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Abstract

In this paper we introduce a novel, simpler form of the polytope of inner Bayesian
approximations of a belief function, or “consistent probabilities”. We prove that the
set of vertices of this polytope is generated by all possible permutations of elements
of the domain, mirroring a similar behavior of outer consonant approximations. An
intriguing connection with the behavior of maximal outer consonant approximations
is highlighted, and the notion of inner (outer) approximation of a credal set in terms
of lower probabilities proposed. Finally, we generalize the main result to the case of
k-additive belief functions, belief functions whose focal elements have size at most
k. We prove that the set of such objects dominating a given belief function is also a
polytope whose vertices are generated by permutations of focal elements of size at
most k.
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1 Introduction

Uncertainty theory is a composite field in which different but related ap-
proaches compete to gain a wider audience in engineering [1] and business
2] applications. Belief [3], probability, and possibility [4] measures can all be
adopted to represent uncertainty, although some of them may be more fit to
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specific applications and contexts.

Their relation is therefore a popular object of study. More specifically, it is
useful in many situations to pose the problem of transforming one uncertainty
measure into a measure of a different class. In the case of belief functions,
this issue goes under the name of “Bayesian” or “consonant” approximation
problem, according to whether we seek to approximate a belief measure with
a probability or a possibility.

In particular we may request the approximating probabilities to be more “in-
formative” than the original belief function. There are many ways, however,
of measuring the information content of a belief function [5-7]. If we adopt
the classical ordering induces by belief values

¥ >b = (A)>bA) VACO

we obtain the set of inner Bayesian approzimations P[b] of b, i.e., the proba-
bility measures whose values dominates those of b for all events A:

Plt] = {p€P:b(A) <p(4) VA C 6}. (1)

According to Equation (1) this “credal set” [8] of probability measures is in
fact the set of probabilities which admit the original b.f. b as a lower bound.
A powerful, although controversial, semantic to belief functions comes from
the observation that such probabilities can be obtained by redistributing the
basic belief or “mass” of each event of © to the elements it contains. Belief
functions can indeed be seen as constraints acting on the probability simplex,
on which they define the credal set (1).

As Shafer admits in [?], there is indeed a sense in which a single belief func-
tion can be interpreted as a consistent system of probability bounds. However,
the issue with such credal interpretation of belief functions becomes evident
when considering two or more belief functions addressing the same question
but representing conflicting items of evidence, i.e., when Dempster’s rule is ap-
plied to aggregate evidence. In [3,9], Shafer disavowed any probability-bound
interpretation, a position later seconded by Dempster [10]. Nevertheless this
interpretation has been adopted by many authors, and is at the foundation
of Smets’ Transferable Belief Model [11-15], in which decisions are made at
the pignistic level by applying a pignistic transform [16] to convert the avail-
able belief function into a probability distribution which turns out to be the
barycenter of the associated credal set.

Geometrically, inner Bayesian approximations or consistent probabilities are
known to form a polytope (the convex closure of a finite number of points)
in the space of probability measures, whose center of mass coincides with the
pignistic transformation [17]. In robust Bayesian statistics a large literature
exists on the study of convex sets of probability distributions [18-22].

This polytope of inner Bayesian approximations, in particular, has been stud-



ied by Ha et al. [23], who proved that P[b] can be expressed in the probability
simplex as the sum of the polytopes associated with all the non-zero mass
events (“focal elements”) A;, i = 1,--- , k of b, weighted by the corresponding
masses, i.e.

Plb] = Zmb(Ai)C’l(pm,x € A;) (2)

where Cl(p,,x € A;) denotes the convex closure Cl of the probabilities as-
signing 1 to a particular element x of A;.

Let us denote more generally by P[u] the set of probability measures domi-
nated by a given capacity (monotone set function) p. The problem of char-
acterizing the extreme points of P[u] has been studied in the past in greater
or smaller generality. Walley has studied the credal set generated by a coher-
ent upper probability in the context of linear previsions, which correspond to
finitely additive probabilities [24].

The result that the set of extreme points of P|u] is the following set of proba-
bility measures induced by permutations p = (z,(1), ..., z,(n)) of the elements
of the domain © = {zy,...,z,} of u

Po(p(0) = {2, (1), o 2, (D}) = {2y (1), (i = DY) Vi =2, m

when p is a 2-alternating [25] capacity was first established by Dempster [26]
for 1-alternating capacities, while alternative proofs for 2-monotone capacities
have been made among others by Shapley [27], in the context of game theory,
and Chateauneuf and Jaffray [28], using their Moebius inversion.

Miranda et al [25] have move forward by extending these results to the case
of separable metric spaces. On his side, Wallner [29]) has recently provided a
characterization of the the maximum number of extreme points of a credal set
induced by a lower probability measure (see Section 4).

The case of the set of k-additive dominating belief functions, however, is so
far less understood.

In [30,31] the authors have considered the dominance properties of k-additive
belief functions for any type of capacities [32], introduced the polytope of
k-additive belief functions dominating another belief function, and provided
some results to characterize it. Here we will proceed to a full characterization
of the vertices of this polytope.

