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Abstract

In this paper we study the problem of conditioning
a belief function (b.f.) b with respect to an event A
by geometrically projecting such belief function onto
the simplex associated with A in the space of all be-
lief functions. Defining geometric conditional b.f.s by
minimizing L, distances between b and the condi-
tioning simplex in such “belief” space (rather than in
the “mass” space) produces complex results with less
natural interpretations in terms of degrees of belief.
The question of weather classical approaches, such as
Dempster’s conditioning, can be themselves reduced
to some form of distance minimization remains open:
the generation of families of combination rules gener-
ated by (geometrical) conditioning appears to be the
natural prosecution of this line of research.

Keywords. Belief functions, conditioning, geometric
approach, belief space, Lp norms.

1 Introduction

The original proposal for a conditioning operator in
Dempster-Shafer’s theory of belief functions (b.f.s)
[30] is due to Dempster himself [13], who formulated it
in his original model in which belief functions are in-
duced by multi-valued mappings T' : Q — 2° of prob-
ability distributions defined on a set {2 onto the power
set of another set (“frame”) ©. However, Dempster’s
conditioning was almost immediately and strongly
criticized from a Bayesian point of view.

In response to these objections a number of ap-
proaches to conditioning in the framework of belief
functions (b.f.s) have been proposed along the years
[25, 3, 15, 20, 17, 14, 41, 19, 39], in different mathe-
matical setups. In the framework of credal sets and
lower probabilities Fagin and Halpern defined a no-
tion of conditional belief [15] as the lower envelope of
a family of conditional probability functions, and pro-
vided a closed-form expression for it. In the context
of multi-valued mappings, Spies [37] defined condi-

tional events as sets of equivalent events under con-
ditioning. By applying multi-valued mapping to such
events, conditional belief functions were introduced.
In Slobodova’s work [33] a multi-valued extension of
conditional b.f.s was introduced [32], and its proper-
ties examined. Klopotek and Wierzchon [23] provided
a frequency-based interpretation for conditional belief
functions.

Another way of dealing with the classical Bayesian
criticism of Dempster’s rule of conditioning is to aban-
don all notions of multivalued mapping to define belief
directly on the power set of the frame as in Smets’
Transferable Belief Model [34]. The (unnormalized)
conditional b.f. by (B|A) =Y ncpmu(C|A) s.t.

> m(BUC) if BCA
CCAe
0 elsewhere

my (B|A) =

is the minimal commitment specialization of b such
that ply(A°|A) = 0[22]. In [35], Smets pointed out the
distinction between “revision” and “focussing” in the
conditional process, and the way they lead to unnor-
malized and geometric [38] conditioning, respectively.
In these two scenarios he proposed generalizations of
Jeffrey’s rule of conditioning [21, 31] to the framework
of belief functions.

A geometric approach to conditioning. Quite
recently, the idea of formulating the problem geomet-
rically has emerged. Lehrer [26], in particular, pro-
posed such a geometric approach to determine the
conditional expectation of non-additive probabilities
(such as belief functions).

The notion of generating conditional belief functions
by minimizing a suitable distance function between
the original b.f. b and the “conditioning region” B,
i.e., the set of belief functions whose b.b.a. assigns
mass to subsets of A only

_ : ’
ba.|4) = axg min d(b,) (1)

has a clear potential. It expands our arsenal of pos-



sible approaches to the problem, and is a promising
candidate to the role of general framework for con-
ditioning. The geometry of set functions and other
uncertainty measures has been studied by different
authors [2, 12, 28]. A similar approach has been de-
veloped and applied by the author more specifically
to the theory of evidence [4, 6, 8]. Most interest-
ingly, Jousselme et al [1] have conducted a very nice
survey of the distance or similarity measures so far
introduced between belief functions, come out with
an interesting classification, and proposed a number
of generalizations of known measures. Many of these
measures could be in principle plugged in the above
minimization problem (1) to define conditional belief
functions. In [8] the author computed all the condi-
tional belief functions generated via minimization of
L, norms in the “mass space”, where b.f.s are repre-
sented by the vector of their basic probabilities.

