to the theory of evidence.
640 Both intersection probability and orthogonal projection are
641 related to the notion of orthogonality: the orthogonality of the
642 dual line and that of π[b] − b with respect to P. Neverthe643 less, they possess different interpretations in terms of mass
644 assignment, and relate in significant but distinct ways with the
645 pignistic transformation.
646
An interesting parallel between p[b] and π[b] comes from
647 their geometric description as points of a segment. Theorem 7
648 and (24)
636

637
638
639

{bA ∈ RN , ∅ ⊆ A ⊆ Θ}
.
this time including a vector b∅ = [1 0 · · · 0] . Note also that in 678
this case bΘ = [0 · · · 0 1] .
679
It is natural to wonder whether the above discussion, and in 680
particular definition and properties of p[b] and π[b], retains its 681
validity. Let us consider again the binary case. We now have 682
to use four coordinates associated with all events in Θ: ∅, {x}, 683
{y}, and Θ. Remember that in the case of u.b.f.
684

b(A) =
mb (B),
A=∅
∅B⊆A

i.e., the contribution of the empty set is not considered when 685
computing the belief value of an event A = ∅.6 The correspond- 686
ing basis belief and pl.f.s are then
687
pl∅ = [0, 0, 0, 0]

bx = [0, 1, 0, 1]

plx = [0, 1, 0, 1] = bx

π[b] = kO [b]O[b] + P(1 − kO [b])

by = [0, 0, 1, 1]

ply = [0, 0, 1, 1] = by

p[b] = kb̃ b̃ + (1 − kb̃ )R[b]

bΘ = [0, 0, 0, 1]

plΘ = [0, 1, 1, 1] .

state that they can both be written as convex combinations that
depend on some flag probabilities associated with them, namely
651 orthogonality and non-Bayesianity flag, respectively
π[b] ↔ O[b]
p[b] ↔ R[b].
It is then worth to study the condition under which p[b] and
orthogonal projection π[b] are the same probability.
A trivial consequence of Theorem 4 is that when b is
655 2-additive, π[b] = p[b] = ς[b]. This though gives us just “point656 wise” information on the relationship between intersection
657 probability and orthogonal projection. It would definitively be
658 worth conducting a study of the distance between all Bayesian
˜ b , b̃ as b varies in B,
659 approximations of b.f.s, BetP , π, p, pl
660 in order to understand how they depend on the b.p.a. of b.
661 We started doing this for the pair BetP [b], π[b] in the case of
662 quaternary frames (Section VII-D2), getting some interesting
663 results. We reserve to explore this direction thoroughly in the
664 near future.
652
653
654

A. U.B.F.s

We also wish to add a remark on the validity of the results
presented in this paper. They have been in fact obtained for
“classical” b.f.s for which the mass assigned to the empty set
669 is 0 : b(∅) = mb (∅) = 0. However, it makes sense in certain
670 situations to work with u.b.f.s [38], i.e., b.f.s admitting nonzero
671 support mb (∅) = 0 for the empty set [39]. mb (∅) is an indicator
672 of the amount of conflict in the evidence carried by a b.f. b but
673 can also be interpreted as the possibility that the existing frame
674 of discernment does not exhaust all the possible outcomes of
666
667
668

the problem. U.B.F.s are naturally associated with vectors with 675
N = 2|Θ| coordinates. A new set of basis u.b.f. can then be 676
defined
677

b∅ = [1, 0, 0, 0]

649
650

665
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A striking difference with the “classical” case is that b(Θ) = 688
1 − mb (∅) = plb (Θ), which implies that both belief and plau- 689
sibility spaces are not in general subsets of the section vΘ = 690
1 of RN . In other words, u.b.f. and u.pl.f. are not n.s.f.s 691
(Section III-C).
692
More precisely, b, plb are n.s.f. iff b(∅) = 0. As a conse- 693
quence, the line a(b, plb ) is not guaranteed to intersect the 694
afﬁne space P  of the Bayesian n.s.f.
695
Consider for instance the line connecting b∅ and pl∅ in the 696
binary case
697
α b∅ + (1 − α) pl∅ = α [1, 0, 0, 0] ,

α ∈ R.

As P  = {[a, b, (1 − b), −a] , a, b ∈ R}, there clearly is no 698
value α ∈ R s.t. α · [1, 0, 0, 0] ∈ P  .
699
Simple calculations show that in fact a(b, plb ) ∩ P  = ∅ iff 700
b(∅) = 0 (i.e., b is “classical”) or (trivially) b ∈ P. This is true 701
in the general case.
702
Proposition 2: p[b] and β[b] are well defined for classical 703
b.f.s only.
704
It is interesting to note that however the orthogonality results 705
of Section V-A are still valid since Lemma 1 does not involve 706
the empty set, while the proof of Theorem 2 is valid for the 707
components A = ∅, Θ too (as by − bx (A) = 0 for A = ∅, Θ). 708
Proposition 3: a(b, plb ) is orthogonal to P for each u.b.f. b, 709
although ς[b] = a(b, plb ) ∩ P  = ∅ iff b is a b.f.
710
Analogously, the orthogonality condition (27) does not con- 711
cern the mass of the empty set. The orthogonal projection π[b] 712
of a u.b.f. b is then well defined (check Theorem 6’s proof), and 713
6 In the unnormalized case, the notation b is usually reserved for implicability
functions, while belief functions are denoted by Bel [12].
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it is still given by (28) and (29), where this time the summations
on the right-hand side include the empty set too