1.1  Contributions

In this paper we start by studying the structure of the vertices of the set of
consistent probabilities, proving that the set of actual vertices of the polytope



P[b] is indeed quite small, and determined by all possible permutations of
elements of the domain:

P[b] = Cl(p[b] Vp)

where p”[b] is a probability determined by a permutation p = {x,q), ..., pn) }
of the singletons of ©. This allows us to give a simple alternative proof of the
pignistic function being the barycenter of such set, and establish a beautiful
symmetry with the (dual) case of outer consonant approximations [33,34], i.e.
the consonant b.f.s dominated by b :

Ob] = {co € CO : co(A) < b(A) VA C O}, (3)

where CO denotes the collection of all consonant b.f.s, i.e. belief functions
whose focal elements are nested [3]. As for each maximal chain of focal elements
a vertex of the polytope of outer consonant approximations is also determined
by a permutation of singletons, there exists a 1-1 correspondence between
actual vertices of P[b] and OIb].

An application of these results to the issue of approximating an arbitrary
credal set with the one generated by a belief function or a lower probability is
also outlined.

In the last part of the paper we move on to generalize the result on the credal
set of consistent probabilities to analyze the case of the set of k-additive belief
functions dominating the original b.f., i.e. the case in which the dominating
belief function is allowed to have focal elements of size up to k < n = |©|. We
prove that the vertices of this set are associated with permutations of focal
elements of size up to k in this more general case as well.

1.2 Paper outline

We recall in Section 2 the basic notions of the theory of evidence, and the
credal interpretation of belief functions. In Section 3 we show that the actual
vertices of the polytope of all probability distributions consistent with b are
each associated with a permutation of the elements of the domain (3.2). We
provide the formal proof, illustrate this proposition in the case of a ternary
frame (3.3), and discuss the issue of whether those vertices are guaranteed to
be unique (3.4).

In Section 4 an application of this result to credal set approximation for in-
ference on networks is proposed.

In Section 5) we show how the vertices of the region of outer consonant ap-
proximations induced by singleton permutations turn out to be in 1-1 corre-
spondence with the vertices of the polygon of consistent probabilities.
Finally, in Section 6 we prove that the vertices of polytope of dominating
k-additive belief functions are also associated with permutations (of focal el-
ements of size up to k).



The line of reasoning and all major proofs are illustrated by running examples.

2 Bayesian and consonant approximations of belief functions

Belief [3], probability, and possibility [4] theory are different but related de-
scriptions of uncertainty, as (at least in the finite setting) both probabilities
and possibilities are special cases of belief functions.

If we admit that the ideal knowledge state is represented by a “true”, but
unknown probability measure (which we cannot estimate precisely because
of imprecise measurements, missing data, etcetera) belief measures have in
turn a natural interpretation as lower/upper bounds to this unknown true
probability.

2.1 Belief measures

Belief functions are mathematical representations of the bodies of evidence
we possess on a given decision or estimation problem (). We assume that
the possible answers to () form a finite set © = {x1, ..., x,} called “frame of
discernment”. A basic probability assignment (b.p.a.) [3] over © is a function
m : 29 — [0,1] on its power set 2 = {A C O} such that

m(@) =0, > m(A) =1

ACO

Subsets of © associated with non-zero values of m are called “focal elements”.
The belief function (b.f.) b:2° — [0,1] associated with a basic probability
assignment my, on © is defined as

b(A) = > mu(B). (4)

In the theory of evidence a probability is just a special belief function assigning
non-zero masses to singletons only (Bayesian b.f.): my(A) =0 |A] > 1.

The plausibility function (plL.f.) pl, : 2° — [0, 1], ply(A) = 1 — b(A°) measures
instead the amount of evidence not against A.

2.2 Consistent probabilities or inner Bayesian approximations

The original semantics of belief functions derive from Dempster’s analysis
of the effect of multi-valued mappings I' : Q@ — 29, 2 € Q — I'(x) € © on
evidence available in the form of a probability distribution on the “top” domain



Q) on the “bottom” decision set ©. As such, belief values are probabilities of
events implying other events. In some of his papers [35], however, Dempster
himself claimed that the mass m;(A) associated with a non-singleton event
A C O could be understood as a “floating probability mass” which could not
be attached to any particular singleton event x € A because of the lack of
precision of the (multi-valued) operator that quantify our knowledge via the
mass function. This has originated a popular but controversial interpretation
of belief functions as coherent sets of probabilities determined by sets of lower
and upper bounds on their probability values.

According to this interpretation a focal element A of mass m;(A) can be seen
as the indication of the existence of a mass m;(A) “floating” inside A. The
mass assigned to each event A C O can float freely among its elements z € A.
A probability distribution compatible with b emerges by redistributing the
mass of each focal element to its singletons.

This set of Bayesian b.f.s is said “consistent” with b.