Contribution and paper outline. In this paper we
explore geometric conditioning in the belief space B,
in which belief functions are represented by the vec-
tors of their belief values b(A). We adopt once again
distance measures d of the classical L, family, as a fur-
ther step towards a complete analysis of the geomet-
ric approach to conditioning. We show that geometric
conditional b.f.s in B are more complex than in the
mass space, less naive objects whose interpretation in
terms of degrees of belief is however less natural.

We first briefly recall in Section 2 the geometric ap-
proach to belief functions. We later compute the an-
alytical form of the Ly (Section 3) and Lo (Section
4) conditional b.f.s in B, and propose a preliminary
interpretation for them. We extensively compare the
obtained results with those of [8] in Section 5. We
conclude in Section 6 by prospecting a number of de-
velopments for the geometric approach to condition-
ing. As some of the proof are rather combinatorial,
we moved them to an Appendix.

2 Geometric representation

2.1 Belief functions as vectors

As belief functions b : 29 — [0,1], b(A) =
> gcamy(B), are set functions defined on a the
power set 2© of a finite space ©, they are obviously
completely defined by the associate set of 2/91 -2 belief
values {b(A),0 C A C O} (since b(P) = 0, b(O) = 1
for all b.f.s). They can therefore be represented as
points of RV=2, N = 2l [6]. The set B of points
of RV=2 which correspond to a belief function is a
simplex called belief space, namely:

B=Cl(ba, 0 S ACO),

where C1 denotes the convex closure operator® and b A
is the vector associated with the categorical [34] belief
function b, assigning all the mass to a single subset
ACO: mp,(A)=1,mp,(B)=0for all B# A. The
vector b € B that corresponds to a belief function b
has in B coordinates mp(A):

2.2 Conditioning simplex

Similarly, the vector @ associated with any belief
function whose mass supports only focal elements
{0 € B C A} included in a given conditioning event
A can be decomposed as:

i= Y  maB)bs. (2)
0CBCA

The set of such vectors form a simplex
B = Cl(bg, § C BC A)

which we call the conditioning simplex (in the belief
space).

2.3 Geometric conditional belief functions

Given a belief function b, we call geometric conditional
belief function induced by a distance function d in B
the b.f.(s) bgn(.|A) which minimize(s) the distance
d(b,B4) between b and the conditioning simplex B5.
As recalled above, a large number of proper distance
functions or mere dissimilarity measures between be-
lief functions have been proposed in the past, and
many others can be designed [1].

We consider here as distance functions the major L,
norms d = Ly and d = Lo,. This is not to claim
that these are the distance function of choice for this
problem. The geometric approach to conditioning
is potentially a huge research direction which will
take much time to explore exhaustively. However, L,
norms have been used in the probability and the con-
sistent approximation problems [4, 10], where they
have produced rather simple and elegant results. For
vectors 5, vV eB representing two b.f.s b, b’, such
norms read as:

-~ o . 1/2

15Tl = | > (0(B) - ¥(B)?]
#CBCO

. -

16—t mggage\b(B) b'(B)|.

Defined as Cl(gl,...,gk) = {E € B:b=ab + -+
Oékl;mziai =1, aj > 0Vi}.



3 Ls conditioning in the belief space

The problem of projecting a belief function b repre-
sented by the corresponding vector b of belief values
onto a conditioning simplex B4 = Cl(bp,0 C B C A)
starts by explicitly writing the difference vector b—a
between b and an arbitrary point @ of Ba, i.e.,

> m(B)bs— Y. ma(B)bp =

0CBCO 0CBCA
= > (m(B) —ma(B))bs + Y my(B)bp
#CBCA BgA
> BB+ Y my(B)b
PCBCA BgA
(3)
where 5(B) = mp(B) — mq(B). We exploit the fact

that the minimal L, distance between a point and a
vector space V is attained by the point of the vector
space such that the difference vector is orthogonal to
all the generators g; of V:

argmin [f'—qllz =G €V : (F—q¢,5;) =0 Vi
qev

whenever p' € R™, V = span(g;,i) (Figure 1).

—-
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Figure 1: The point ¢ of a vector space V' at minimal
Ly distance from a given point p' ¢ V is such that
the difference vector p'— ¢ is orthogonal to all the
generators g; of V.

