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Abstract

Conditioning is crucial in applied science when inference involving time series
is involved. Belief calculus is an effective way of handling such inference in
the presence of uncertainty, but different approaches to conditioning in that
framework have been proposed in the past, leaving the matter unsettled. We
propose here an approach to the conditioning of belief functions based on geo-
metrically projecting them onto the simplex associated with the conditioning
event in the space of all belief functions. Two different such simplices can be
defined, as each belief function can be represented as either the vector of its
basic probability values or the vector of its belief values. We show here that
such a geometric approach to conditioning often produces simple results with
straightforward interpretations in terms of degrees of belief. The question of
whether classical approaches, such as for instance Dempster’s conditioning,
can also be reduced to some form of distance minimization remains open: the
study of families of combination rules generated by (geometric) conditioning
rules appears to be the natural prosecution of the presented research.

Keywords: theory of evidence, belief function, conditioning, geometric
approach, L, norms

1. Introduction

Decision making and estimation are common problems in applied science,
as people or machines need to make inferences about the state of the external
world, and take appropriate actions. Such state is typically assumed to be
described by a probability distribution over a set of alternative hypotheses,
which in turn needs to be inferred from the available data. Sometimes, how-
ever, as in the case of extremely rare events (e.g., a volcanic eruption), few
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statistics are available to drive such inference. Part of the data can be miss-
ing. In addition, under the law of large numbers, probability distributions
are the outcome of an infinite process of evidence accumulation, while in all
practical cases the available evidence can only provide some sort of constraint
on the unknown, “true” probability governing the process.

Different kinds of constraints are associated with different generalizations
of probabilities, formulated to model uncertainty at the level of probability
distributions. The simplest such generalizations are, possibly, interval prob-
abilities [1] and convex sets of probabilities or “credal sets” [2]. A whole
battery of different uncertainty theories [3], however, have been developed in
the last century or so, starting from De Finetti’s pioneering work [4]. In par-
ticular, Shafer’s theory of belief functions (b.f.s) [5], based on A. Dempster’s
[6] seminal work, allows us to express partial belief by providing lower and
upper bounds to probability values. The widespread influence of uncertainty
at different levels explains why belief functions have been increasingly ap-
plied to fields as diverse as robotics, economics, or machine vision. Powerful
tools for decision making with b.f.s have also been proposed [7, 8, 9].

When observations come from time series, however, or when conditional in-
dependence assumptions are necessary to simplify the structure of the joint
(belief) distribution to estimate, the need for generalizing the classical results
on total probability to belief calculus arises. This is the case, for instance, in
image segmentation [10], where conditional independence is crucial to make
optimization problems tractable. In target tracking, conditional constraints
on the targets’ future positions given their past locations are available. If
such constraints are described as belief functions, predicting current target
locations requires combining conditional b.f.s in a total function [11, 12].

1.1. Conditioning in belief calculus

Different definitions of conditional belief functions have been proposed in
the past. The original proposal is due to Dempster himself [6]. He formulated
it in his original model, in which belief functions are induced by multi-valued
mappings I' : 2 — 2° of probability distributions defined on a set 2 onto the
power set of another set (“frame”) ©. However, Dempster’s conditioning was
almost immediately and strongly criticized from a Bayesian point of view.
In response to these objections a number of approaches to conditioning in
belief calculus have been proposed [13, 14, 15, 16, 17, 18, 19, 20, 21] along the
years, in different mathematical setups. In the framework of credal sets and
lower probabilities Fagin and Halpern defined a notion of conditional belief



[15] as the lower envelope of a family of conditional probability functions, and
provided a closed-form expression for it. In the context of multi-valued map-
pings, Spies [22] defined conditional events as sets of equivalent events under
conditioning. By applying multi-valued mapping to such events, conditional
belief functions were introduced. In Slobodova’s work [23] a multi-valued ex-
tension of conditional b.f.s was introduced [24], and its properties examined.
Klopotek and Wierzchon [25] provided instead a frequency-based interpreta-
tion for conditional belief functions.

