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Abstract

In this paper we extend the geometric approach to the theory of evidence in order
to include the class of necessity measures, represented on a finite domain of “frame”
by consonant belief functions (b.f.s). The correspondence between chains of subsets
and convex sets of b.f.s is studied and its properties analyzed, eventually yielding
an elegant representation of the region of consonant belief functions in terms of the
notion of “simplicial complex”. In particular we focus on the set of outer consonant
approximations of a belief function, showing that for each maximal chain of sub-
sets these approximations form a polytope. The maximal such approximation with
respect to the weak inclusion relation between b.f.s is one of the vertices of this
polytope, and is generated by a permutation of the elements of the frame.
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1 Introduction

Uncertainty measures have a mayor role in fields like artificial intelligence,
where problems involving formalized reasoning or machine learning are com-
mon. Many engineering tasks require making decisions under scarce informa-
tion, and are fertile ground for applications of uncertainty theory. Autonomous
navigation [1], database management [2], computer vision [3,4] provide signif-
icant examples.
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The theory of evidence (ToE) [5] is one the most popular approaches to uncer-
tainty description, as a natural extension of the classical Bayesian formalism.
In the ToE probabilities are replaced by belief functions (b.f.s), which as-
sign values between 0 and 1 to subsets of the sample space instead of single
elements. Bayes’ rule is also replaced by a more general operator called Demp-
ster’s sum [6] which governs the combination of two or more belief functions.
In a series of recent works [7,8] we proposed a geometric interpretation of the
theory of evidence in which belief functions are represented as points of a sim-
plex called belief space [8]. As a belief function b : 2Θ → [0, 1] defined on the
power set 2Θ of a finite domain Θ is completely specified by its N − 2 belief
values {b(A), ∅ ( A ( Θ}, N

.
= 2|Θ|, it can be represented as a point of RN−2.

Another attractive feature of the theory of evidence is the fact that, at least
in the case of finite domains, it includes both possibility theory [9] and the
theory of fuzzy sets as special cases.
In particular, it is well known that necessity measures, i.e., measures of the
form Nec(A) = 1− Pos(Ac), A ⊆ Θ where Pos is a possibility measure have
counterparts in the theory of evidence as consonant b.f.s, i.e. belief functions
whose focal elements are nested [5].

In this paper we then move forward to analyze the convex geometry of con-
sonant belief functions (co.b.f.s), as a first step towards a unified geometric
picture of a wider class of uncertainty measures.
We show that consonant b.f.s are in correspondence with chains of subsets
of their domain, and are hence located in a collection of convex regions of
the belief space which has the form of a simplicial complex, i.e. a structured
collection of simplices. This approach, on one side, provides a useful visualiza-
tion tool which can be used to stimulate conjectures on the properties of the
entities of interest. On the other side, it generates new problems and allows
to look at known problems from a different perspective.
We illustrate this in the second part of the paper, in which the problem of
approximating a belief measure with a necessity measure [10–13] is considered
from a geometric point of view. In particular we focus on outer consonant
approximations, showing that they live on a collection of polytopes associated
with all possible maximal chains of focal elements. For a given chain the maxi-
mal such approximation is a vertex of the corresponding polytope, is generated
by a permutation of the elements of the frame, and coincides with the lower
chain measure associated with the original belief function.

1.1 Previous work

Set functions, i.e. functions µ : 2Θ → [0, 1] s.t. µ(∅) = 0, µ(Θ) = 1 are a widely
studied subject in uncertainty theory, of which belief functions are a special
case [14]. In this context a representation of set functions in terms of points of
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a vector space has been introduced e.g. in [15,16]. Similar methods have been
applied by the author more specifically to the theory of evidence [8]. Other au-
thors have recently worked on the geometry of uncertainty measures. P. Black
used shapes of geometric loci to give a direct visualization of belief functions
and other classes of monotone capacities [17,18], while Ha and Haddawy [19]
presented the interval generalization of the probability cross-product operator,
called convex-closure (cc) operator.
On the other side many authors, like Yager [20] and Romer [21] amongst oth-
ers, have studied the connection between fuzzy numbers and Dempster-Shafer
theory. Klir et al. published an excellent discussion [22] on the relations among
fuzzy and belief measures and possibility theory. Heilpern [23] also presented
the theoretical background of fuzzy numbers connected with the possibility
and Dempster-Shafer theories, describing some types of representation of fuzzy
numbers and studying the notions of distance and order between fuzzy num-
bers based on these representations. Caro and Nadjar [24], instead, suggested
a generalization of the Dempster-Shafer theory to a fuzzy valued measure. The
links between transferable belief model and possibility theory have been briefly
investigated by Ph. Smets in [25], while Dubois and Prade [10] have worked
extensively on consonant approximations of belief functions. Their work has
been later considered in [11,26].

1.2 Paper outline

We will first review the basic notions of theory of evidence and possibility
theory (Section 2), stressing the relation between consonant belief functions
and necessity measures. After recalling in Section 3 the geometric approach to
the ToE, we will study the geometry of the space of consonant belief functions,
or consonant subspace CO (Section 4). After observing the correspondence
between co.b.f.s and maximal chains of events, we will look for useful intuitions
by studying the case of ternary frames, and prove that the consonant subspace
has the form of a simplicial complex [27]. In Section 5 we will investigate in
more detail the convex geometry of the components of CO, proving that they
are all congruent to each other, and can be decomposed into faces which are
right triangles.
In the second part of the paper (Section 6) we will discuss the consonant
approximation problem in the framework of the consonant complex. Starting
from the simple binary case we will prove that for each maximal chain C of
focal elements the set of outer consonant approximations OC[b] of a b.f. b is
not only convex but it forms a polytope. Maximal outer approximations are
also investigated, as we prove that for each chain they coincide with both the
vertex of OC[b] generated by a permutation of the elements of the frame and
the lower chain measure associated with b.
To improve the readability of the paper several major proofs are collected in
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an Appendix.

2 Between evidence and possibility: consonant belief functions

In the theory of evidence [6,5] subjective probability is represented by belief
functions (b.f.s) rather than Bayesian mass distributions, assigning probabil-
ity values to sets of possibilities rather than single events. A basic probability
assignment (b.p.a.) over a finite set (frame of discernment [5]) Θ is a func-
tion m : 2Θ → [0, 1] on its power set 2Θ = {A ⊆ Θ} such that m(∅) = 0,∑

A⊆Θ m(A) = 1, and m(A) ≥ 0 ∀A ⊆ Θ. Subsets of Θ associated with non-
zero values of m are called focal elements (f.e.s).
The belief function b : 2Θ → [0, 1] associated with a basic probability assign-
ment m on Θ is defined as: b(A) =

∑
B⊆A m(B).

Conversely, the unique basic probability assignment mb associated with a given
belief function b is given by the Moebius inversion formula

mb(A) =
∑

B⊆A

(−1)|A−B|b(B) (1)

so that there is a 1-1 correspondence between the two set functions mb ↔ b.
A dual mathematical representation of the evidence encoded by a belief func-
tion b is the plausibility function (pl.f.) plb : 2Θ → [0, 1], A 7→ plb(A) where
the plausibility value plb(A) of an event A is

plb(A)
.
= 1− b(Ac) = 1− ∑

B⊆Ac

mb(B) =
∑

B∩A6=∅
mb(B) ≥ b(A) (2)

and expresses the amount of evidence not against A.
In the theory of evidence a probability function is a special belief function
which assigns non-zero masses to singletons only (Bayesian b.f.): mb(A) = 0
|A| > 1. At the opposite of Bayesian b.f.s stand consonant belief functions.

Definition 1 A b.f. is said to be consonant if its focal elements are nested:
E1 ⊂ · · · ⊂ Em.

Proposition 1 [5] illustrates some of their properties.