3.1 A case study: the ternary frame

In the case of a size-3 frame © = {z,y,z}, and a
conditioning event of size 2 (for instance A = {z,y})
the difference vector (3) particularizes as:
b— i = B(x)be + By)by + B, 9)biayy + mu(2)b
—|—mb(1’7 Z)b{w,z} + mb(:’-/v Z)b{y7z}a
(4)

as 5@ = 0. To find the vector @ € B4 which mini-
mizes the Ly distance from b (its Lo conditional belief
function by, 5(.|A) with respect to A in B) we need
to enforce the orthogonality conditions:

(b—a,by —bigyy) =0, (b—a,by —Dbizyy) =0

—

as By = C’l(bw, by, b{m »}) has two generators: b, —

b{x y} and b b{x,y} Remembering that

(ba,bp) = (baup,baup) = 2IAVB T -1 (5)
after simple maths we obtain the following system

{ 208(x) + mp(z) + mp(x,2) =0 (6)
26(y) + mp(2) + mp(y,2) =0

whose solution is clearly (in mq(x), mq(y))

me(x) = (@4.%,
ma(y) = my(y) + w7
ma(z,y) = mp(x ,y)erb(@)er.

(7)
At a first glance, each focal element B C A seems to
be assigned to a fraction of the original mass my,(X) of
all focal elements X of b such that X C BU A¢. This
contribution seems proportional to the size of X N A€,
i.e., how much the focal element of b falls outside the
conditioning event A. Notice that Dempster’s condi-
tioning bg (.|A) = b @ by yields in this case:

mp(x) + myp(z, 2)

me (] A)

o) o)
mp\T,y my

L conditioning in the belief space differs from its “sis-
ter” operation in the mass space [8] in that it makes
use of the set-theoretic relations between focal ele-
ments, as Dempster’s rule does. However, contrarily
to Dempster’s conditioning it does not apply any nor-
malization, as even subsets of A® ({z} in this case)
contribute as addenda to the mass of the resulting
conditional belief function.

3.2 General case

In the general case the orthogonality of the difference
vector w.r.t. the generators bo —ba, § C C C A of
the conditional simplex

(b—a,bo—ba)=0 YO CCCA

=

(where b — @ is given by Equation (3)) reads as

> g amu(B) {(513’50) - <EB,5A>}+

S nca BB)| (b, be) — (Bp,54)] =0

for all ) C C € A. Now, by (5), (bp,bc) = |{Y 2 BU
C,Y # 0} = 2BVl 1 and (bp, ba) = 2BV -
1. As (BUA)® = A° when B C A, the system of
orthogonality conditions is equivalent to, § C C' C A,
> 5z ams(B) [2|<Bu0)“| _ 9l(BuA)|

+2pcal(B) {2|(BUC)C| - 2“‘0‘} =0 ®



This is a system of 214l — 2 equations in the 2/4l — 2
variables {3(B),B C A}.

Theorem 1. The Lo conditional belief function
br, B(.|A) with respect to A in the belief space B is
unique, and is given by B(C) =

= — Z my(BUC)2™ ‘B|—|— |C| Z my(B)2~ 15|
BCAc BCAc
‘ (9)
.e.,
mr, 5(ClA) =my(C)+ > my(BUC)2 P14
BCAc
H(=D)IOHE Ny (B)27 1P
BCAc

for each proper subset  C C C A of the event A.

As a verification, in the case © = {z,y, 2}, A = {z,y}
we have, as in (7),
ma(z) =

mb($)+mb({Z}U{m})2_ +(=1)*mp(2)27"

o 3 ) )
) 1 (2} G 4 (1o
=mp(y) + me(2) +2mb(y’ 2),

We can notice that the (unique) Lo conditional be-
lief function in the belief space is not always a proper
belief function, as some masses can be negative, due
to the addendum (—1)I€F15° o my(B)27181 Tt
shows, however, an interesting connection with the
redistribution process associated with the orthogonal
projection 7[b] of a belief function onto the probability
simplex [5]. Such projection can indeed be expressed
as w[b] = P(1 — k) + kO[b], where P is the uniform
probability distribution, & € [0,1], and O[b] is an-
other probability obtained by first re-distributing the
mass of each set A among all its subsets B C A on
an equal basis, to later compute its relative belief of
singletons p(z) = b(z)/>_, b(y). Here (9) the mass
of each focal element not included in A is also bro-
ken into 2/B! parts, proportionally to the number of
its subsets. Only one such part is re-attributed to
C = BN A, while the rest is re-attributed to A itself.