2.2.1 FExample

To illustrate the notion of probability consistent with a belief function let us
consider a little toy example, namely a b.f. b on a frame of cardinality three
© = {x,y, z} with focal elements (Figure 1-a)

) =5, w2 = 5 o)

One way of obtaining a probability consistent with b is, for instance, to equally

| 2
‘4‘)

a) b) c)

Fig. 1. a) A simple belief function in the ternary frame. b) and ¢) two admissible
probabilities consistent with a).

share the mass of {z,y} among its elements = and y, while attributing the
entire mass of {y, z} to y (Figure 1-b). Or, we can assign all the mass of
the focal element {z,y}, and give the mass of {y, z} to z only, obtaining the
Bayesian belief function of Figure 1-c.



2.2.2  Belief functions as lower bounds

The set of all and only the (admissible) probabilities obtained as above by
re-assigning the mass of each f.e. to its elements is

Plt] = {p e P:p(A) > b(A) VA C O} (6)

i.e., the set of measures whose values dominate that of b on all events A.

A belief function can then be interpreted as a “lower bound” to the set of
probabilities it determines.

It is straightforward to check that, for instance, the distribution of Figure 1-b)
meets all the lower and upper bounds determined by the belief function (5),
for instance:

p(x) =1/3 > b(x) =0,
p{z,y}) =1/3+2/3=12b({z,y}) = m({z,y}) = 2/3.

2.2.8 Consistent belief functions as inner Bayesian approximations

Consistent probabilities can be seen as the set of all the probabilities less
committed than the original b.f. b.

The “least commitment principle” [36] postulates that, given a set of b.p.a.s
compatible with a number of constraints, the most appropriate mass functions
is the “least informative”. As pointed out by Denoeux [5], in some sense it plays
arole similar to that of maximum entropy in probability theory. However, there
are many ways of measuring the information content of a belief function. This
is done in practice by defining a partial order in the space of belief functions.
Different such orderings were proposed by Yager [6], Dubois and Prade [7],
and Denoeux [37]. If we adopt the order relation called weak inclusion

b<V =0bA) <V(A) VACO, (7)

according to which a belief function & dominates another b.f. b if the belief
values of b/ are greater than those of b for all events A C O, the consistent
probabilities (6) are exactly the group of Bayesian belief functions more com-
mitted than b according to (7).

They therefore assume the meaning of inner Bayesian approximations of the
original belief function b.



3 Vertices of consistent probabilities and element permutations

The region of all inner Bayesian approximations of any given belief function b
is a polytope, i.e. the convex closure of a finite number of probabilities in the
probability simplex.

3.1 The polytope of inner Bayesian approximations

Given an arbitrary belief function b with focal elements Ei, ..., E,,, we can de-
fine for each choice of m representatives {1, ..., x,, }, x; € E; Vi, the (extremal)
probability measure

=1

i.e., the Bayesian b.f. obtained by assigning the mass of each focal element FE;
to one of its elements z; € E; (recall what said above about the interpretation
of focal elements as mass “floating” around in a subset of ©).

For instance, consider again the belief function (5) of Figure 1-a. If we take
as representative x; of By = {x,y} the element y and as representative x5 of
Ey = {y, 2z} the element z, we obtain the extremal probability

by =, (y) = mp({,y}) = 2/3,  my,.(2) = m({y,2}) = 1/3

of Figure 1-c. Note that instead the probability of Figure 1-b, even though is
consistent with b, cannot be obtained in this way.

It is well known that P[b] is indeed the polytope formed by the convex closure
of those extremal probabilities [38]:

P[b] = Cl(bxl...xm; {33'1, 7.I'm} € E1 X e X Em) (9)

That, though, does not imply that all the points (8) are actual vertices of the
simplex P[b]. In other words, several of them may lie on a side of the polytope
and be expressed as a convex combination of the others.

In fact, as we show here, the actual vertices of P[b] can be found in a much
smaller set of probabilities, each one associated with a different permutation
of the elements of ©.



3.2 Statement

Theorem 1 Given a belief function b : 2° — [0, 1], the simplex P[b] of the
probability measures consistent with b is the polytope

P[b] = Cl(p[b] Vp)

where p is any permutation {T ), ..., Tom)} of the singletons of ©, and the
vertex pP[b] is the Bayesian b.f. such that

p*bl(zp)) = > mpy(A). (10)

Asz,(1),ABx,(F) Vi<i

The probability function (10) attributes to each singleton = ;) the mass of
all focal elements of b which contain it, but do not contain the elements which
precede z in the ordered list {z,x), ..., Z,mn)} generated by the permutation p.

Going back to the binary case © = {x,y}, it is clear that there exist only two
possible permutations of singletons: p' : {z,y}, p? : {y,z}. They correspond
to the following probabilities (Figure 5):

p(x) = Y mp(A) =my(z) +mp(©), p™(y) = D mu(A) = mu(y);
A2{x} A2{y},AD{z}

pr(y) = > my(A) = mu(y) + my(0), pU(x) = > my(A) = my().
AD{y} AD{z},AB{y}

3.3  Proof

We need to prove that:

(1) each probability p € P such that p(A) > b(A) for all A C O can be
written as a convex combination of the points (10):

p=> [t Y a,=1a,>0p
p p
(2) vice-versa, each convex combination of the p?[b] satisfies
S bl(4) = b(A)
p

for all A C ©.