Proposition 1 If b is a belief function with plausibility function plb, then the
following conditions are equivalent:

(1) b is consonant;
(2) b(A ∩B) = min(b(A), b(B)) for every A,B ⊆ Θ;
(3) plb(A ∪B) = max(plb(A), plb(B)) for every A,B ⊆ Θ;
(4) plb(A) = maxx∈A plb(x) for all non-empty A ⊆ Θ.
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2.1 Consonant belief functions as necessity measures

Possibility theory [9] is based on a different description of uncertainty called
possibility measure.

Definition 2 A possibility measure on a domain Θ is a function Pos : 2Θ →
[0, 1] such that Pos(∅) = 0, Pos(Θ) = 1 and Pos(

⋃
i Ai) = supi Pos(Ai) for

any family {Ai|Ai ∈ 2Θ, i ∈ I} where I is an arbitrary set index.

Each possibility measure is uniquely characterized by a membership function
or possibility distribution π : Θ → [0, 1] s.t. π(x)

.
= Pos({x}) via the formula

Pos(A) = supx∈A π(x). Nec(A) = 1− Pos(Ac) is called necessity measure.
Many studies have pointed out that necessity measures coincide in the theory
of evidence with the class of consonant belief functions. Let us call plausi-
bility assignment (pl.ass.) p̄lb [28] the restriction of the plausibility function
to singletons p̄lb(x) = plb({x}). From Condition 4 of Proposition 1 it follows
immediately that

Proposition 2 The plausibility function plb associated with a belief function
b on a domain Θ is a possibility measure iff b is consonant, and in this case
the membership function coincides with the plausibility assignment: π = p̄lb.
Equivalently, a b.f. b is a necessity measure iff b is consonant.

Possibility theory (in the finite case) is then embedded in the ToE. Studying
the geometry of consonant belief functions is then equivalent to extending the
geometric approach to the theory of evidence to possibility theory, in a step
towards a unified geometric approach to uncertainty.

3 A geometric approach to the theory of evidence

Given a frame Θ, each belief function b : 2Θ → [0, 1] is completely specified
by its N − 2 belief values {b(A), ∅ ( A ( Θ}, N

.
= 2n (n

.
= |Θ|), (as b(∅) = 0,

b(Θ) = 1 for all b.f.s) and can then be represented as a point of RN−2.
We can introduce a linear order on the set of all subsets of Θ = {x1, ..., xn}.
For instance, given two subsets A = {xi1 , ..., xil} and B = {xj1 , ..., xjm} we
can say that A < B if and only if either l = |A| < m = |B| or xik < xjk

with
k the smallest index such that xik 6= xjk

.
We can then represent each b.f. b as the vector of RN−2

b = [b(A1), ..., b(AN−2)]
′ (3)

where A1 < ... < AN−2 is the linear order introduced above.
We call belief space B the set of points of RN−2 which correspond to a belief
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function. Let us denote by

bA
.
= b ∈ B s.t. mb(A) = 1, ∀B ⊆ Θ s.t. B 6= A mb(B) = 0 (4)

the categorical [29] belief function assigning all the mass to a single subset
A ⊆ Θ. It can be proven that, denoting by Eb the list of focal elements of b,

Theorem 1 The set of all the belief functions with focal elements in a given
collection L is closed and convex in B: {b : Eb ⊆ L} = Cl(bA : A ∈ L), where
Cl denotes the convex closure operator:

Cl(b1, ..., bk) =

{
b ∈ B : b = α1b1 + · · ·+ αkbk,

∑

i

αi = 1, αi ≥ 0 ∀i
}

. (5)

The following is then just a consequence of Theorem 1.

Corollary 1 The belief space B coincides with the convex closure of all the
categorical belief functions bA: B = Cl(bA, ∅ ( A ⊆ Θ).

An n-dimensional simplex is the convex closure Cl(x1, ..., xn+1) of n+1 (affinely
independent 1 ) points x1, ..., xn+1 of the Euclidean space Rn. The faces of an
n-dimensional simplex are all the possible simplices generated by a subset of
its vertices, i.e. Cl(xj1 , ..., xjk

) with {j1, ..., jk} ⊂ {1, ..., n + 1}.
As it is not hard to see that the basis b.f.s bA are affinely independent, Corol-
lary 1 states that the belief space B is a simplex (Figure 1-left). Moreover,
each belief function b ∈ B can be written as a convex sum as

b =
∑

∅(A⊆Θ

mb(A)bA; (6)

mb is nothing but the set of simplicial coordinates of b in the simplex B. As
a probability is a belief function assigning non zero masses to singletons only,
Theorem 1 implies that the set P of all Bayesian b.f.s is a part of the border
of B, precisely the simplex determined by all categorical b.f.s associated with
singletons 2 : P = Cl(bx, x ∈ Θ).
Some other faces of the belief space also have an intuitive meaning in terms
of belief. Consider the segments Cl(bΘ, bA) joining the vacuous belief function
bΘ (mbΘ(Θ) = 1, while ∀B ⊆ Θ s.t. B 6= A we have that mbΘ(B) = 0) with
the categorical b.f. bA (4). Points of Cl(bΘ, bA) can be written as a convex

1 An affine combination of k points v1, ..., vk ∈ Rm is a sum α1v1 + · · ·+αkvk such
that

∑
i αi = 1. The affine subspace generated by the points v1, ..., vk ∈ Rm is the

set {v ∈ Rm : v = α1v1 + · · ·+αkvk,
∑

i αi = 1}. If v1, ..., vk generate an affine space
of dimension k they are said to be affinely independent.
2 With a harmless abuse of notation we denote the categorical b.f. associated
with a singleton x by bx instead of b{x}, and write mb(x), plb(x) instead of
mb({x}), plb({x}).
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combination as b = αbA + (1− α)bΘ. Since convex combinations as b.p.a.s in
B, such a b.f. b has b.p.a.

mb(A) = α, mb(Θ) = 1− α

i.e. b is a simple support function focused on A [5].
Accordingly the union of these segments for all events A, S =

⋃
A⊆Θ Cl(bΘ, bA),

is the region of simple support belief functions on Θ.

b
Θ

bx

b

P

by

b A

B

b =[0,0]'
Θ

b =[0,1]'y

b =[1,0]'
x

b

B

P

m (x)

m (y)
b

b

CO

CO

2

2

x

y

Fig. 1. Left: Simplicial structure of the belief space B: Its vertices are all the cat-
egorical belief functions bA represented as vectors of the Cartesian space RN−2.
The region P of the Bayesian belief functions is one of its faces: Cl(bx, x ∈ Θ).
Right: The belief space B2 for a binary frame is a triangle in R2 whose vertices are
the categorical belief functions focused on {x}, {y} and Θ (bx, by, bΘ) respectively.
The Bayesian region P2 is the segment Cl(bx, by), while consonant belief functions
are constrained to belong to the union of the two segments COx = Cl(bΘ, bx) and
COy = Cl(bΘ, by).