Lo minimization seems to be related to factors of the
form 278! which imply mass redistribution in the
power set 2°.

4 L., conditioning in the belief space

We proceed to computing the L., conditional belief
functions in the belief space, starting with the ternary
case study.

4.1 The ternary case

There ||b—d||. = maxgcpce [b(B) — a(B)| =

max {|b(z) - a(@)],[b(y) -
b(=)1, bz, 2) = alw, 2)], bly, 2) -

max {my(2), 1 = bl y), |8(x) +my(2) + my(, 2)],
1B 181 1B(y) + mu(2) + ma(y, 2)| }

a(y)|, |b(:L'7y) - a(m7y)\7

aly 2)| } =

which is minimized for, as 1 — b(z,y) > my(2),

max { [B(2)],|8(@) + mo(2) + mo(w, 2)|} < 1= bla,y)
max { [89)], 18(y) + ms(2) + mo(y, 2)| | < 1= ()

This involves functions of the form max{|z|, |z + k|},

Figure 2: Graph of a function of the form
max{|z|, |x + k|}, and the interval of values below a
threshold &' >= k.

whose shape is plotted in Figure 2. The interval of
values in which such a function is below a certain
threshold k' > k is [—k', k' — k], yielding

bz, y) —1<B(x) <1

= b(z,y) = (mp(2) +my(z, 2))

= (ma(2) + mu(y, 2)).

(10)
The solution in the masses of the sought L., con-
ditional b.f. reads therefore as

mp(x) —mp(y, 2) — mp(0) < my(x) <

< 1= (mp(y) +mp(z,y))
mp(y) — mp(z,2) = mp(0) < my(y) <

<1 — (mp(z) +mup(2,y))

Its barycenter is clearly given by

mp(2)+my(z,2
My () mp(x) + 71’(( 2 b(( ))
_ my (2)+my(y,2
ma(y) = mp(y) + = ()
ma(muy) mb(x7y)+mb(®)+w

(12)
i.e., it coincides with the Lo conditional belief function
(7) as computed in the ternary case.



4.2 The general case

From (19) the norm becomes, after introducing the
variable v(C') = ZXQC B(X), maxpc pce |b—ad(B)| =

- max’ S oBE+ > m(O)

0CBCO
== ccAnB CCB,CgA

=g pUn B+ 3 mio)
== CCB,CZA

max ‘*y(AﬂB) +

where clearly

WA = DB =3 (mul(B) ~ma(B))
BCA BCA
= b(A)— > ma(B)=b(A) - L

BCA

Now, the first term in the above max problem is s.t.
> m(©)| =

CCB

= maxpgcaec b(B) = b(A°). For the third one we have

Y mp(C) < > me(C) = plp(A°) =1 b(A),

CCB,CZA CNAe

(O] = e

max (2)‘ E
B:BNA=
CCB,CZA

which is maximized when B = A, in which case it is
equal to

’b(A)flJr 3 mb(C)] = |b(A)—1+0] = 1—b(A).
CCA,CgA

Therefore, the Lo, norm (13) of the difference b — @
reduces to maxgcpce |b — d(B)| =

max { B:BIrrTlf{};i@,A "y(AﬂB)—I— 21 mb(C)‘, 1 b(A)}
cz A
(14)
and is obviously minimized by all the values of v*(X)
such that

“(ANB o) <1-b(4).
s i+ 2 m@s1-ua

Lemma 1. The values v*(X) which minimize the
norm (13) are, VO C X C A:

—(1=b(4)) <77 (X) < (1=b(A)—

Solution in the masses. It is not difficult to see
by induction that in the original auxiliary variables 3
the set of Lo, conditional b.f.s in B is determined by
the following constraints:

~KX)+ ()X 3 my(0) <
CNAc#£),CNACX (16)
<HBX)<KX) - Y m(0)

CNAc#£0,CNACX
where

K(X) = 2 =1)(1-0(4))~ >

CNA£),ICCNACX

In the masses of the sought L., conditional b.f. this
reads as follows.