Point (2) is easily proven after we notice that each probability (10) associ-
ated with a permutation p of elements of © is indeed consistent with b, i.e.



pP[b](A) > b(A) VA.

Whatever p the mass of each of the subsets B of A is attributed by (10) to
some element = of A. However, the mass of some other events B ¢ A is also
given to elements of A, so that

PIA) = D P bl(x) = D my(A) = b(A),

z€A BCA

i.e., p”[b] is consistent with b whatever the permutation p. Therefore
S I(A) 2 Y ab(4) = b(A) Y a, = bA)
P P p

As for point (1), we recalled in Section 2.2 that 0'(A) < b(A) iff m, is the
result of a redistribution of the mass my (A) of each f.e. of ¥’ to its subsets. In
the case of inner Bayesian approximations the mass of each event has to be
redistributed among its elements x € A:

mp(A) — amy(A) Ve e A, Y af=1 (11)

T€EA

Therefore, under such a redistribution process, for all p such that b(A) < p(A)
VA the mass p(x) of each element z € O is

p(x) = > my(A)ag. (12)

AD{z}

To prove point (1) we need therefore to rewrite (12) as a convex combination
of the p”[b](x), i.e. we have to enforce

p(x)zzappﬂ[b]mzz%( S mb<A>)
P P ASx=1,(3), ABT 5 () VI <i

where 7 is the position of the element x according to the permutation p.
For all A DO {z} there exists a permutation p such that the elements before x
in {z,1), ..., Tom) } fall outside A. Hence the above quantity reads as

> my(A) < > ap>
AD{zx} T p(5) EAVG<i

where again x = z,;).

In summary we need to show that the system of equations

{aA = > a, VreO, VAD{z} (13)

p:a:p(j) ¢AV‘7<7,,£U=$‘D(Z)

has at least one solution {a,} such that 3>, o, =1, a, > 0 Vp.

10



3.3.1 Parenthesis: proof in the ternary case

It is useful to first illustrate the existence of a convex solution to (13) in the
simple but interesting case of a ternary frame © = {x,y, z}.
The possible permutations of singletons in this case are six:

pt =A{z,y, 2z}, p*={z,zy}, p*={y z 2},
pt=A{y,zz}, P ={zzy}, p°={zy 2}

The system of equations (13) reads as

ag{ca:} = Q1 FQp T8 T T 0]
al¥t = ap +ap H00 400 Faps +0;
aimvz} = apl +ap2 +ap3 +O +O +O’

af  =ap e 40 40 40 +0;
O‘z{/y} = Qp FQ2 Fan Fap o +ags;

aéay} =0 40 HFap +axs 0 Fage;
aéyvz} —= apl +O +ap3 +ap4 +O +O’

O‘z? =0 +0 Hapi t+as +0  +0;
aiz} = a, +ap2 +ap3 —}—ng4 +Oép5 +Oép6;

o =0 10 +0 o oy +ag;
Oéiy’z} =0 +ap2 +0 +0 +Ofp5 +ap6;

a2 =0 +0 40 +0 +op Fag.

As by definition o = 1, all equations associated with a singleton generate the
normalization constraint: a, + a2 + s + e + s +ae = 1.

Also, many equations in the above system are actually linearly dependent,
such as for instance equations 2 and 6 (associated with a{*¥} and ag‘gm’y}).
This is due to the fact that, by definition (11),

Sad=1. (14)

11



After eliminating the dependencies we get a reduced system

a® =0 40 40 +0 Ha,s +a;
o™ = e 400 40 Fags +0;
afr?t =, 40 Han o +00 405
ol = ap +ae +as +00 0 40;

a®  =au +ae +0 40 +0 +0;
ag{cx} = 0p1 T2 s o +0ps 0,

which obviously admits as solution

_ €] R x, — 2
Qe = o, Qs = o=k Qpt = aéy H
_ T,z _ 0 _ T

Qs = al®#h, Qe =ay, Q= afh

which in turns represents a valid convex combination of the p”[b].
Of course there are many ways of obtaining a reduced system, and therefore
many acceptable convex solutions to (13).

3.5.2 (General solution

As we have learned in the ternary case, the normalization constraint is in fact
trivially satisfied, as from (13) it follows that when A = {z}, x € ©

12@;: Z aP:ZaP’
P

P p(5) Q{:E}Vj <i7m:$p(i)

ie., > ,a,=1. Let us denote by x4, any element representative of A. Due to
the normalization constraint (14) the system of equations (13) reduces to

{af = > a, VACO,x# x4, (15)
P () EAVI<E,2=2 55
Again VA s.t. |A| = 1 we get simply the normalization constraint.