Another way of dealing with the classical Bayesian criticism of Dempster’s
rule is to abandon all notions of multivalued mapping, and define belief di-
rectly on the power set of the frame as in Smets’ Transferable Belief Model
26], as a sum function b : 29 — [0,1] of the form b(A) = > 5, my(B),
induced by a “basic belief assignment” (b.b.a) m; : 2° — [0,1]. In particu-
lar, the conditional b.f. by(B|A) with b.b.a. my(B|A) = > c e m(BUC),
B C A is the minimal commitment specialization of b such that the plau-
sibility of the complementary event A° is nil [27]. In [28], Smets pointed
out the distinction between “revision” and “focussing” in the conditional
process, and the way they lead to unnormalized and geometric [29] condi-
tioning, respectively. In these two scenarios he proposed some generalizations
of Jeffrey’s rule of conditioning [30, 31] to belief calculus.

1.2. A geometric approach to conditioning

Quite recently, the idea of formulating the problem geometrically has
emerged. Lehrer [32], in particular, has proposed such a geometric approach
to determine the conditional expectation of non-additive probabilities (such
as belief functions). The notion of generating conditional b.f.s by minimizing
a suitable distance function between the original b.f. b and the “conditioning
region” B4 associated with the conditioning event A, i.e., the set of belief
functions whose b.b.a. assigns mass to subsets of A only

ba(.|A) = arg min d(b, V") (1)
b'eBa

has a clear potential. It expands our arsenal of approaches to the problem,
and is a promising candidate to the role of general framework for condi-
tioning. The geometry of set functions and other uncertainty measures has
indeed been studied by different authors [33, 34, 35]. A similar approach has
been developed and applied by the author more specifically to the theory of
evidence [36, 37, 38]. Most relevantly, Jousselme et al [39] have conducted a
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very interesting survey of all the distances and similarity measures so far in-
troduced in belief calculus, and proposed a number of generalizations. Other
similarity measures between belief functions have been proposed by Shi et al
[40], Jiang et al [41], and others [42, 43, 41]. Many of these measures could
be in principle plugged in the above minimization problem (1) to define con-
ditional belief functions. In [38] the author has computed some conditional
belief functions generated via minimization of L, norms in the “mass space”,
where b.f.s are represented by the vectors of their basic probabilities.

1.8. Contribution

In this paper we explore the geometric conditioning approach in both
the mass space M and the belief space B, in which belief functions are rep-
resented by the vectors of their belief values b(A). We adopt once again
distance measures d of the classical L, family, as a further step towards a
complete analysis of the geometric approach to conditioning. We show that
geometric conditional b.f.s in B are more complex than in the mass space,
less naive objects whose interpretation in terms of degrees of belief is however
less natural.

Mass space. In summary, Li-conditional belief functions in M form a poly-
tope in which each vertex is the b.f. obtained by re-assigning the entire mass
not contained in A to a single subset of “focal element” {B C A}. In turn,
the Lo conditional b.f. is the barycenter of this polytope, i.e., the belief func-
tion obtained by re-assigning the mass >, m(B) to each focal element
{B C A} on an equal basis. Such results can be interpreted as a general-
ization of Lewis’ imaging approach to belief revision, originally formulated
in the context of probabilities [44]. The idea behind imaging is that, upon
observing that some state x € © is impossible, you transfer the probability
initially assigned to x completely towards the remaining state you deem the
most similar to z [45]. Peter Gérdenfors [46] extended Lewis’ idea by allow-
ing a fraction \; of the probability of such state z to be re-distributed to all
remaining states x; (3, \; = 1).

In the case of belief functions, the mass m(C') of each focal element not in-
cluded in A should be re-assigned to the “closest” focal element in {B C A}.
If no information on the similarity between focal elements is available or make
sense in a particular context, ignorance translates into allowing all possible
set of weights \(B) for Gérdenfors’ (generalized) belief revision by imaging.
This yields the set of Ly conditional b.f.s. If such ignorance is expressed by
assigning instead equal weight A\(B) to each B C A, the resulting revised b.f.
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is the unique L5 conditional b.f., the barycenter of the L; polytope.