Theorem 2. Given a belief function b : 2° — [0, 1]
and an arbitrary non-empty focal element ) C A C O,
the set of Lo, conditional belief functions by p(.|A)
with respect to A in B is the set of b.f.s with focal
elements in {X C A} which meet the following con-
straints for all ) C X C A:

my(X) + > my(C) + @X = 1)(1 - b(A))
—b(A))+

- my(C) = (=X > my(B).
CNA#£0,0CCNACX BCAc
(17)

4.3 Barycenter of the L., solution

Clearly the barycenter of the optimal region (15) is

CSEEE DS

CNAc#£),CNACX

mb(0)7

a solution which corresponds, in the set of variables
{B(X)}, to the system of equations: V) C X C A

{ > a0y Y

pCCCX CNAc£),CNACX

my(C) = 0. (18)

Theorem 3. The center of mass of the set of Lo
conditional belief functions br,__ g(.|A) with respect to
A in the belief space B is the unique solution of the
system (18), and is given by:

B =5 3 [0 my(B)-mi(BUO)]. (19)
PCBCAe
i.e., in terms of masses,

1

mZ,B(ClA) =myp(C) + 5 Z my(B + C)+
0CBCA®

+%(—1)|C‘+1b(Ac).

(20)



The mass of A can be easily obtained by normaliza-
tion.

5 Comparison with conditioning in M

It is interesting to compare these results with those
obtained by L,, conditioning in the mass space [8].

5.1 L, conditioning in the mass space

Proposition 1. Given a belief function b : 2° —
[0,1] and an arbitrary non-empty focal element () C
A C O, the set of Ly conditional belief functions
br, m(.|A) with respect to A in M s the set of b.f.s
with core in A such that their mass dominates that of
b over all the subsets of A: by, m(.JA) =

- {b’ . Cy C A,y (B) > my(B) V0 C B C A}.
(21)
Such a set is a simplex My, a[b] = Cl(m[b]|F A0 C
B C A) whose vertices @ = m[b]|f A have b.p.a.:

{ a(B) = my(B) + 1 —b(A) = myp(B) + plp(A°),
a(X)=mp(X) WWCXCAX#B

(22)
The unique Lo conditional belief functions br, am(.|A)
with respect to A in M is the b.f. whose b.p.a. redis-
tributes the mass 1—b(A) to each focal element B C A
in an equal way:

mi, m(B|A) = my(B) + (23)
V() € B C A, and corresponds to the center of mass
of the simplex My, alb] of L1 conditional b.f.s.

L1 and L, conditioning are strictly related in the mass
space, the latter being the barycenter of the former,
and they have a compelling interpretation in terms of
general imaging [29, 16]. Lo, conditioning in M is of
more difficult interpretation.

The L and L., conditioning in the belief space com-
puted here

mp, 5(B|A)

my(B) + > my(B+C)271¢!
CCAc

HEDEH S ()21
CCAe

Z mb(B + O)
PCCCAe
(~1)B1p(4°).

1

1

3

According to Theorem 3 we can interpret the barycen-
ter of the set of L., conditional belief functions as fol-
lows: the mass of all the subsets whose intersection

with A is C' C A is re-assigned by the conditioning
process half to C, and half to A itself. In the case of
C = A itself, by normalizarion, all the subsets D O A
including A have their whole mass re-assigned to A,
consistently with the above interpretation. The mass
of the subsets B C A€ which have no relation with the
conditioning event A is used to guarantee the nor-
malization of the resulting mass distribution. As a
result, the obtained mass function is not necessarily
non-negative: again, such version of geometrical con-
ditioning may generated pseudo belief functions. Fur-
thermore, if we compare Theorem 3 with Theorem 1
we will notice that, while being quite similar to each
other, the coincidence of by g(.|A4) and b, p(.|A)
was really an artifact of the ternary case, for which
PCBCA=0CBC{z}*=B={z},|B|=1

Conditional b.f.s in the belief space seem to have
rather less straightforward interpretations than the
corresponding quantities in the mass space. A com-
parison between Equations (23) and (20) illustrates a
clear difference: while in the M case the barycenter
of Ly conditional b.f.s is obtained by reassigning the
mass of all B ¢ A to each B C A on equal grounds, for
the barycenter of L., conditional b.f.s in B normaliza-
tion is achieved by adding or subtracting their masses
according to the cardinality of C' (even or odd).