To understand the structure of (15) consider some arbitrary ordering of the
elements of ©, x1, ..., x,. If we take as representative of any event A its last
element according to this ordering, we can write (15) as

A T
D (16

p:zp(j)QAVj<i,$k:$p(i) A ¢ {331, ceey $k}

12



each block associated with xp, & = 1,...,n — 1. The number of equations in
each block k for a frame © of size |©| =n is

HACO:AD{ar}, AZ {x1,...,xx}} =
={ACO:AD {w}, AN{xy, ...z} #£ 0} =271 (2" — 1) = 2771 — 271,

Now, all the equations of each block & involve (amongst others) the «, related
to permutations p which put x;, in the first position: 2, = x,1), as it obviously
has no predecessors so that there is no 7 < ¢ in the subscript of the sum in
(15) or (16).

The number of such permutations is clearly (n — 1)! (the number of possible
orderings of the n — 1 successors of xy).

But for n > 4 we have that (n—1)! > 27~1—2=1: Each block has less equations
than the number of permutations associated with variables a, which appear
in all the equations of the block. Therefore we can assign the first term of each
equation of the block to one of those variables: afk = «, for some p which
puts xj in the first position, this for all A : A D {xx}, A & {x1,..., 2} (all
equations in the block).

Variables associated with the remaining permutations can be set to zero. This

yields a convex solution to (15), and therefore to the original system (13).

If n = 3 we have seen that a solution also exists. For n = 2 the solution is
trivial. If n = 4 the condition (n — 1)! > 2"~! — 271 still holds for all blocks
but the first one, for which the number of equations is 2"~! — 2¢~! = 7 while
the number of variables in common is (n — 1)! = 6. But it suffices to use the
normalization constraint to replace the equation for © in the block z; (which
is in excess) with an equation for © in the block x5 and obtain an equivalent
system of equations which meets the desired property. O

3.4 Umiqueness

We may wonder whether all the extremal points (10) generated by distinct
permutations of singletons are guaranteed to be distinct. The answer is nega-
tive. Consider a belief function

my(z) = 0.2, mp(y) = 0.1, my(z) =
my({z,y}) =0.1, mp({y,z}) =02, my(O)=

13



Actual and classical vertices of P[b]

pP[b] p *3:[]3]
—

/“* o . o
y ~_ P 5[b]

p(2)
0.7
0.6 f;.-' /
0.5+ /

. * /
-

0.4 - P
bl N , y
0.3+

0.2%
0.4

p(x) ' 0p 05

Fig. 2. The actual number of vertices (10), (18) of P[b] (red squares) is much smaller
than the number of candidate points (8) of the classical expression. Here they are
plotted as black stars for the belief function (17) of the example. Some of them even
fall inside the polytope.

defined on a ternary frame © = {z,y, z}. In this case there are six possible
element permutations. Therefore by Theorem 1 P[b] has as vertices

pt={x,y, 2} pr bl(x) = 4, p(y) =3, p[bl(2) =3
pPP=A{z g} p Bl) =4, pPBly) =1,  p[b)(z) = 5
PP =Ly, 2y pBle) =2, PRIy =5 pPl(z) = 3 18)
pt={y 2z} p Ple) =2, pPly) =5, pb)(2) = 3;
PP ={zy} p"Bl) =3, pPly) =1,  p[b)(z) = .6
Po={zya}: p’Plx) =2, PPy =2 pl(z) =6

and we can notice that the permutations p3 = {y,z,z} and p* = {y, 2z, z}
yield the same function: p?’ [b] = p*"[b).

Notice also that according to the classical expression (9) of P[b] there are
many more (candidate) vertices (8), namely

I 1AL

ACO:my(A)#£0

Many of those fall on some side of P[b], or even its interior (see Figure 2).

14



4 Credal set approximation of credal sets via belief functions

The form of the credal set associated with a belief function, and in particular
its limited number of vertices, can be attractive in contexts in which we need
to work with credal sets in an efficient way.

A (partial) characterization of a credal set can be obtained by considering its
lower probabilities, i.e., the infima (over all the probability mass functions in
the set) of the probabilities assigned to the elements of the power set. These
bounds correspond to a number of constraints satisfied by the original credal
set. Yet, this is only a partial characterization, as the set of probability mass
functions consistent with these constraints is in general a proper superset of
the original credal set. In [39] such an “outer approximation” of credal sets
was studied for its potential applications to inference on credal networks [40].
Indeed, in order to achieve this approximation only the lower probabilities of
a credal are needed, while an explicit enumeration of its extreme points is not
necessary. This makes the approximation particularly suited for credal net-
works, which are a generalization of Bayesian networks based on CSs. In fact,
most of the algorithms for credal networks updating only return the lower
posterior probabilities. In [39] we showed that the outer approximation of this
posterior credal set, as returned by the proposed outer transformation, can be
computed by means of these standard algorithms. This makes it possible to
adopt more refined criteria for making decisions on a credal network, without
the need of newer algorithms.

Although the outer approximation can eventually lead to over-cautious de-
cisions, numerical simulations show that this happens only in a minority of
cases.