Belief space. Conditional belief functions in the belief space seem to have
rather less straightforward interpretations than the corresponding quanti-
ties in the mass space. The barycenter of the set of L., conditional belief
functions can be interpreted as follows: the mass of all the subsets whose in-
tersection with A is C' C A is re-assigned by the conditioning process half to
C, and half to A itself. While in the M case the barycenter of L; conditional
b.f.s is obtained by reassigning the mass of all B ¢ A to each B C A on
equal grounds, for the barycenter of L., conditional b.f.s in B normalization
is achieved by adding or subtracting their masses according to the cardinality
of C' (even or odd). As a result, the obtained mass function is not necessarily
non-negative: again, such version of geometrical conditioning may generated
pseudo belief functions. Furthermore, while being quite similar to it, the Lo
conditional belief function in B is distinct from the barycenter of the L.,
conditional b.f.s.

In the L; case, not only the resulting conditional pseudo belief functions are
not guaranteed to be proper belief functions, but it appears difficult to find
simple interpretations for these results in terms of degrees of belief.

A number of interesting cross relations between conditional b.f.s of the two
representation domains appear to exist from an empirical comparison, and
remain to be investigated further.

1.4. Paper outline

We commence by illustrating in Section 2 the crucial role of conditioning
in a real world scenario drawn from an important computer vision appli-
cation, data association, and an approach to this problem based on belief
calculus. We then move on to recalling, in Section 3, the geometric approach
to belief functions. In particular, we show how each b.f. b can be represented
by either the vector b of its belief values in the belief space B or the vector
m of its mass values in the mass space M. In Section 4 we pick the latter
representation. In Sections 4.1, 4.2 and 4.3 we prove the analytical forms of
the Ly, Ly and L., conditional belief functions in M, respectively. We dis-
cuss their interpretation in terms of degrees of belief (Section 4.5), and hint
to an interesting link with Lewis’ imaging [44], generalized to b.f.s (Section
4.6). Section 5 is dedicated to the derivation of geometric conditional belief
functions in the belief space. In Section 5.1 we prove the analytical form of
Ly conditional b.f.s in B, and propose a preliminary interpretation for them.
We do the same in Sections 5.2 and 5.3 for L; and L., conditional belief func-



tions in the belief space, respectively. We conclude the paper with a critical
discussion of the obtained results. In Section 6 a comparison of conditioning
in mass and belief space is run, also with the help of the ternary case study.
Finally, in Section 7 we prospect a number of future developments for the geo-
metric approach to conditioning, and the application of similar minimization
techniques to the consonant and consistent approximation problems.

2. Conditioning in belief calculus: a concrete scenario

2.1. Model-based data association

The data association problem is one of the more intensively studied com-
puter vision applications for its important role in the implementation of au-
tomated defense systems, and its connections to the classical field of structure
from motion, i.e. the reconstruction of a rigid scene from a sequence of im-
ages.

A number of feature points moving in the 3D space are followed by one or
more cameras and appear in an image sequence as “unlabeled” points (i.e.
we do not know the correspondences between points appearing in two con-
secutive frames). A typical example consists of a set of markers set at fixed
positions on a moving articulated body: in order to reconstruct the trajectory
of the cloud of "targets” (or of the underlying body) we need to associate
feature points belonging to pairs of consecutive images, [, and I, .

A classical approach to the data association problem (the joint probabilistic
data association filter, [47]) is based on tuning a number of Kalman filters
(each associated with a single feature point), whose aim is to predict the
future position of the target, in order to produce the most probable labeling
of the cloud of points in the next image.

Unfortunately, the JPDA method suffers from a number of drawbacks: for
example, when several features converge to a small region (“coalescence” [48])
the algorithm cannot tell them apart. Several techniques have been proposed
to overcome this sort of problems, such as the condensation algorithm [49].
However, assume that the feature points represent fixed locations {M;,i =
1,..., M} on an articulated body, and that we know the rigid motion con-
straints between pairs of markers. This is equivalent to possessing a topologi-
cal model of the articulated body, represented by an undirected graph whose
edges correspond to rigid motion constraints (see Figure 1-left). We can then
exploit such a-priori information to solve the association task in critical sit-



uations where several points fall into the validation region of a single filter.
A topological model of the body to track, for instance, can provide:

e a prediction constraint, encoding the likelihood of a measurement m}

at time k of being associated with a measurement mf‘l of the previous
image;

e an occlusion constraint, expressing the chance that a given marker of
the model is occluded in the current image;

e a metric constraint, representing the knowledge of the lengths of the
links, which can be learned from the history of the past associations;

e a rigid motion constraint on pairs of markers.