5.2 Comparison on the ternary example

We conclude by illustrating the different approxima-
tions in the toy case of a ternary frame, © = {z,y, 2},
for sake of completeness. Assuming we want the
conditioning event approximation to be A = {x,y},
the Ly (partial) conditional belief function is given
by Equation (7), while the L., partial conditional
b.f.s form the set determined by Equation (11), with
barycenter in (12). By Proposition 1 the vertices of
My, alb] are

i = [me(@) + ply(2), ma(y), mo(, y)],
mi = [mo(@), mo(y) + plo(2), ma (2, )],

AU = [my (@), my(y), my(z,y) + ply(2))'-

while the Ly conditional b.f. in M has b.b.a.:

m(z) = my(x) + 1-bz,y) _ my (@) + Plb3(Z)’
m(y) = mp(y) + ple(Z ;m(z,y) = mp(z,y) + plbg)(z).
(24)

In this case the conditional simplex is 2-dimensional,
with three vertices l;z, l_;y and 5xy Figure 3 illus-
trates the different geometric conditional belief func-
tions given A = {z,y} for the belief function with
masses

m = [0.2, 0.3, 0, 0, 0.5, 0], (25)



ie, mp(x) = 0.2, mp(y) = 0.3, mp(z, z) = 0.5. It con-
firms that mp, a(.|A) lies in the barycenter of the
simplex of the related L, conditional b.f.s. The same
is true (in the ternary case) for mp, 5(.|A) which is
the barycenter of the (green) polytope of my__ g(.|A)
conditional b.f.s. We can notice that the latter does
not fall entirely in the admissible conditional simplex
C(l;t, l;y, l;xy), but a good portion of it does. A num-

Example of Lp conditional BFs in M and B

0.5
"7 p
X
0
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Figure 3: The simplex (red triangle) of Ly, M condi-
tional belief functions associated with the belief func-
tion with mass assignment (25) in © = {x,y, z}, with
conditioning event A = {z,y}. The related Lo, M
conditional belief function is plotted as a red square,
and coincides with the center of mass of the L; set.
The set of Lo, B conditional b.f.s is drawn as a green
rectangle, and falls in part outside the conditioning
simplex (black triangle). In the ternary case Lo, B is
the barycenter of this rectangle. Interesting cross -
relations between conditional functions in M and B
seem to emerge.

ber of interesting cross relations between conditional
b.f. of the two representation domain appear to exist.

1. mr_, 8B(.]A) seems to contain my, am(.|4), while

2. the two Lo conditional b.f.s mp, m(.]A) and
mp, B(.]A) appear to lie on the same line.

There is probably more to these conditioning ap-
proaches than the simple comparison run here. For
instance, it remains an open problem to find the ad-
missible part of my__ 5(.|]A). We will investigate them
further in the near future.

6 Conclusions and perspectives

In this paper we showed how the notion of conditional
belief function b(.|A) can be introduced by geometric

means, by projecting any belief function onto the the
simplicial subspace associated with the event A. The
result will obviously depend on the choice of the vecto-
rial representation for b, and of the distance function
to minimize. We thoroughly analyzed the case of con-
ditioning a belief vector by means of the norms Lo,
and L., and showed that the results often have some-
how complex interpretations in terms of degrees of be-
lief. We compared such results with those obtained in
[8] for in the mass space. The present analysis opens
a number of interesting questions.

6.1 Geometrical rules of combination

We may wonder, for instance, what classes of con-
ditioning rules can be generated by such a process.
Do they span all known definitions of conditioning?
In particular, is Dempster’s conditioning itself a spe-
cial case of geometric conditioning? We already men-
tioned Jousselme et al [1] and their survey of the dis-
tance or similarity measures so far introduced between
belief functions. This line of research could possibly
be very useful in such a quest.