3.1 Binary frame

As an example let us consider a frame of discernment containing only two
elements, Θ2 = {x, y}. In this very simple case each b.f. b : 2Θ2 → [0, 1] is
completely determined by its belief values b(x), b(y), as b(Θ) = 1 and b(∅) = 0
∀b. We can then collect them in a vector of RN−2 = R2 (since N = 22 = 4)
according to the linear order (3) defined above:

[b(x) = mb(x), b(y) = mb(y)]′ ∈ R2. (7)

Since mb(x) ≥ 0, mb(y) ≥ 0, and mb(x) + mb(y) ≤ 1 we can easily infer that
the set B2 of all the possible belief functions on Θ2 can be depicted as the
triangle in the Cartesian plane of Figure 1-right, whose vertices are the points

bΘ = [0, 0]′, bx = [1, 0]′, by = [0, 1]′
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which correspond (through Equation (7)) respectively to the vacuous belief
function bΘ (mbΘ(Θ) = 1), the Bayesian b.f. bx with mbx(x) = 1, and the
Bayesian b.f. by with mby(y) = 1. The region P2 of all Bayesian b.f.s on Θ2

is in this case the diagonal line segment Cl(bx, by). On the other side, simple
support functions focused on {x} lie on the horizontal segment Cl(bΘ, bx),
while simple support b.f. focused on {y} form the vertical segment Cl(bΘ, by).
On Θ2 = {x, y} consonant belief functions can have as chain of focal elements
either {{x}, Θ2} or {{y}, Θ2}. Therefore all co.b.f.s on Θ2 are simple support
functions, and their region CO2 is the union of two segments (see Figure 1):

CO2 = S2 = COx ∪ COy = Cl(bΘ, bx) ∪ Cl(bΘ, by).

In the rest of the paper we will study the geometry of consonant belief func-
tions in the general case of arbitrary frames.

4 Consonant subspace

The geometric interpretation of belief functions puts indeed the results of
Section 2.1 in a different light. Using the language of convex geometry we
can pose the problem of finding the region of B whose points correspond to
consonant belief functions.

4.1 Chains of subsets as consonant belief functions

Where arbitrary belief functions do not suffer from restrictions on their list of
focal elements, consonant b.f.s are characterized by the fact that their focal
elements can be rearranged into a totally ordered set by set inclusion.
The power set 2Θ of a frame is a partially ordered set with respect to the set-
theoretic inclusion. In other words, the relation ⊆ possess three properties:
reflexivity (whenever A ⊆ Θ, A ⊆ A), antisymmetry (A ⊆ B and B ⊆ A
implies A = B), and transitivity (A ⊆ B and B ⊆ C implies A ⊆ C). A chain
of a poset is a collection of pairwise comparable elements (totally ordered set).
The possible lists of focal elements associated with consonant belief functions
then correspond to all the possible chains of subsets A1 ⊆ ... ⊆ Am in the
partially ordered set (2Θ,⊆).
Now, Theorem 1 implies that the b.f.s whose focal elements belong to a chain
C = {A1, · · · , Am} form the simplex Cl(bA1 , ..., bAm) (remember that the bA’s
are affinely independent). No matter what the basic probability assignment
is, all the b ∈ Cl(bA1 , ..., bAm) are consonant belief functions.
Let us denote with n

.
= |Θ| the cardinality of the frame Θ. Since each chain in

(2Θ,⊆) is a subset of a maximal chain (a chain including subsets of any size
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from 1 to n) the region of co.b.f.s turns out to be the union of a collection of
simplices, each of them associated with a maximal chain C:

CO =
⋃

C=A1⊆···⊆An

Cl(bA1 , · · · , bAn).

The number of maximal simplices of CO is then the number of maximal chains
in (2Θ,⊆), i.e.

n∏

k=1

(
k

1

)
= n!

since given a size k set we can build a new set containing it by just choosing
one of the remaining elements. Since the length of a maximal chain is |Θ| = n,
the dimension of these convex components is dim Cl(bA1 , ..., bAn) = n− 1.
Each categorical belief function bA obviously belongs to several distinct compo-
nents. In particular, if |A| = k the total number of maximal chains containing
A is (n−k)!k! since in the power set of A the number of maximal chains is k!,
while to get a chain from A to Θ we just have to add an element of Ac = Θ\A
(whose size is n−k) at each step. (n−k)!k! is then also the number of maximal
simplices of CO containing bA.
In particular, each vertex bx of the probabilistic subspace P (for which |{x}| =
k = 1) belongs to a sheaf of (n−1)! convex components of the consonant sub-
space. Clearly the maximum number of simplices is n!, obtained for k = n
(the vacuous belief function bΘ). An obvious remark is that CO is connected,
for each convex component is obviously connected, and each pair of such com-
ponents has at least bΘ as intersection.

4.2 Ternary case

Let us consider, as an example, the case of a frame of size 3: Θ = {x, y, z}.
Belief functions b ∈ B3 can be written as 6-dimensional vectors according to
the linear order (3)

[b(x), b(y), b(z), b({x, y}), b({x, z}), b({y, z})]′.

All the possible maximal chains are in this case

{x} ⊂ {x, z} ⊂ Θ

{x} ⊂ {x, y} ⊂ Θ

{y} ⊂ {x, y} ⊂ Θ

{y} ⊂ {y, z} ⊂ Θ

{z} ⊂ {y, z} ⊂ Θ

{z} ⊂ {x, z} ⊂ Θ.

Each singleton is then associated with 2 chains, and the total number of convex
components, whose dimension is |Θ| − 1 = 2, is 3! = 6:
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Cl(bx, b{x,z}, bΘ)

Cl(bx, b{x,y}, bΘ)

Cl(by, b{x,y}, bΘ)

Cl(by, b{y,z}, bΘ)

Cl(bz, b{y,z}, bΘ)

Cl(bz, b{x,z}, bΘ).

Each 2-dimensional simplex (for instance Cl(bx, b{x,z}, bΘ)) has an intersec-
tion of dimension |Θ| − 2 = 1 (Cl(b{x,z}, bΘ)) with a single other component
(Cl(bz, b{x,z}, bΘ)) associated with a different element of Θ.
The geometry of the ternary frame can then be represented as in Figure 2-a,
where the belief space is 6-dimensional B3 = Cl(bx, by, bz, b{x,y}, b{x,z}, b{y,z},
bΘ), its probabilistic face is a 2-dimensional simplex P3 = Cl(bx, by, bz), and
the consonant subspace CO3 is given by the union of the maximal simplices
listed above.

P

Θ
b

xb

yb

zb{x,z}b

b

b
3

{y,z}

{x,y}

CO
3

a) b)

Fig. 2. a) The simplicial complex CO3 of all the consonant belief functions for a
ternary frame Θ3. The complex is composed by n! = 3! = 6 convex components of
dimension n− 1 = 2, each vertex of P3 being shared by (n− 1)! = 2! = 2 of them.
The region is connected, and is part of the border ∂B3 of the belief space B3. b)
Constraint on the intersection of simplices in a complex. Only the right-hand pair
of triangles meets condition (2) of the definition of simplicial complex.

4.3 Consonant subspace as simplicial complex

These properties of CO can be summarized by means of another concept of
convex geometry, which generalizes that of simplex [27].

Definition 3 A simplicial complex is a collection Σ of simplices of arbitrary
dimensions possessing the following properties:
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(1) if a simplex belongs to Σ, then all its faces of any dimension belong to Σ;
(2) the intersection of two simplices in the complex is a face of both.

Let us consider for instance two triangles on the plane (2-dimensional sim-
plices). Roughly speaking, the second condition says that the intersection of
those triangles cannot contain points of their interiors (Figure 2-b-right). It
cannot be any subset of their borders either (middle), but has to be a face
(right, in this case a single vertex). Note that if two simplices intersect in a
face τ , they obviously intersect in every face of τ .

Theorem 2 CO is a simplicial complex included in the belief space B.

Proof. Property (1) of Definition 3 is trivially satisfied. As a matter of fact, if
a simplex Cl(bA1 , ..., bAn) corresponds to a chain A1 ⊆ ... ⊆ An in the poset
(2Θ,⊆), clearly each face of this simplex correspond to a subchain in 2Θ, and
then to a simplex of consonant belief functions. About property (2), let us
consider the intersection of two arbitrary simplices in the complex

Cl(bA1 , ..., bAn1
) ∩ Cl(bB1 , ..., bBn2

)

associated with the pair of chains A = {A1, ..., An1} and B = {B1, ..., Bn2}
respectively. As the vectors {bA, ∅ ( A ( Θ} are linearly independent in RN−2,
no linear combination of bBi

’s can yield an element of span(bA1 , ..., bAn1
), unless

some of those vectors coincide. In this case the desired intersection is

Cl(bCi1
, ..., bCik

) (8)

where

C = {Cij , j = 1, ..., k} = A ∩ B
with k < n1, n2. But then C is a subchain of both A and B, so that (8) is a
face of both Cl(bA1 , ..., bAn1

) and Cl(bB1 , ..., bBn2
). 2

As Figure 2 shows, P and the maximal simplices of CO have the same dimen-
sion, and are both part of the boundary ∂B of the belief space.