Belief calculus provides a coherent framework in which to combine all these
sources of information, and cope with possible conflicts. Indeed, all these
constraints can be expressed as belief functions over a suitable “frame”, or
set of possible associations m; < m; between feature points.

2.2. Rigid motion constraints as conditional belief functions

associations at time k-1 @H / \.“ k
RIGID LINKS —— \ J @
. k-1
A MARKERS ﬁ/ \ \ )
\ hd ) associations etween time k-1
\ / and time

| \ / - e
\ | . .
\ ‘J \ — / joint association space
\ |
k
D/m U\D (® associations at time k

Figure 1: Left: topological model of a human body: the adjacency relations between
the markers are shown. Right: rigid motion constraints in the data association problem
involve the integration of a set of conditional belief functions in each partition of the joint
association space in a single total function.



However, by observing the nature of the above constraints we can note
that the information carried by predictions of filters and occlusions inherently
concerns associations between feature points belonging to consecutive images.
Other conditions, instead, such as the metric constraint, can be expressed
instantaneously in the frame of the current time-k associations. Finally, a
number of bodies of evidence depend on the model-measurement associations
mf‘l < M; at the previous time step. This is the case of belief functions
encoding the information carried by the motion of the body, expression of
rigid motion constraints.

We can then introduce the set or “frame” of past model-to-feature associa-
tions,
bt =Imlt e M, Vi=1,...,n"'Vj=1,., M}

the set of feature-to-feature associations,
ort={m e m?, Vi=1,.,n"1vj=1,.,n"}
and current model-to-feature associations
O ={mf o M;, Vi=1,...,n"vj=1, ., M}, (2)

where n¥ is the number of feature points {m/} appearing in image Ij.

All the available pieces of evidence can be combined on the “minimal refine-
ment” [5] of all these frames, the product association frame ©% ' @ ©F .
The result is later projected onto the current association set ©%, in order to
yield the best current estimate.

However, as we mentioned above, rigid motion constraints can be expressed
in a conditional way only: hence, the computation of a belief estimate of
the desired current model-measurement associations (2) involves combining
conditional belief functions defined over the product association frame.

The purpose of this paper is to study how such conditional b.f.s can be in-
duced by minimizing geometric distances between belief measures. We first
need to recall the bases of belief calculus.

3. Belief functions and their geometric representation

Belief functions. A basic probability assignment (b.p.a.) over a finite
set (frame of discernment [5]) © is a function m;, : 2° — [0, 1] on its power
set 29 = {A C ©} such that my(0) = 0, 3 o ms(A) = 1, and my(A4) > 0



VA C O. Subsets of © associated with non-zero values of my, are called focal
elements. The core Cp, of a b.f. bis the union of its focal elements. The belief
function b : 2° — [0, 1] associated with a basic probability assignment m; on
© is defined as: b(A) = > zc4mp(B). A dual mathematical representation
of the evidence encoded by a belief function b is the plausibility function
ply : 29 — [0,1], A +— ply(A), where the plausibility value pl,(A) of an event
A'is given by ply(A) = 1—b(A) = >_p 49 mu(B) and expresses the amount
of evidence not against A.