A related question links geometric conditioning with
combination rules. In the case of Dempster’s rule it
can be easily proven that [4],

bob =be Yy m'(Aba= Y pu(Ab@ba,
ACO ACO

where as usual b’ is decomposed as a convex combi-
nation of categorical belief functions b4, and pu(A)
m’(A)plp(A). This means that Dempster’s combina-
tion can be decomposed into a convex combination of
Dempster’s conditioning with respect to all possible
events A. We can imagine to reverse this link, and
generate combination rules starting from condition-
ing rules. Additional conditions have to be imposed
in order to obtain a unique such combination rule.
For instance, by imposing commutativity with affine
combination (linearity, in Smets’ terminology [36]),
any (geometrical) conditioning rule b|% implies neces-
sarily:

bwd =Y m(Apwbs= > m'(A)D[Y.
ACO ACO

In the near future we plan to explore the world of com-
bination rules induced by conditioning rules, starting
from the different geometrical conditional processes
introduced here.

6.2 L, consonant approximation

In addition, the same techniques used to project a be-
lief function onto a conditional simplex can be used
to solve the approximation problem.



It has been proven in [9] that consonant belief func-
tions (b.f.s whose focal elements are nested), for in-
stance, live in a “simplicial complex”, i.e., a struc-
tured collection of simplices. The same holds of con-
sistent belief functions, i.e., belief functions whose fo-
cal elements have non-empty intersection [10].
Consonant or consistent approximations of belief
functions can therefore be obtained by minimizing L,
distances between the original b.f. and the relevant
simplicial complex. The analysis has been conducted
in the case of consistent belief functions, but only in
the belief space, in [10, 7]: the present results suggest
L, approximations in the mass space should turn out
to be more elegant and easier to interpret. Given the
practical importance of possibility measures and fuzzy
sets among practitioners, we plan to do the same for
consonant belief functions.

Appendix

Proof of Theorem 1. To prove Theorem 1 we just
need to replace (9) into the system of constraints (8)
for the Ly solution in the belief space case. We obtain,
forall ) C C C A:

> m(B) [2\(BUC)C\ - 2|<BUA>C|} + 3 [_ Z

BzA BCA  XCAec

ma(X U B)2 X (<1)B1 STy (x)27 1]
XCAe

.{QuBucr\ _ 2|AC\} —0

Now, whenever B ¢ A it can be decomposed as B =
X+Y, with®) C X C A, ) CY C A. Therefore
BUC=(YUC)+ X, BUA=A+ X and, since

9= IX1(2l(YUO)*| _ 9lA%ly — oll(YUO)+X]°| _ 9l(A+X)7

we can write the constraints as

Z Z mb(X+Y)(2\[(YUC)+X]C\+

PCXCAcOCYCA

—2AR0T) S S ()Y (X)+

ICXCAOCYCA
—ma(X +) ) (2 VORNIT _plae0T)

Some combinatorial operations lead to the simplified
form:

o (X0 (21 (XHOYT _ 9l(X+4)°|
Z b(X) + Z

PCXCAe PCXCAc

S (1)l (3) (21U gl e0T) —

PCYCA
(26)
Now, the first addendum is easily reduced to

3 mb(X)2’|X|(2|CC|f2‘AC|),

PSXCAe

while the second one becomes, after some manipula-
tions,

> mb(X)z—lx\[ 3 (_1)IY\<2I(YUC>C|+

PCXCAe PCYCA
_Q\Aﬂ) — (2l - 2|AC|)]
(27)
But then we can notice that
3 (_1)|Y\(2|<Yu0>6| _ 2\A°|) _
0CYCA
= Y (RO At ST (Y
PCYCA PCYCA
= Y (—pialoreer
9CYCA

since Y gy a(—1)¥1 =0 by Newton’s binomial. As
for the remaining term, using a common technique,
we can decompose Y into the disjoint sum Y = (Y N
C) + (Y'\ C) and rewrite it as

IC| [A\C|

Z ( C] >Z (|A\C|)(1)YOC|+Y\C|.
yaci—o \Y N CU 2 \IYAC

Y\C|-|C| | .- |C v
'2n—Y c|-|C :27L—|C ( ) 1 YnCl,
Yr%:_o Y NnC| (=1)

[A\C

5 ANCT _pyinicly-mel

Y\ Cf

Y\C|
where
[A\C|

B (1)

[Y\C]

= —2-I4\Cl by Newton’s binomial. Hence

S (—nYiglorert

0CYCA
ICI C|
— _gln—ICI-1A\C| _plyncl — g
Y NC|=0

again by Newton’s binomial. By replacing this result
in cascade into (27) and (26) the system of constraints
reduces to 0 = 0.