Consider as an example the following credal set K in the probability simplex
of a domain © = {z,y, 2z} with just three elements:

90 10 20 20 80 45 .05
K=Cl<{|.05|,[40|,|.20]|,].70],l.05|,].25],].80|p, (19)
.05 50 .60 .10 15 .30 15

where probability mass functions are denoted as vertical arrays. It is easy to
verify that none of these seven probability mass functions is a convex combi-
nation of the remaining six. Hence this set has 7 > 3! = 6 vertices, and cannot
correspond to a belief function or a lower probability measure.

Now, consider the “outer” approximation defined as follows:

Definition 1 Given a credal set K on O, consider its extreme points V(K).
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Then, for each A C O, compute the lower probability:*

Pie(4) = min 3 p(x). (20)

We call the credal set K associated with the lower probability operator in (20)
as follows:

K = {pEK: Zp(a:)ZPK(A),VA€29} (21)

(where K is the convez closure of K ) the outer approximation of K.

When applying this outer approximation to the credal set (19) we obtain,
according to (21), the following lower probability values

from which the outer approximation is:

050 (.05 |15 [.35] |.90
K=Cls|.35|,1.80],|.80],].05],].05]¢- (22)
60| [.15] |.05| |.60| |.05

Figure 4 depicts the polytopes associated to K (X) and K (X) on the same
probability simplex, clearly illustrating the reason for calling K (X) the “outer
approximation” of K.

It can be proven that:

Theorem 2 Consider a credal set K on ©. Let Py denote the corresponding
lower probability operator as in (20), and K the output of the outer transfor-
mation of Definition 1. Then:

e KCK;

! The minimum in (20) is the same we obtain by minimizing over the whole credal
set K [41].
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Fig. 3. The credal set K of the example (19) (dark gray), and the output K of
the outer transformation (21) of Equation (22) (medium gray) in the probability
simplex (light gray) associated with a domain © = {x,y, z} with three elements.

e K = K if and only if a lower probability operator P’ such that Kpr = K
exists; B
o A lower probability operator P’ # P such that K C Kp C K cannot ewist.

i.e., K is the minimal outer approximation of K induced by a lower probability.

Different techniques can be adopted to evaluate the quality of the proposed
outer approximation. As an example, a geometrical approach would consist in
comparing the area of the polytopes associate to the two credal sets. Yet, as
a credal set is basically of model of uncertain knowledge to be used to make
decisions, it seems more reasonable to compare decisions based on the two sets
[39]. A similar inner approzimation can also be introduced. The study of such
approximations, the appropriate dissimilarity measures between credal sets,
and their application to inference is an exciting open field of research.

5 Bayesian and consonant approximations: a symmetry

Besides including finite probabilities are a special case, belief measures also
generalize finite possibility [42] measures, i.e. functions Pos : 2° — [0, 1] on ©
such that Pos(U; A;) = sup; Pos(4;) for any family of sets {4;,7 € I} (where
I is an arbitrary set index).

More precisely, a b.f. is consonant (co.b.f.) when its focal elements {F;,i =
1,...,m} are nested: Ey C Fy C ... C E,,. As a matter of fact it can be proven
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that [4,43] the plausibility function pl, associated with a belief function b on
a domain O is a possibility measure iff b is consonant.

As possibility measures form a subclass of belief functions we can pose the
problem of approximate a belief function with a possibility (or equivalently
with a consonant b.f.) in perfect analogy to the case of Bayesian approxima-
tion. In particular, “outer consonant approximations” form a dual couple with
inner Bayesian approximations or consistent probabilities.

5.1 Quter consonant approximations

We call outer consonant approzimations of a belief function b [34] all the
co.b.f.s which are less committed than the original belief function b:

Ob] = {co € CO: co(A) < b(A) VA C O}, (23)

Here CO denotes the set of all consonant b.f.s.

According to the interpretation of the weak inclusion relation discussed in
Section 2.2.3, b’ < b is equivalent to say that b is obtained by letting the mass
of each focal element A of b float to one or more events containing A: B O A.
If b’ is also consonant, its focal elements have to form a chain E C --- C E,,
|E;| = i. An outer consonant approximation of b is then obtained by letting
the mass of each f.e. be re-distributed to one or more elements of the chain.

5.1.1 Fxample

As an example, an outer consonant approximation of the belief function (5)
of Figure 1 can be obtained by re-assigning the mass 2/3 of A = {z,y} one
half (1/3) to {z,y} itself and one half (1/3) to © D {z,y}, and the mass of
A ={y,z} to © D {y,z} also. What we get is a consonant b.f. with focal
elements {z,y} C © and b.p.a.

m'({z,y}) =2/3, m'(©)=1/3.

5.1.2  Outer consonant approximations generated by permutations

In particular, with the purpose of finding outer approximations which are
minimal with respect to the weak inclusion relation (7), Dubois and Prade
have introduced two different families of approximations [33].