Belief functions as vectors. Given a frame O, each belief function
b: 29 — [0,1] is completely specified by its N — 2 belief values {b(A),D C
A C O} N =2"(n=10]), (as b(d) = 0, b(O) = 1 for all b.f.s) and can
therefore be represented as a vector of RN=2: b = [b(A),0 € A C O]. If
we denote by ba the categorical [50] belief function assigning all the mass
to a single subset A C O, m;,(A) =1, my,(B) = 0VB C O, B # A, we
can prove that [51, 37] the set of points of R¥~2 which correspond to a b.f.
or “belief space” B coincides with the convex closure Cl of all the vectors
representing categorical belief functions: B = Cl(ba,0 C A C ©)'.
The belief space B is a simplex [37], and each vector beB representing a
belief function b can be written as a convex sum as:

0CBCO

Mass functions as vectors. In the same way, each belief function is
uniquely associated with the related set of “mass” values my(A). It can
therefore be seen also as a point of RY~! the vector my = [my(A),0 C
A C ©) (© this time included) of its N — 1 mass components, which can be
decomposed as

T?Lb = Z mb<B)T7LB, (4)
0CBCO
where mp is the vector of mass values associated with the categorical belief
function bg. Note that in RV =1 7ig = [0, ..., 0, 1]’ cannot be neglected.

Conditioning simplices. Similarly, the vector m, associated with any

belief function a whose mass supports only focal elements {§ C B C A}

101(51,...,61.3) = {56 B:b= all;l +-~-+ak5k,2iai =1, a; > OVi}.



included in a given event A can be decomposed as:

ma: Z ma(B)mB' (5)

0CBCA

The set of such vectors is a simplex M4 = Cl(mig, 0 € B C A). The same
is true in the belief space, where (the vector @ associated with) each b.f. a
assigning mass to focal elements included in A only is decomposable as:

a= Z CL(B)EB

0CBCA

These vectors live in a simplex By = C'Z(I;B, ) € BC A). We call M4 and
B4 the conditioning simplices in the mass and the belief space, respectively.

Geometric conditional belief functions. Given a belief function b,
we call geometric conditional belief function induced by a distance function
d in M (B) the b.f.(s) bgm(.]A) (bap(.|A)) which minimize(s) the distance
d(1p, M) (d(b,B4)) between the mass (belief) vector representing b and
the conditioning simplex associated with A in M (B).
As recalled above, a large number of proper distance functions or mere dis-
similarity measures between belief functions have been proposed in the past,
and many others can be imagined or designed [39].
We consider here as distance functions the three major L, norms d = Ly,
d = Ly and d = L.,. This is not to claim that these are the distance func-
tions of choice for this problem. The geometric approach to conditioning is
potentially a wide research field which will take much time to explore prop-
erly. In recent times, however, L, norms have been successfully employed in
different problems such as probability [52] and possibility [53, 54] transfor-
mation/approximation, or conditioning [36, 38].

L, norms in the mass and belief spaces. For vectors ny,, ny € M
representing the b.p.a.s of two belief functions b, ¢/, such norms read as:

[[77 — 17y | £, = @C;@ [my(B) = muy (B)|, ||y — | Lo, = i [my(B) — muy (B))]

7 — i, = [ > (mu(B) —my(B))?,

0CBCO
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while the same norms in the belief space are given by:

b=l = > bB) =B o—Flw,= | Y. 0B)-b(B)

0CBCO 0CBCO

Io =¥l = max [b(B) —b(B)]

=

(7)
We first run our analysis in the mass space M.
4. Geometric conditional belief functions in M

4.1. Conditioning by L1 norm

Given a belief function b with basic probability assignment m,; collected
in a vector m;, € M, its Ly conditional version(s) bz, am(.|A) has/have basic
probability assignment mp, (.]A) such that:

iz, m(|A) = arg _min |7y, — it ;- (8)

a

Using the expression (6) of the L; norm in the mass space M, (8) becomes:

arg min ||y — M|/, = arg min Z |my(B) — mq(B)].
MaEM 4 MaEM 4

By exploiting the fact that the candidate solution i, is an element of M4
(Equation (5)) we can greatly simplify this expression.

Lemma 1. The difference vector my — m, in M has the form.:

iy =g = > BB+ (HA) = 1= Y B(B))ia+ Y my(B)iis

0CBCA 0CBCA BgA
(9)
where B(B) = my(B) — my(B).