Proof of Lemma 1. The variable term in (14) can
be decomposed into collections of terms which depend
on the same individual variable ~(X):

YX)+ DY m(Z4+W)

0CZCY OCWCX

max max
PCXCADCYCAe

where B=X+Y,with X =ANBandY = BN A°.
Note that Z #£ 0, as C = Z + W ¢ A. Therefore the



global optimal solution decomposes into a collection
of solutions {y*(X),0 € X C A} for each individual
problem, where y*(X):

max
PCY CAc

PCZCY OCWCX
(28)
We must distinguish three cases. 1. If v(X) > 0 we
have that v*(X):

max {7*(X)+ > % mb(Z+W)}:

PCY CAe
PCZCY PCWCX

=7 X)+ Y. > m(Z+W) =

PCZC A pCWCX

=7 (X)+ >

CNAc#D,CNACX

mp(C) < 1 — b(A)

since when (X) > 0 the argument to maximize is
non-negative, and its maximum is obviously achieved

for Y = A°. Hence:
Y(X) " (X) <1 -b(A) - >

CNAc#p,CNACX

mb(C)

(29)

2. If y(X) < 0 the maximum in (28) can be achieved
for either Y = A€ or Y = (). Therefore we are left
with the two corresponding terms in the max. We
look then for 4*(X) such that

max {|’y*(X)—|- Z

O, (X }
ICY C Ac mb( )|a 7( )
CNAc£),CNACX

(30)
<1-—5b(A). Now, either

v (X) + >

CNA°#£0,CNACX

my(C)] = —7*(X)

or viceversa. In the first case

IO+ Y mo)]=
CNAc#0,CNACX
=7 (X) + Z my(C) > —v*(X),

CNAc#p,CNACX

as the argument of the absolute value has to be non-
negative, i.e.,

7(X) > f% >

CNAc#£p),CNACX

Furthermore, the optimality condition is met when

7H(X) + >

CNAc#£p),CNACX

mb(C’) S 1-— b(A),

equivalent to

CIESET RIS

CNA<#£),CNACX

mp(C) >0
CNAc£0,CN(A\X)#D

my(C) =

VXY > mb(Z‘FW)’Sl*b(A).

which is trivially true since v*(X) < 0. Therefore,
the optimal interval is:

0> (X)> -2 Y

5 mp(C).  (31)
CNAc#£),CNACX

3. In the last case,

7(X) + >

CNAc#£p,CNACX

ie, v(X) < -1 > cnacp.cnacx Mp(C). Optimal-
ity is met for —y*(X) < 1 — b(A) which is equivalent
to v*(X) > b(A) — 1, which is in turn met for all

. 1
b(A) =1 <y"(X) < =5 >
CNAc#£),CNACX

mp(C). (32)
Equation (32) particularizes, in the ternary case © =
{I]’J,y,Z}, A= {xay}a as

b(z,y)—1 < Bz) < 1-b(z,y)— >

CN{z}#0,CNAC{z}

This is indeed the solution (10) found in the ternary
case. Putting (29), (31) and (32) together we have
the thesis.

Proof of Theorem 3. We can prove it by sub-
stitution. By replacing (19) in (18) we get, since
Z@gccx(_l)‘c‘ =0—-(-1)° = —1 by Newton’s bi-
nomial,

> 0 [C0mB) - mBUO)]+

PCCCX ~ OCBCAc
1 1

+5 > my(C) = 5 > mu(B)
0CBCAe

CNAc#£),CNACX

3 (-1)'0\)_% S Y m(BuO)+

pcCCxX PCBCAc PCCCX

Y mO=— Y mB¢

CNAc#£p,CNACX

2 Y Y mmuary Y

PCBCAcPCCCX CNAc#),CNACX
1
mb(C):—§ Z Z mb(BUC)—i-
PCBCAcPCCCX
1
T3 >

my(C) =
CNAc#£p),CNACX

1 1
5 2 m@+; X

CNAc#£),CNACX CNAc#£),CNACX

mb(C’)

=0forall ) C X C A, and system (18) is met.
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