In particular a first group of outer consonant approximations can be obtained
by considering all permutations p of the elements {z1, ..., x,} of the frame of
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discernment ©: {1y, ..., Zp(n) }. A family of nested sets can be then built

(58 = . 5 = (s b 52 = Iy ond) (20

so that a new consonant belief function co” can be defined with b.p.a.

Meor (S5) = > my(E;). (25)

B, CSP Eig St

S]’-’ concentrates all the mass of the focal elements E; of b included in SJ’-) but
not in SY_.

5.1.3 Fxample

Let us consider again the belief function (5) of the example of Section 2.2.1.
A possible permutation of the singletons of © is, for instance,

P =1{Zp(1), Tp(2): Tp(3) } = {1y, 2,2}

This permutation generates the following list of nested sets (24):

{Sf - {xp(l)} =y} S5 = {%(1)7%(2)} ={y, 2},
Sg = {xp(l)axp(Q)pr(?))} = {x,y,z}}.

By Equation (25) we assign to ST = {y} the mass of all focal elements (5) of
b included in {y}: there are none, so that m.»({y}) = 0. To S§ = {y, 2z} we
assign the mass of all f.e.s inside {y, 2} not contained in {y}, i.e. the mass 1/3
of {y, z} itself. Finally, S = {z,y, 2z} is assigned the mass of all f.e.s which
are subsets of {z,y, z}, but not of S5 = {y, z}, namely the mass 2/3 of {z,y}
(see Figure 4).

[
Lt

Fig. 4. The outer consonant approximation of (5) generated by the permutation of
singletons p = {y, z, x }.

5.2 Binary case

In the binary case (Figure 5) a compelling symmetry emerges between O[b]
and P[b]. Given the definition of weak inclusion (7) it is straightforward to
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p
P[b]
co™ b p”
Oy,e[b] E
-
Xy b= 1,0 '
be O.[b] co =[1,0]

Fig. 5. Geometry of outer consonant approximations and inner Bayesian approxi-
mations in the binary case.

recognize that (as the abscissa measures the degree of belief b(x) of =, and the
ordinate the d.o.f. b(y)) the set of inner Bayesian approximations and the set
of outer consonant approximations form respectively a segment P[b] delimited
by a pair of probabilities, and the union of two segments O, g[b] and O, ¢[b].

From (Figure 5) we can remark the existence of an apparent bijection between
vertices of O[b] and P[b]. The vertex p¥* of the interval of consistent proba-
bilities has the same belief value on z as the vertex co™ of outer consonant
approximation associated with the opposite permutation {z,y}.

In fact we can prove that the outer consonant approximations (25) generated
by permutations of singletons form a subset of the vertices of O[b] [44] even
in the general case. Furthermore, the correspondence between vertices of O[b)
and P[b] generated by permutations of singletons holds in the general case.

5.3 1-1 correspondence

Indeed, the family of outer consonant approximations (25) generated by per-
mutations of singletons is linked by a very elegant geometric duality to the
vertices (10) of the polytope of consistent probabilities P[b].

Let us go back to the example of the ternary frame © = {z,y, z}. Given for
instance the trivial permutation p = {z, y, z} the vertex co” has focal elements
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{z}, {z,y}, and {z,y, z} and b.p.a.

Meor({7}) = my();
meor({z,9}) = > mu(A) =mp({y}) + ms({z, y});

AC{z,y}, AZ{x}

Meor (@) = Z mb<A)

ACO,A¢{z,y}
= my({z}) + my({z, 2}) + ms({y, 2}) + ms(O).

Consider, instead, the reverse permutation p = {z,y,x}. The corresponding
vertex p” of P[b] has b.p.a.

PP(z) = Y mp(A) =my({z}) + mp({z, 2}) + ms({y, 2}) + m(O);

AD{z}

)= Y m(A) =m({y}) + me({z, y});
AD{y},AD{z}

p(x) = > my(A) = my(x)
AD{z},AB{y}.{#}

i.e., the b.p.a.s of co” and p? coincide. This is true in the general case.

Theorem 3 Consider a belief function b : 29 — [0,1]. There exists a 1-1
correspondence between the vertices co? (25) of the region of outer consonant
approrimations of b generated by permutations p of the singletons, and the
vertices p? (10) of the polytope P[b] of probabilities consistent with b (all of
which are also associated with permutations of singletons).

Namely, given a permutation p = {1, ..., Tpm) } of the elements of © and its
inverse p = {x501), .-y Tpn) } = {ZTp(n)s - Tp(1)} we have that

P (@5)) = Meor ({Tp(1)5 -+ Tp(n—it1)}) (26)

i.e. their b.p.a.s on {S%, ..., ST}, {x51), -, Tsm) } (Tespectively) coincide as vec-
tors of length n.