In the L; case therefore

It = iall, = 3 BB+ [p(A) ~ 1= " B(B)

0CBCA 0CBCA

, (10)

plus the constant 5. 4 [my(B)[. This is a function of the form
Z|xil+‘—2xi—k’, E>0 (11)
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Figure 2: Left: the minima of a function of the form (11) with two variables x1, 2o form the
triangle 1 <0, xo <0, 1 + 22 > —k depicted here. Right: the point ¢ of a vector space
V' at minimal Ly distance from a given point p’ external to it is such that the difference
vector p — ¢ is orthogonal to all the generators g; of V.

which has an entire simplex of minima, namely: x; <0 Vi, > x; > —k. See
Figure 2-left for the case of two variables, z; and xs (corresponding to the
Ly conditioning problem on an event A of size |A| = 2). A similar behavior
takes place in the general case too.

Theorem 1. Given a belief function b : 2° — [0,1] and an arbitrary non-
empty focal element ) C A C O, the set of Ly conditional belief functions
br, m(.|A) with respect to A in M is the set of b.f.s with core in A such that
their mass dominates that of b over all the proper subsets of A:

br, aa(.|A) = {a 129 . [0,1] : Co € A, mo(B) > my(B) VD C B C A}.
(12)

As in the toy example of Figure 2-left, the set of L; conditional belief
function in M has geometrically the form of a simplex.

Theorem 2. Given a b.f. b:2° — [0,1] and an arbitrary non-empty focal
element ) C A C O, the set of Ly conditional belief functions br, am(.|A) with
respect to A in M s the simplex

Mu,alb] = CUM[YIL,A,0 C B C A)
A, 0 C BC A, has coordinates {mq(B)} such that

{ (B)) my(B) + 1 —b(A) = my(B) + ply(A°),

whose vertex m[b]|?

(X) = my(X) V0 C X CAX+#DB. (13)
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It is important to notice that all the vertices of the L; conditional simplex
fall inside M 4 proper. In principle, some of them could have fallen in the
linear space generated by M4 but outside the simplex M4, i.e., some of
the solutions m,(B) could have been negative. This is indeed the case for
geometrical b.f.s induced by other norms, as we will see in the following.

4.2. Conditioning by Lo norm

Let us now compute the analytical form of the Ly conditional belief func-
tion(s) in the mass space. We make use of the form (9) of the difference
vector my, — m,, where again m, is an arbitrary vector of the conditional
simplex M 4. In this case, though, it is convenient to recall that the minimal
L, distance between a point p and a vector space is attained by the point ¢
of the vector space V' s.t. the difference vector p — ¢ is orthogonal to all the
generators g; of V:

argggyllﬁ—ﬂlm =qeV:p—4¢36) =0 Vi

whenever p € R™ V' = span(g;,i) (Figure 2-right).
This fact is used in the proof of Theorem 3.

Theorem 3. Given a belief function b : 2° — [0,1] and an arbitrary non-
empty focal element ) C A C O, the unique Lo conditional belief function
br, m(.|A) with respect to A in M is the b.f. whose b.p.a. redistributes the
mass 1 — b(A) to each focal element B C A in an equal way: V) C B C A

BZA

According to Equation (14) the Ly conditional belief function is unique,
and corresponds to the mass function which redistributes the mass the original
belief function assigns to focal elements not included in A to each and all the
subsets of A in an equal, even way.

Ly and L; conditional belief functions in M display a strong relationship.

Theorem 4. Given a belief function b : 2° — [0,1] and an arbitrary non-
empty focal element ) C A C O, the Ly conditional belief function br, am(.|A)
with respect to A in M s the center of mass of the simplex My, a[b] of Ly
conditional belief functions with respect to A in M.
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Proof. By definition the center of mass of M, 4[b], whose vertices are given
by (13), is the vector

1 "
ICBCA
1
whose entry B is given by AT [mb(B)(2‘A|—1)+(1—b(A))] e, (14). O

4.3. Conditioning by L., norm

Similarly, we can use Equation (9) to minimize the L, distance between
the original mass vector m,, and the conditioning subspace M 4. Let us recall
it here for sake of readability:

Ty — e = > BB+ > my(B)iig + (b(A) 1=y 5(3))@.