5 Properties of the consonant subspace

It is worth to get a bit deeper in our understanding of the geometry of the
consonant subspace.
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5.1 Congruence of the convex components of CO

As the binary case suggests, all maximal simplices of the consonant complex
are congruent, i.e. they can be mapped onto each other by means of a rigid
transformation. As we have seen in Section 3.1, the two components COx =
Cl(bΘ, bx) and COy = Cl(bΘ, by) are segments of the same size

‖COx‖ = ‖bx − bΘ‖ = ‖bx‖ = ‖[1, 0]′‖ = 1 = ‖by − bΘ‖ = ‖COy‖.

We can get an intuition about how to prove this conjecture in the general case
by studying the more significant ternary case. From Section 4.2,

Cl(bx, b{x,y}, bΘ)

Cl(bx, bΘ)

Cl(b{x,y}, bΘ)

Cl(bx, b{x,y})

↔
‖bx − bΘ‖ = ‖bx‖ = ‖[1 0 0 1 1 0]′‖ =

√
3

‖b{x,y} − bΘ‖ = ‖b{x,y}‖ = ‖[0 0 0 1 0 0]′‖ = 1

‖bx − b{x,y}‖ = ‖[1 0 0 0 1 0]′‖ =
√

2

Cl(bx, b{x,z}, bΘ)

Cl(bx, bΘ)

Cl(b{x,z}, bΘ)

Cl(bx, b{x,z})

↔
‖bx − bΘ‖ = ‖bx‖ = ‖[1 0 0 1 1 0]′‖ =

√
3

‖b{x,z} − bΘ‖ = ‖b{x,z}‖ = ‖[0 0 0 0 1 0]′‖ = 1

‖bx − b{x,z}‖ = ‖[1 0 0 1 0 0]′‖ =
√

2

Cl(by, b{x,y}, bΘ)

Cl(by, bΘ)

Cl(b{x,y}, bΘ)

Cl(by, b{x,y})

↔
‖by − bΘ‖ = ‖by‖ = ‖[0 1 0 1 0 1]′‖ =

√
3

‖b{x,y} − bΘ‖ = ‖b{x,y}‖ = ‖[0 0 0 1 0 0]′‖ = 1

‖by − b{x,y}‖ = ‖[0 1 0 0 0 1]′‖ =
√

2

Cl(bz, b{x,z}, bΘ)

Cl(bz, bΘ)

Cl(b{x,z}, bΘ)

Cl(bz, b{x,z})

↔
‖bz − bΘ‖ = ‖bz‖ = ‖[0 0 1 0 1 1]′‖ =

√
3

‖b{x,z} − bΘ‖ = ‖b{x,z}‖ = ‖[0 0 0 0 1 0]′‖ = 1

‖bz − b{x,z}‖ = ‖[0 0 1 0 0 1]′‖ =
√

2

the 1-dimensional faces of each pair of maximal simplices can be put into a 1-1
correspondence. For instance, considering the pair of triangles Cl(bx, b{x,y}, bΘ),
Cl(bz, b{x,z}, bΘ), the desired correspondence is

Cl(bx, bΘ) ↔ Cl(bz, bΘ), Cl(b{x,y}, bΘ) ↔ Cl(b{x,z}, bΘ)

Cl(bx, b{x,y}) ↔ Cl(bz, b{x,z})

12



as those pairs of segments have the same norm.
We can prove that in the general case too.

Theorem 3 All the maximal simplices of the consonant subspace are congru-
ent.

Proof. To get a proof for the general case we need to find a 1-1 map between
1-dimensional sides of two any maximal simplices. Let A = {A1 ⊂ · · · ⊂ Ai ⊂
· · · ⊂ An = Θ}, B = {B1 ⊂ · · · ⊂ Bi ⊂ · · · ⊂ Bn = Θ} be the associated
maximal chains. It is easy to see that we need to associate pairs of events with
the same cardinality:

Cl(bAi
, bAj

) ↔ Cl(bBi
, bBj

), |Ai| = |Bi| = i, |Aj| = |Bj| = j > i.

As a matter of fact, the categorical b.f. bAi
is such that bAi

(B) = 1 when B ⊇
Ai, bAi

(B) = 0 otherwise. On the other side bAj
(B) = 1 when B ⊇ Aj ⊃ Ai,

bAj
(B) = 0 otherwise, since Aj ⊃ Ai by hypothesis. Hence

|bAi
− bAj

(B)| = 1 ⇔ B ⊇ Ai, B 6⊃ Aj

so that

‖bAi
− bAj

‖2 =
√
|{B ⊆ Θ : B ⊇ Ai, B 6⊃ Aj}| =

√
|Aj \ Ai|.

But this is true for each similar pair in any other maximal chain, so that

‖bAi
− bAj

‖2 = ‖bBi
− bBj

‖2 ∀i, j ∈ [1, ..., n]

for each pair of maximal simplices of CO. Because of the generalization of a well
known Euclid’s theorem this implies that the two simplices are congruent 3 :
Cl(bA1 , · · · , bΘ) ∼ Cl(bB1 , · · · , bΘ). 2

It is easy to see that the components of CO are not congruent with P , even
though they have both dimension n− 1. In the binary case, for instance,

P = Cl(bx, by), ‖P‖ = ‖by − bx‖ =
√

2

while ‖COx‖ = ‖COy‖ = 1.

3 Notice that, although this holds for simplices (generalized triangles), the same is
not true for polytopes in general, i.e. convex closures of k+1 vertices which generates
an affine space of dimension smaller than k. Think of a square and a rhombus with
sides of length 1.

13



5.2 Decomposition of convex components into right triangles

The analysis of the norm of the difference of two categorical belief functions
tells us more about the nature of the maximal simplices of the consonant
subspace. We know from [30] that in RN−2 each triangle

Cl(bΘ, bB, bA)

with Θ ⊃ B ⊃ A is a right triangle with right angle b̂ΘbBbA.
Indeed we ca prove a much more general result.

Theorem 4 If Ai ⊃ Aj ⊃ Ak then ̂bAi
bAj

bAk
= π/2.

Proof. As Ai ⊃ Aj ⊃ Ak we can write

bAj
− bAi

(B) =





1 B ⊃ Aj, B 6⊃ Ai

0 otherwise
bAk

− bAi
(B) =





1 B ⊃ Ak, B 6⊃ Ai

0 otherwise

bAk
− bAj

(B) =





1 B ⊃ Ak, B 6⊃ Aj

0 otherwise

which implies

bAi
− bAj

(B) = 1 ⇒ B 6⊃ Ai, B ⊃ Aj ⇒ bAj
− bAk

(B) = 0

and vice-versa, so that 〈bAi
− bAj

, bAj
− bAk

〉 = 0 and ̂bAi
bAj

bAk
is π/2. 2

All triangles Cl(bAi
, bAj

, bAk
) such that Ai ⊃ Aj ⊃ Ak are right triangles.

But as each simplicial component COC of the consonant complex has vertices
associated with the elements A1 ⊆ ... ⊆ An of a maximal chain, any three of
them will also form a chain. Hence all 2-dimensional faces of all components
of CO are right triangles: all its 3-dimensional faces (tetrahedrons) have as
faces right triangles (Figure 3).