Proof. 1t suffices to show that, as p(i) = p(n —i + 1),
PP (x50) = > my(A)
Aaxﬁ(i),Aﬁxﬁ(j)Vj<i

= > my(A)

A, (n—it1),AFT,(5) Vi>n—i+1

= > mip(A) = Meor ({2p(1); -+ Tpn-it1)})
AC {a:p(l), s Ep(n—'i+1)}*
AZA{zpa)s - Tp(n—i)}
= Meor (Sg—iﬂ)- U
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6 The polytope of k-additive dominating belief functions
6.1 k-additive belief functions

A k-additive belief function b on © (with & € N and k£ < |©]) is a belief
function such that its mass function m has no focal elements of cardinality

> k. Clearly:

(1) a Bayesian belief function on © is a 1-additive belief function;
(2) for any belief function b on © there is a k € {1,...,|©|} such that b is
k-additive.

k-additive belief functions were originally introduced in [45]. Their interest is
manyfold. Firstly, the number of degrees of freedom (the number of possible
focal elements) of a k-additive belief function is:

PUO) = 3 ()

i=1 \ ¢

whereas the number of degrees of freedom of a generic belief function is:

pe=5 (V) =mer+ s (7).

i=1 imkt1 \ ¢

2191 >0 if |©|>k

making k-additive b.f.s a more compact representation of knowledge. As com-
putation cost is one of the major drawbacks of the theory of belief functions,
most frequently criticized in the literature, the use of k-additive representa-
tions is of real interest from a computational point of view.

As mentioned in [45], another advantage of k-additive belief functions is that
they are easier to handle from a perceptive point of view. Humans find it rather
difficult to attach meaning to focal elements of larger cardinality. Hence, lim-
iting the focal elements to subsets of © with bounded cardinality is a sensible
way of ensuring that the corresponding mathematical representation of knowl-
edge is intuitive and easy to handle.

Finally, as k-additive belief functions are somehow intermediate objects be-
tween belief functions and probabilities (in terms of their degrees of freedom),
they constitute an interesting trade-off between the full expressive power of
belief functions and the simplicity of interpretation of probability measures
(as 1-additive belief functions).

22



6.2 Belief space and geometry of belief measures

According to Theorem 1, the polytope of dominating probabilities has ver-
tices associated with permutations of the list of element of ©. This results
suggests that the set of dominating k-additive belief functions should have a
similar form, with each vertex associated with a permutation of the list of
focal elements of size smaller than or equal to k. We first need to move from
the probability simplex of all probability measure on © to the “belief space”
of all belief measures on 2°.

As shown in [46-48], it is possible to interpret belief functions as points of a
Cartesian space, and study the interplay of Dempster-Shafer theory objects
from a geometrical point of view.

Given a frame O, each belief function b : 29 — [0, 1] is completely specified
by its N = 2!® — 2 belief values {b(A), such that ) C A C O}, (as b()) = 0,
b(©) =1 Vb) and can therefore be represented as a vector of R¥:

b=[b(A),0 CAC O (27)

If we denote by ba the categorical belief function [49] assigning all the mass
to a single subset A C ©, my,,(A) =1, my,(B) =0VB C O, B # A, we can
prove that [46,48] the set of points of RY which correspond to a belief function,
called the belief space and noted B, coincides with the convex closure? C1 of all
the vectors representing categorical belief functions: B = Cl (EA,(Z) CACO).
The belief space B is a simplex [48], and each vector benB representing a
belief function b can be written as a convex sum as:

Let us then denote by By the region of the belief space B associated with
k-additive belief functions. Clearly, the set B of all Bayesian belief functions
on O is the simplex determined by all basis belief functions associated with
singletons: By = Cl(b,,x € ©).

In [31], the authors consider the dominance properties of k-additive belief
functions for any type of capacities [32], define B*[b] as the polytope of k-
additive belief functions dominating another belief function, and provide some
results to characterize it.

Here we proceed to a full description of the polytope B*[b] in terms of its
vertices.

2 Cl(gl,,gk) = {56 B: gz Oélgl + - +akgk72iai =1, a; > OV’i}.
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6.3 Vertices of the polytope and permutations of focal elements

Theorem 4 Given a belief function b : 2° — [0, 1], with mass function m,
the region B*[b] of all the k-additive belief functions on Q which dominate b
according to order relation (7) is the polytope:

B[] = CU(V*[b] Vp),

where p is any permutation { Ay, ..., Ay pr@yp} of the focal elements of 0 of
size at most k (P*(Q)), and the vertez b°[b] is the k-additive belief function
with the following mass function:

m?(b](Ap) = > m(A). (29)

B2Apiy; BAAp(j) Vi<

Moreover, each vertex b°[b] of B*[b] is associated with the same number of
permutations of P*(Q).

Proof. O

7 Conclusions

Belief functions possess a strong credal semantics in terms of convex sets of
probability distributions or consistent probabilities, for whose values on all
events belief values provide lower bounds. These probabilities can also be seen
as more committed or “inner” Bayesian approximations of the original b.f.
In this paper we proved a more compact form of the polytope of consistent
probabilities, as the latter has n! (candidate) vertices each corresponding to a
different permutation of the elements of the domain. This unveils an interesting
link with the vertices of the polytopes of outer consonant approximations
also generated by permutations of singletons both in terms of their analytical
expression and their convex geometry.
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