π[b](x) =
mb (A)21−|A|

+

∅⊆A⊂Θ

π[b](x) =



mb (A)

A⊃x

+


∅⊆A⊃x

716

1 − |A|2
n

1−|A|

mb (A)

mb (A)

759


mb (A)bA + β[b]

A⊂Θ







µb (A)bA −

A⊂Θ

=


mb (A)bA

A⊂Θ

bA [mb (A) + β[b] (µb (A) − mb (A))]

A⊂Θ

.

IX. C ONCLUSION

In this paper, we introduced two new probabilistic approximations of b.f.s, which are both derived from purely geometric
considerations. They are indeed associated with two different
720 geometric loci: the dual line passing through b and plb in the
721 belief space; and the orthogonal complement of the probability
722 subspace.
723
After proving that the line a(b, plb ) is always orthogonal
724 to P and intersects the region of the Bayesian n.s.f. P  , we
725 introduced the probability p[b] associated with this intersection
726 and discussed two interpretations of p[b] in terms of non727 Bayesian contributions of singletons.
728
On the other side, after precising the condition under which a
729 b.f. b is orthogonal to P, we gave two equivalent expressions of
730 the orthogonal projection of b onto P. We saw that π[b] can be
731 reduced to another probability signaling the distance of b from
732 orthogonality, and that this “orthogonality flag” can in turn be
733 interpreted as the result of a mass redistribution process anal734 ogous to that associated with the pignistic transformation. We
735 proved that π[b] commutes with the affine combination operator
736 and can therefore be expressed as a convex combination of basis
737 pignistic functions, which confirms the strict relation between
738 π[b] and BetP [b].
739
We finally studied the difference between intersection prob740 ability and orthogonal projection, and discussed which results
741 retain their validity in the case of u.b.f.s.
742
We have seen when discussing the binary case that, while
743 BetP [b], p[b], and π[b] belong to the same “family” of Bayesian
744 approximations of b (as they coincide under 2-additivity), the
745 relative plausibility p̃[b] and belief b̃ of singletons [13] do not fit
746 in the same scheme. In the near future, we will show that p̃[b]
747 turns out to be the best Bayesian approximation of a b.f. in the
748 framework of Dempster’s combination rule, and investigate the
749 dual geometry of relative plausibility and belief of singletons
750 [36]. Naturally enough, the geometric approach can also be
751 exploited to study the problem of approximating a b.f. with a
752 possibility measure or “consistent” b.f. [2]. Last but not least, it
753 will be definitively worth to seek for a complete picture of the
754 conditions under which all different Bayesian approximations
755 of b coincide as a crucial contribution to a full understanding
756 their semantics.
717
718
719

Proof of Theorem 4



1 + |Ac |21−|A|
n
1 − |A|21−|A|
n

757
758

By definition (17), ς[b] can be written in terms of the refer- 760
ence frame {bA , A ⊂ Θ} as
761

A⊃x



A PPENDIX
P ROOFS

since µb (.) is the Moebius inverse of plb (.). For ς[b] to be 762
a Bayesian b.f., accordingly, all the components related to 763
nonsingleton subsets need to be zero
764
mb (A) + β[b] (µb (A) − mb (A)) = 0,

∀A : |A| > 1.

This condition in turn reduces to (recalling expression (20) 765
of β[b])
766
µb (A)



mb (B)

|B|>1



+ mb (A)
≡ µb (A)





mb (B)|B| −

|B|>1

mb (B) + mb (A)

|B|>1





mb (B) = 0

|B|>1



mb (B)(|B| − 1) = 0

|B|>1

(35)


∀A : |A| > 1. But now, |B|>1 mb (B)(|B|−1) = |B|>1 mb (B) 767

+ |B|>2 mb (B)(|B| − 2), so that (35) reads as
768
[µb(A)+ mb(A)]



mb(B)+ mb(A)

|B|>1



mb(B)(|B|−2) = 0

|B|>2

≡ [mb (A) + µb (A)] M1 [b] + mb (A)M2 [b] = 0 (36)
. 
∀A : |A| > 1, after defining M1 [b] = |B|>1 mb (B), and 769

.
M2 [b] = |B|>2 mb (B)(|B| − 2), respectively.
770
Now, it is easy to note that
771
M1 [b] = 0 ⇔ mb (B) = 0

∀B : |B| > 1 ⇔ b ∈ P

M2 [b] = 0 ⇔ mb (B) = 0

∀B : |B| > 2

as all the terms inside the summations are nonnegative by defin- 772
ition of b.p.a.. We can distinguish three cases: 1) M1 = 0 = M2 773
(b ∈ P); 2) M1 = 0 but M2 = 0, and finally 3) M1 = 0 = M2 . 774
If M1 = M2 = 0, then b is a probability (trivially), while if 775
M1 = 0 = M2 , then (36) implies mb (A) = µb (A) = 0, |A| > 776
1 i.e., b ∈ P, which is a contradiction.
777
The only nontrivial case is then M2 = 0, where condition 778
(36) becomes
779
M1 [b] [mb (A) + µb (A)] = 0,

∀A : |A| > 1.