6 Geometry of outer consonant approximations in the consonant
simplex

The geometric approach to the ToE was originally motivated by the search
for Bayesian approximations of belief functions. We have just seen that it
can nevertheless be extended to necessity measures, opening the way to a
geometric analysis of the consonant approximation problem, i.e. the question

14



b Al

b Ai

b Aj

b Ak

Fig. 3. All the tetrahedrons Cl(bAi , bAj , bAk
, bAl

) formed by vertices of a maximal
simplex of the consonant subspace, Ai ⊂ Aj ⊂ Ak ⊂ Al, have all right triangles as
faces.

of finding the co.b.f. which minimizes a certain distance from the original b.f.
b:

ĉo = arg min
co∈CO

dist(co, b). (9)

As consonant belief functions represent necessity measures in the theory of
belief functions, finding the “best” consonant approximation of a b.f. is equiv-
alent to approximating a belief measure with a necessity measure.

6.1 Outer consonant approximations

Several partial orderings between belief functions have been introduced [31,32],
in connection with the so-called “least commitment principle”. The latter
plays a similar role in the ToE as the principle of maximum entropy does in
Bayesian theory. It postulates that, given a set of b.p.a.s compatible with a
set of constraints, the most appropriate is the least informative (according to
one of those orderings). In particular, b.f.s admit the following order relation

b ≤ b′ ≡ ∀A ⊆ Θ b(A) ≤ b′(A) (10)

called weak inclusion. It is then possible to introduce the notion of outer
consonant approximations [10] of a belief function b, i.e. those co.b.f.s such
that ∀A ⊆ Θ co(A) ≤ b(A) (or equivalently ∀A ⊆ Θ plco(A) ≥ plb(A)). In
other words we seek co.b.f.s which are less informative than b in the sense
specified above.
With the purpose of finding outer approximations which are maximal with
respect to the weak inclusion relation (10) Dubois and Prade have introduced
two different families of approximations.
A first group of is obtained by considering all permutations ρ of the elements
{x1, ..., xn} of the frame of discernment Θ: {xρ(1), ..., xρ(n)}.

15



The following family of nested sets can be then built

{Sρ
1 = {xρ(1)}, Sρ

2 = {xρ(1), xρ(2)}, ..., Sρ
n = {xρ(1), ..., xρ(n)}}

so that a new belief function coρ can be defined with b.p.a.

mcoρ(Sρ
j ) =

∑

i:min{l:Ei⊆Sρ
l
}=j

mb(Ei). (11)

Analogously an iterative procedure can be defined in which all permutations
ρ of the focal elements {E1, ..., Ek} of b are considered {Eρ(1), ..., Eρ(k)} and
the following family of sets is introduced

{Sρ
1 = Eρ(1), S

ρ
2 = Eρ(1) ∪ Eρ(2), ..., S

ρ
k = Eρ(1) ∪ · · · ∪ Eρ(k)}

so that a new belief function cρ can be defined with b.p.a.

mcρ(S
ρ
j ) =

∑

i:min{l:Ei⊆Sρ
l }=j

mb(Ei). (12)

In general, approximations of the second family (12) are generated by the first
family (11) too [10,13].

6.2 Geometry in the binary case

Let us discuss the geometry of the set O[b] of all outer consonant approxima-
tions of a belief function b. We will first have a look at the situation in the case
study of a binary frame, to later move to arbitrary frames of discernment.
The set O[b] in the binary belief space B2 is depicted in Figure 4-left (dashed
lines), as the intersection of the region of the points b′ such that ∀A ⊆ Θ
b′(A) ≤ b(A), and the complex CO = COx ∪ COy of consonant b.f.s. Among
them, the co.b.f.s generated by the 6 possible permutations of focal elements
as in Equation (12) correspond to the points cρ1 , ..., cρ6 in Figure 4, i.e. the
orthogonal projections of b onto COx, COy respectively, and the vacuous b.f.
bΘ = 0.

Let us denote by OC[b] the intersection of the set O[b] of all outer consonant
approximations with the component COC of the consonant complex, with C a
maximal chain of 2Θ. We can notice a number of interesting facts.
For each maximal chain C:

(1) OC[b] is convex (in this case C = {x, Θ} or {y, Θ});
(2) OC[b] is in fact a polytope, i.e. the convex closure of a number of vertices:

in particular a segment in the binary case (Ox,Θ[b] or Oy,Θ[b]);
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b(A)

b(A)b (A)
1

b (A)
2

α  , α  > 0
21

α  < 0
1

Fig. 4. Left: Geometry of outer consonant approximations of a belief function b ∈ B2.
Right: The convex combination of two b.f.s weakly included in b is still weakly
included in b: this does not hold for affine combinations.

(3) the maximal (with respect to (10)) outer approximation of b is one of the
vertices of this polytope OC[b], the one (coρ, Equation (11)) associated
with the permutation ρ of singletons which generates the chain.

In the binary case there are just two such permutations, ρ1 = {x, y} and
ρ2 = {y, x}, which generate respectively the chains {x, Θ} and {y, Θ}.
We will prove that all those properties indeed hold in the general case.

6.3 Convexity

Theorem 5 Let b be a belief function on Θ. For each maximal chain C of
2Θ, the set of outer consonant approximations OC[b] of b which belong to the
simplicial component COC of the consonant space CO is convex.

Proof. Consider two generic belief functions b1, b2 for which ∀A ⊆ Θ b1(A) ≤
b(A), b2(A) ≤ b(A). Then

α1b1(A) + α2b2(A) ≤ α1b(A) + α2b(A) = (α1 + α2)b(A) = b(A) (13)

whenever α1 +α2 = 1, αi ≥ 0. If α1, α2 are not guaranteed to be non-negative
the sum α1b1(A) + α2b2(A) can be greater than b(A) (see Figure 4-right).
Now, this holds in particular if the two b.f.s are consonant: Their convex
combination, though, is obviously not guaranteed to be consonant.
If they both belong to the same maximal simplex of the consonant complex,
however, their convex combination still lives in the simplex and α1b1 + α2b2 is
both consonant and weakly included in b. 2
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6.4 Weak inclusion and mass re-assignment

A more cogent statement on the shape of O[b] can be proven by means of
the following result on the basic probability assignment of consonant belief
functions weakly included in b.

Lemma 1 Consider a belief function b with basic probability assignment mb.
A consonant belief function co is weakly included in b, for all A ⊆ Θ co(A) ≤
b(A), if and only if there is a choice of coefficients {αB

A , B ⊆ Θ, A ⊇ B} with

∀B ⊆ Θ, ∀A ⊇ B, 0 ≤ αB
A ≤ 1 ∀B ⊆ Θ,

∑

A⊇B

αB
A = 1 (14)

such that co has basic probability assignment

mco(A) =
∑

B⊆A

αB
Amb(B). (15)

Lemma 1 states that the b.p.a. of any outer consonant approximation of b is
obtained by re-assigning the mass of each f.e. A of b to some B ⊇ A. We will
extensively use this result in the following.

6.5 The polytopes OC[b] of outer approximations

Summarizing, given a consonant belief function co weakly included in b, its
focal elements will form a chain C = {B1, ..., Bn} (|Bi| = i) associated with a
specific maximal simplex of CO. According to Lemma 1 the mass of each focal
element A of b can be re-assigned to some of the events of the chain B1, ..., Bn

which contain A in order to obtain co.
It is therefore natural to conjecture that, for each maximal simplex COC of CO
associated with a maximal chain C, OC[b] is the convex closure of the co.b.f.s

o
~B[b] with b.p.a.

mo~B [b](Bi) =
∑

A⊆Θ: ~B(A)=Bi

mb(A) (16)

each of them associated with an “assignment function”

~B : 2Θ → C
A 7→ ~B(A) ⊇ A

(17)

which maps each event A to one of the events of the chain C = {B1 ⊂ ... ⊂ Bn}
which contains it. As a matter of fact,
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Theorem 6 For each simplicial component COC of the consonant space as-
sociated with any maximal chain of focal elements C = {B1, ..., Bn} the set of
outer consonant approximation of any b.f. b is the convex closure

OC[b] = Cl(o
~B[b],∀ ~B)

of the co.b.f.s (16) indexed by all admissible assignment functions (17).

In other words, OC[b] is a polytope, the convex closure of a number of b.f.s

whose number is equal to the number of assignment functions (17). Each ~B is
characterized by assigning each event A to an element Bi ⊇ A of the chain C.

As we will see in the ternary example of Section 6.7 the points (16) are not
guaranteed to be proper vertices of the polytope OC[b]. Some of them can be
obtained as a convex combination of the others, i.e. they may lie on a side of
the polytope.

6.6 Maximal outer approximations

6.6.1 Permutations of singletons and maximal approximations

We can prove instead that the outer approximation (11) obtained by permut-
ing the singletons of Θ as in Section 6.1 is not only a pseudo-vertex of OC[b],
but it is an actual vertex, i.e. it cannot be obtained as a convex combination
of the others. More precisely, all possible permutations of elements of Θ gen-
erate exactly n! different outer approximations of b, each of which lies on a
single simplicial component of the consonant complex. Each such permutation
ρ generates a maximal chain Cρ = {Sρ

1 , ..., S
ρ
n} of focal elements so that the

corresponding b.f. will lie on COCρ .

Theorem 7 The outer consonant approximation coρ (11) generated by a per-
mutation ρ of the singletons is a vertex of OCρ [b].

In Section 6.2 we conjectured that, for each maximal chain C, the maximal
(with respect to the weak inclusion relation) outer consonant approximation
of b is indeed one of the vertices of the simplex OC[b]. We can easily prove that
the maximal outer approximation is indeed the vertex coρ associated with the
corresponding permutation ρ of the singletons which generates the maximal
chain C = Cρ.
As a matter of fact by definition (11) coρ assigns the mass mb(A) of each
focal element A to the smallest element of the chain containing A. By Lemma
1 each outer consonant approximation of b with chain C, co ∈ OCρ [b], is the
result of re-distributing the mass of each focal element A to all its supersets
in the chain {Bi ⊇ A,Bi ∈ C}.
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But then each such co is weakly included in coρ for its b.p.a. can be obtained
by re-distributing the mass of the minimal superset Bj, where j = min{i :
Bi ⊆ A}, to all supersets of A.

Corollary 2 The maximal outer consonant approximation with maximal chain
C of a belief function b is the vertex (11) of OCρ [b] associated with the permu-
tation ρ of the singletons which generates C = Cρ.

6.6.2 Maximal approximations and lower chain measures

A different perspective on maximal outer consonant approximations is given
by the notion of chain measure [33].
Let us S be a family of subsets of a non-empty set Θ containing ∅ and Θ
itself. The “inner extension” of a monotone set function µ : S → [0, 1] (s.t.
A ⊆ B implies µ(A) ≤ µ(B)) is µ∗(A) = supB∈S,B⊂A µ(B) (dually for the
outer extension).

Definition 4 A monotone set function β : S → [0, 1] is called lower chain
measure, if there is a chain w.r.t. set inclusion C ⊂ S with ∅, Θ ∈ C such that
β = (β|C)∗|S, i.e., β coincides with the inner extension of its restriction to
the elements of the chain.

We can prove that for a lower chain measure β on S: β(∩A∈A) = infA∈A β(A)
for all finite set systems A such that ∩A∈AA ∈ S. If this property holds for
arbitrary A and S is closed under arbitrary intersection, then β is called a
necessity measure. Any necessity measure is a lower chain measure, but the
converse does not hold. However, the class of necessity measures coincides with
the class of lower chain measures if Θ is finite.
As consonant belief functions are necessity measures on finite domains, they
are trivially also lower chain measures and vice-versa.

Now, let b be a belief function and C a maximal chain in 2Θ. Then we can
build a chain measure (consonant b.f.) associated with b as

bC(A) = max
B∈C,B⊆A

b(B). (18)

We can easily prove the following result.

Theorem 8 The chain measure (18) associated with the maximal chain C
coincides with the vertex coρ (11) of the polytope of outer consonant approx-
imations OCρ [b] of b associated with the permutation ρ of the elements of Θ
which generates C = Cρ.
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Proof. Let us denote as usual by {B1, ..., Bn} the elements of the maximal
chain C. By definition the masses coρ assigns to the elements of the chain are

mcoρ(Bi) =
∑

B⊆Bi,B 6⊂Bi−1

mb(B)

so that the belief value of coρ on an arbitrary event A ⊆ Θ can be written as

coρ(A) =
∑

Bi⊆A,Bi∈C
mcoρ(Bi) =

∑

Bi⊆A

∑

B⊆Bi,B 6⊂Bi−1

mb(B)

=
∑

B⊆BiA

mb(B) = b(BiA)

where BiA is the largest element of the chain included in A. But then clearly,
as the elements B1 ⊂ · · · ⊂ Bn of the chain are obviously nested and any
belief function b is monotone,

coρ(A) = b(BiA) = max
Bi∈C,Bi⊆A

b(Bi)

i.e., coρ is indeed (18). 2

The chain measure associated with a b.f. b and a maximal chain C is the
maximal outer consonant approximation of b.

6.7 Example

To better understand the properties we just proved, let us consider as an
example a belief function b on a ternary frame Θ = {x, y, z} and study
the polytope of outer consonant approximations with focal elements C =
{{x}, {x, y}, {x, y, z}}. According to Theorem 6 this is the convex closure

of all assignment functions ~B : 2Θ → C: there are
∏3

k=1 k23−k
= 14 · 22 ·

31 = 12 such functions. We list them here as vectors of the form ~B =
[ ~B({x}), ~B({y}), ~B({z}), ~B({x, y}), ~B({x, z}), ~B({y, z}), ~B({x, y, z})]′, i.e.,

~B1 = {x}, {x, y}, Θ, {x, y}, Θ, Θ, Θ;

~B2 = {x}, {x, y}, Θ, Θ, Θ, Θ, Θ;

~B3 = {x}, Θ, Θ, {x, y}, Θ, Θ, Θ;

~B4 = {x}, Θ, Θ, Θ, Θ, Θ, Θ;

~B5 = {x, y}, {x, y}, Θ, {x, y}, Θ, Θ, Θ;

~B6 = {x, y}, {x, y}, Θ, Θ, Θ, Θ, Θ;

~B7 = {x, y}, Θ, Θ, {x, y}, Θ, Θ, Θ;

~B8 = {x, y}, Θ, Θ, Θ, Θ, Θ, Θ;

~B9 = Θ, {x, y}, Θ, {x, y}, Θ, Θ, Θ;

~B10 = Θ, {x, y}, Θ, Θ, Θ, Θ, Θ;

~B11 = Θ, Θ, Θ, {x, y}, Θ, Θ, Θ;

~B12 = Θ, Θ, Θ, Θ, Θ, Θ, Θ.
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They correspond to the following co.b.f.s with b.p.a. [m({x}),m({x, y}),m(Θ)]′:

o
~B1 = [mb(x), mb(y) + mb(x, y), 1− b(x, y) ]′;

o
~B2 = [mb(x), mb(y), 1−mb(x)−mb(y) ]′;

o
~B3 = [mb(x), mb(x, y), 1−mb(x)−mb(x, y) ]′;

o
~B4 = [mb(x), 0, 1−mb(x) ]′;

o
~B5 = [0, b(x, y), 1− b(x, y) ]′;

o
~B6 = [0, mb(x) + mb(y), 1−mb(x)−mb(y) ]′;

o
~B7 = [0, mb(x) + mb(x, y), 1−mb(x)−mb(x, y) ]′;

o
~B8 = [0, mb(x), 1−mb(x) ]′;

o
~B9 = [0, mb(y) + mb(x, y), 1−mb(y)−mb(x, y) ]′;

o
~B10 = [0, mb(y), 1−mb(y) ]′;

o
~B11 = [0, mb(x, y), 1−mb(x, y) ]′;

o
~B12 = [0, 0, 1 ]′.