CUZZOLIN: TWO NEW BAYESIAN APPROXIMATIONS OF BELIEF FUNCTIONS BASED ON CONVEX GEOMETRY

For all |A| > 2, we have that mb (A) = µb (A) = 0 (since
M2 = 0), and the constraint
is met. If |A| = 2, in
stead µb (A) = (−1)|A|+1 B⊃A mb (B) = (−1)2+1 mb (A) =
783 −mb (A) (since mb (B) = 0 ∀B ⊃ A, |B| > 2) so that µb (A) +
784 mb (A) = 0, and the constraint is again met. Finally, as the
785 coordinate β[b] of ς[b] on the line a(b, plb ) can then be re786 written as
780

781
782

β[b] =

M1 [b]
M2 [b] + 2M1 [b]

if M2 = 0, then β[b] = 1/2, and ς[b] = (b + plb )/2.

788

Proof of Theorem 6

789

Finding the orthogonal projection π[b] of b onto a(P) is
equivalent to imposing the condition π[b] − b, by − bx  = 0 ∀
y = x. Replacing the masses of π − b

790
791

π(x) − mb (x),
−mb (A),
792
793

x∈Θ
|A| > 1

(38)
After replacing the first n − 1 equations of (38) into the normalization constraint, we get
π(x)+





−



mb (A)2





=

Ax



1
n mb (x) + 1 −
mb (y) + n
mb (A)21−|A|
n




Ax

1−|A|

mb (A)2

mb (y)

mb (A)21−|A|



|A| −

1−|A|

mb (A)2



|A| .

A⊃x,|A|>1

Ax


We then just need to note that − y∈Θ mb (y) = 802

− |A|=1 mb (A)|A|21−|A| , so that the orthogonal projection 803
can be finally expressed as
804


1
n mb (x) + n
π(x) =
mb (A)21−|A|
n
Ax


1−|A|
+1−
mb (A)|A|2
A⊂Θ



mb (A)21−|A|

Ax



1 − |A|21−|A|
n

mb (A)

A⊂Θ

=1

y =x



mb (A)21−|A| (n − |A|)

801
for n − |A| = 0 when A = Θ. Hence, π(x) is equal to



1
1 + (n − 1)mb (x) −
mb (y) −
mb (A)21−|A| |A|
n
y =x
A⊃x,|A|>1


+
mb (A)21−|A| (n − |A|)

i.e., (28), and since
21−|A| +

nπ(x) = 1 + (n − 1)mb (x) −



Ax


1−|A|

which is equivalent to

+

=

+

A⊃x,A⊃y,|A|>1

796

mb (A)21−|A| (n − |A|)

A⊃x,1<|A|<n

mb (A)21−|A|

A⊃y,A⊃x,|A|>1

y =x



=

= mb (x) +



π(x)+mb (y)−mb (x)+

mb (A)21−|A|

y =x Ax,A⊃y

−

into (27) yields, after extracting the singletons x from the
summation, the system

y∈Θ

794

800

y∈Θ



1−|A|
+ mb (y)

 π(y) = π(x)+ A⊃y,A⊃x,|A|>1 mb (A)2




− mb (x)−
mb (A)21−|A|
∀y = x
A⊃x,A
⊃y,|A|>1





π(y) = 1.


795

they contain). Instead
 

(37)

787

15

805

|A| 1−|A| 1 + 21−|A| (n − |A|)
1
−
2
=
n
n
n
1 + 21−|A| |Ac |
=
n

we get the second form (29).

806

Proof of Theorem 7

807

y =x A⊃x,A⊃y,|A|>1

−





mb (A)21−|A| .

y =x A⊃y,A⊃x,|A|>1

797

But now


y =x A⊃y,A⊃x,|A|>1

798
799

mb (A)21−|A| =



By (28), we can write

808

1
π[b](x) = Ō[b](x) +
n
mb (A)21−|A| |A|



mb (A)

A⊂Θ

−

A⊃x,|A|>1

as all events A not containing x do contain some y = x,
and they are counted |A| times (i.e., once for each element






mb (A)|A|2

A⊂Θ

= Ō[b](x) +

1−|A|

1
(1 − kO [b]) .
n

16

809
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But since


Ō[b](x) =

x∈Θ



mb (A)21−|A|

x∈Θ A⊃x

=



mb (A)|A|21−|A|

A⊂Θ

= kO [b]

(39)

i.e., kO [b] is the normalization factor for Ō[b], the function (30)
is a Bayesian b.f., and we can write (as P(x) = (1/n)) π[b] =
812 (1 − kO [b])P + kO [b]O[b].
810
811

813
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