(19)

Figure 5-left shows the resulting polytope OC[b] for a belief function mb(x) =
0.3, mb(y) = 0.5, mb({x, y}) = 0.1, mb(Θ) = 0.1, in the component COC =
Cl(bx, b{x,y}, bΘ) of the consonant complex (black triangle in the figure). The
polytope OC[b] is plotted in red, together with all the 12 points (19) (red
squares). Many of them lie on a side of the polytope. However, the point
obtained by permutation of singletons (11) is an actual vertex (red star): it is

the first o
~B1 of the list (19).

It is interesting to point out how the points (19) are ordered with respect
to the weak inclusion relation (we just need to apply its definition, or the
re-distribution property of Lemma 1). The result is summarized in the graph

of Figure 6. We can appreciate that the vertex o
~B1 generated by singleton

permutation is indeed the maximal outer approximation of b, as stated by
Corollary 2.

7 Conclusions and perspectives

In this paper we extended the geometric approach to the ToE to consonant
belief functions, proving that the region of all co.b.f.s in the belief space B
has the form of a simplicial complex CO, in which each convex component
is a simplex associated with a maximal chain of events of the frame Θ. We
proved that all the convex components of CO are congruent, and described
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Fig. 5. Not all the points (16) associated with assignment functions are actual
vertices of OC [b]. Here the polytope OC [b] of outer consonant approximations for
the belief function mb(x) = 0.3, mb(y) = 0.5, mb({x, y}) = 0.1, mb(Θ) = 0.1
defined on Θ = {x, y, z}, with C = {{x}, {x, y}, Θ} is plotted in red, together with
all the 12 points (19) (red squares). Many of them lie on a side of the polytope.
However, the point obtained by permutation of singletons (11) is an actual vertex
(red star). The minimal and maximal outer approximations with respect to weak
inclusion are o

~B12 and o
~B1 , respectively.

Fig. 6. Partial order of the points (19) with respect to the weak inclusion relation.
For sake of simplicity we denote by Bi the co.b.f. o

~Bi associated with the assignment
function ~Bi. An arrow from ~Bi to ~Bj stands for o

~Bj ≤ o
~Bi .
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in more detail their shape by showing that they can in fact be decomposed
into rectangular triangles. We applied the formalism of simplicial complexes to
the analysis of the consonant approximation problem, focusing in particular
on the properties of outer consonant approximations. We showed that such
approximations form a polytope in each maximal simplex of CO. Finally, for a
given chain the maximal outer approximation is a vertex of the corresponding
polytope generated by a permutation of the elements of the frame, and coin-
cides with the lower chain measure associated with the original belief function.
As consonant belief functions correspond to finite necessity measures this work
can be seen as a first step towards a unified geometric picture of all finite fuzzy
measures.

Appendix

Proof of Lemma 1

(1) Sufficiency.

If Equation (15) holds for all focal elements A ⊆ Θ then

co(A) =
∑

X⊆A

mco(X) =
∑

X⊆A

∑

B⊆X

αB
Xmb(B) =

∑

B⊆A

mb(B)
∑

B⊆X⊆A

αB
X

where ∑

B⊆X⊆A

αB
X ≤ ∑

X⊇B

αB
X = 1

by Condition (14), so that

co(A) ≤ ∑

B⊆A

mb(B) = b(A),

i.e., co is weakly included in b.

(2) Necessity.

Let us denote by C = {B1, ..., Bn}, n = |Θ| the chain of focal elements of co,
and consider first the subsets A ⊆ Θ such that A 6⊃ B1 (A 6∈ C). In this case

co(A) = 0 ≤ mb(A)

whatever the mass assignment of b. We then just need to focus on the elements
A = Bi ∈ C of the chain.
We need to prove that for all Bi ∈ C:

mco(Bi) =
∑

B⊆Bi

αB
Bi

mb(B) ∀i = 1, · · · , n. (20)
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Let us use the notation αB
i

.
= αB

Bi
for sake of simplicity.

For each i we can sum the first i equations of the system (20) and obtain the
equivalent system of equations:

co(Bi) =
∑

B⊆Bi

βB
i mb(B) ∀i = 1, · · · , n (21)

as co(Bi) =
∑i

j=1 mco(Bj) for co is consonant. For all B ⊆ Θ the coefficients

βB
i

.
=

i∑

j=1

αB
j

has to be such that
0 ≤ βB

imin
≤ · · · ≤ βB

n = 1 (22)

where imin = min{j : Bj ⊇ B}.

We can prove by induction on i that if co is weakly included in b, i.e., co(Bi) ≤
b(Bi) for all i = 1, ..., n, there exists a solution {βB

i , B ⊆ Bi, i = 1, ..., n} of
the system (21) which meets the constraint (22).
Let us look for solutions of the form:





βB
i , B ⊆ Bi−1; β

B
i =

co(Bi)−
∑

X⊆Bi−1

βX
i mb(X)

∑

X⊆Bi,X 6⊂Bi−1

mb(X)
, B ⊆ Bi, B 6⊂ Bi−1





(23)

in which the coefficients (variables) βB
i associated with subsets of the previous

f.e. Bi−1 are left free, while all the coefficients associated with subsets that
are in Bi but not in Bi−1 are set to a common value, which depends on the
free variables βX

i , X ⊆ Bi−1.

Step i = 1. We get

βB1
1 =

co(B1)

mb(B1)

which is such that 0 ≤ βB1
1 ≤ 1 as co(B1) ≤ mb(B1), and trivially satisfies the

first equation of system (21): co(B1) = βB1
1 mb(B1).

Step i. We suppose there exists a solution (23) for {B ⊆ Bj, j = 1, ..., i− 1}.
First have to show that all solutions of the form (23) for i solve the i-th
equation of system (21).
When we replace (23) in the i-th equation of the system we get (as the variables
βB

i in (23) do not depend on B for all B ⊆ Bi, B 6⊂ Bi−1)

co(Bi) =
∑

B⊆Bi−1

βB
i mb(B) +




co(Bi)−
∑

X⊆Bi−1

βX
i mb(X)

∑

X⊆Bi,X 6⊂Bi−1

mb(X)




∑

B⊆Bi,B 6⊂Bi−1

mb(B),
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i.e., co(Bi) = co(Bi).

We also need to show, though, that there exist solutions of the above form
(23) that meet the ordering constraint (22), i.e.,

0 ≤ βB
i ≤ 1, B ⊆ Bi, B 6⊂ Bi−1; βB

i−1 ≤ βB
i ≤ 1, B ⊆ Bi−1. (24)

The constraints (24) generate constraints on the free variables in (23), i.e.,
{βB

i , B ⊆ Bi−1}. Given the shape of (23) those conditions (in the same order
as in (24)) assume the form





∑

B⊆Bi−1

βB
i mb(B) ≤ co(Bi)

∑

B⊆Bi−1

βB
i mb(B) ≥ co(Bi)−

∑

B⊆Bi,B 6⊂Bi−1

mb(B)

βB
i ≥ βB

i−1 ∀B ⊆ Bi−1

βB
i ≤ 1 ∀B ⊆ Bi−1.

(25)

Let us call 1.,2.,3.,4. the above constraints on the free variables {βB
i , B ⊆

Bi−1}.

• 1. and 2. are trivially compatible;
• 1. is compatible with 3. as replacing βB

i = βB
i−1 into 1. yields (due to the

i− 1-th equation of the system)

∑

B⊆Bi−1

βB
i mb(B) =

∑

B⊆Bi−1

βB
i−1mb(B) = co(Bi−1) ≤ co(Bi);

• 4. is compatible with 2. as replacing βB
i = 1 into 2. yields

∑

B⊆Bi−1

βB
i mb(B) =

∑

B⊆Bi−1

mb(B) ≥ co(Bi)−
∑

B⊆Bi,B 6⊂Bi−1

mb(B)

which is equivalent to

∑

B⊆Bi

mb(B) = b(Bi) ≤ co(Bi)

which is true by hypothesis;
• 4. and 1. are clearly compatible, as we just need to choose βB

i small enough;
• 2. and 3. are compatible, as we just need to choose βB

i large enough.

In conclusion, all the constraints in Equation (25) are mutually compatible.
Hence there exists an admissible solution to the i-th equation of system (21),
which proves the induction step.
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Proof of Theorem 6

We need to prove that:

(1) each co.b.f. co ∈ COC such that co(A) ≤ b(A) for all A ⊆ Θ can be

written as a convex combination of the points (16): co =
∑

~B α ~Bo
~B[b],∑

~B α ~B = 1, α ~B ≥ 0 ∀ ~B;

(2) vice-versa, each convex combination of the o
~B[b] satisfies

∑
~B α ~Bo

~B[b](A) ≤
b(A) for all A ⊆ Θ.

Let us consider (2) first. By definition of b.f. o
~B[b](A) =

∑
B⊆A,B∈C mo~B [b](B)

where mo~B [b](B) =
∑

X⊆B: ~B(X)=B mb(X) so that

o
~B[b](A) =

∑

B⊆A,B∈C

∑

X⊆B: ~B(X)=B

mb(X) =
∑

X⊆Bi: ~B(X)=Bj ,j≤i

mb(X) (26)

where Bi is the largest element of the chain C included in A. As Bi ⊆ A (26)

is obviously not larger than
∑

B⊆A mb(B) = b(A), so that o
~B[b](A) ≤ b(A) for

all A. Hence ∀A ⊆ Θ

∑

~B

α ~Bo
~B[b](A) ≤ ∑

~B

α ~Bb(A) = b(A)
∑

~B

α ~B = b(A).

Let us prove point (1). According to Lemma 1, if ∀A ⊆ Θ co(A) ≤ b(A) then
the mass mco(Bi) of each event Bi of the chain is

mco(Bi) =
∑

A⊆Bi

mb(A)αA
Bi

. (27)

To prove (1) we then need to write (27) as a convex combination of the
mo~B [b](Bi), i.e.

∑

~B

α ~Bo
~B[b](Bi) =

∑

~B

α ~B

∑

X⊆Bi: ~B(X)=Bi

mb(X) =
∑

X⊆Bi

mb(X)
∑

~B(X)=Bi

α ~B.

In other words we need to show that the system of equations

{
αA

Bi
=

∑

~B(A)=Bi

α ~B ∀i = 1, ..., n; ∀A ⊆ Bi (28)

has at least one solution {α ~B} such that
∑

~B α ~B = 1 and ∀ ~B α ~B ≥ 0. The
normalization constraint is in fact trivially satisfied as from (28) it follows that

∑

Bi⊇A

αA
Bi

= 1 =
∑

Bi⊇A

∑

~B(A)=Bi

α ~B =
∑

~B

α ~B
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i.e.
∑

~B α ~B = 1. Using the normalization constraint the system of equations
(28) reduces to

{
αA

Bi
=

∑

~B(A)=Bi

α ~B ∀i = 1, ..., n− 1; ∀A ⊆ Bi. (29)

We can show that each equation in the reduced system (29) involves at least
one variable α ~B which is not present in any other equation. Formally, the set
of assignment functions which meet the constraint of equation A,Bi but not
all others is not empty:

{
~B : ( ~B(A) = Bi)

∧

∀j=1,...,n−1;j 6=i

( ~B(A) 6= Bj)
∧

∀A′ 6=A;∀j=1,...,n−1

( ~B(A′) 6= Bj)

}
6= ∅.

(30)

But the assignment functions ~B such that ~B(A) = Bi and ∀A′ 6= A ~B(A′) = Θ

all meet condition (30). Indeed they obviously meet ~B(A) 6= Bj for all j 6= i

while clearly for all A′ ⊆ Θ ~B(A′) = Θ 6= Bj, as j < n so that Bj 6= Θ.

A non-negative solution of (29) (and hence of (28)) can be obtained by setting
for each equation one of such variables equal to the first member αA

Bi
, and all

the others to zero.

Proof of Theorem 7

The proof is divided in two parts.

1. We first need to find an assignment ~B : 2Θ → Cρ which generates coρ.
Each singleton xi is mapped by ρ to the position j: i = ρ(j). Then, given
any event A = {xi1 , ..., xim} its elements are mapped to the new positions
xji1

, ..., xjim
, where i1 = ρ(ji1), ..., im = ρ(jim). But then the map

~Bρ(A) = ~Bρ({xi1 , ..., xim}) = Sρ
j

.
= {xρ(1), ..., xρ(j)}

where

j
.
= max{ji1 , ..., jim}

maps each event A to the smallest Sρ
i in the chain which contains A: j =

min{i : A ⊆ Sρ
i }. Therefore it generates a co.b.f. with b.p.a. (11), i.e. coρ.

2. In order for coρ to be an actual vertex, we need to ensure that it cannot be
written as a convex combination of the other (pseudo) vertices o

~B[b]:

coρ =
∑

~B 6= ~Bρ

α ~Bo
~B[b],

∑

~B 6= ~Bρ

α ~B = 1, ∀ ~B 6= ~Bρ α ~B ≥ 0.
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As mo~B(Bi) =
∑

A: ~B(A)=Bi
mb(A) the above condition reads as

{ ∑

A⊆Bi

mb(A)

( ∑

~B: ~B(A)=Bi

α ~B

)
=

∑

A⊆Bi: ~Bρ(A)=Bi

mb(A) ∀Bi ∈ C.

Remembering that ~Bρ(A) = Bi iff A ⊆ Bi, 6⊂ Bi−1 we get

{ ∑

A⊆Bi

mb(A)

( ∑

~B: ~B(A)=Bi

α ~B

)
=

∑

A⊆Bi,6⊂Bi−1

mb(A) ∀Bi ∈ C.

For i = 1 the condition is mb(B1)
(∑

~B: ~B(B1)=B1
α ~B

)
= mb(B1) i.e.

∑

~B: ~B(B1)=B1

α ~B = 1,
∑

~B: ~B(B1)6=B1

α ~B = 0.

Replacing this condition in the second constraint i = 2 yields

mb(B2 \B1)

( ∑

~B : ~B(B1) = B1,

~B(B2 \B1) = B2

α ~B

)
+ mb(B2)

( ∑

~B : ~B(B1) = B1,

~B(B2) = B2

α ~B

)
=

= mb(B2 \B1) + mb(B2)

i.e.

mb(B2 \B1)

( ∑

~B : ~B(B1) = B1,

~B(B2 \B1) 6= B2

α ~B

)
+ mb(B2)

( ∑

~B : ~B(B1) = B1,

~B(B2) 6= B2

α ~B

)
= 0

which implies α ~B = 0 for all the assignment functions ~B such that ~B(B2\B1) 6=
B2 or ~B(B2) 6= B2. The only non-zero coefficients can then be the α ~B s.t.
~B(B1) = B1, ~B(B2 \B1) = B2, ~B(B2) = B2.

By induction you get that ∀ ~B 6= ~Bρ we have α ~B = 0 .
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