0CBCA BZA 0CBCA

Its Lo, norm reads as ||y — 7|1, =

= max {[B(B).0 € B S A mu(B)|. B £ A o(A) ~1— > B(B)|}.

0CBCA

As ‘b(A) -1- Z ﬁ(B)‘ = ) Z my(B) + Z B(B)‘ the above norm
0CBCA BZA 0CBCA
simplifies as:

max {|B(B).0 ¢ B C 4 ma{mi(B)}: | mi(B)+ > AB)|}.

BgA 0CBCA

i (15)
This is a function of the form

flz1, .y tm) = max{|xi\Vi,’in+k’1

7k2}> (16)

with 0 < ky < k; < 1. Consider the case m = 3. Such a function has two
possible behaviors in terms of its minimal region in the plane zq, x5.

If ky < 3k, its contour function has the form rendered in Figure 3-left. The
set of minimal points is given by x; > —ks, 1+ 22 < ky — k1. In the opposite
case k; > 3ky the contour function of (16) is as in Figure 3-right. There is a
single minimal point, located in [—1/3k;, —1/3k;]. For an arbitrary number
m — 1 of variables x1, ..., x,,_1, the first case is such that ks > ky/m, in which

14



] o E] E] )

Figure 3: Left: contour function (level sets) and minimal points (white triangle) of a
function of the form (16), when m = 3, k; < 3ks. In the example ks = 0.4 and k; = 0.5.
Right: the case k1 > 3k5. In this example ks = 0.1 and k1 = 0.5.

situation the set of minimal points of a function of the form (16) is such that
x; > —ko, >, ; < kg —ky, and forms a simplex with m vertices. Each vertex
v', 1 # m has components v*(j) = —ky Vj # 1, v'(i) = —k1 + (m — 1)kz, while
obviously v™ = [—kg, -+, —ks]. In the opposite case the unique minimal
point is located in [(—1/m)ky, -, (=1/m)k;]".

This analysis applies to the norm (15) as follows.

Theorem 5. Given a belief function b : 29 — [0,1] with b.p.a. my, and
an arbitrary non-empty focal element ) C A C O, the set of Lo, conditional
belief functions mp_ pm(.|A) with respect to A in M forms the simplex

My, alb] = CLmP)IT_A, B C A)
with vertices
{ Alb]|L. (BIA) = my(B) + maxmy(C) VB CAB#B

mlb)|7, (BIA) = my(B) + Yoy amu(C) = (24 = 2) maxcga mb(@-( |
17

when maxcg 4 my(C) > 5= > czam(C).
It reduces to the single belief function

1
M. m(BlA) = my(B) + oA 1 Z my(C) VBCA
CgA
when maxcga my(C) < g >cgamu(C). The latter is the barycenter of
the simplex of Lo, conditional b.f.s in the former case, and coincides with the

Ly conditional belief function (14).
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Note that, as (17) is not guaranteed to be non-negative, the simplex of
L., conditional belief functions in M does not necessarily fall entirely inside
the conditioning simplex M 4, i.e., it may include pseudo belief functions.
Looking at (17) we can observe that vertices are obtained by assigning the
maximum mass not in the conditioning event to all its subsets indifferently.
Normalization is then achieved, rather than by normalization (as in Demp-
ster’s rule) by subtracting of the total mass in excess of 1 in the specific
component B. This behavior is exhibited by other geometric conditional b.f.
as shown in the following.

4.4. A case study: the ternary frame

If |A] = 2, A = {z,y}, the conditional simplex is 2-dimensional, with
three vertices m,, m, and m,,. For a b.f. b on © = {z,y, 2} Theorem 1
states that the vertices of the simplex M, 4 of L; conditional belief functions
in M are:

All|E gl = [m(e) +ply(2), mu(y), my(,y) I,
Al eyl = [(a), my(y) + ply(2), my(a,y) I,
albl|E v eyt = (), my(y), my(,y) + ply(2) ]

Figure 4 shows such simplex in the case of a belief function b on the ternary
frame © = {x,y, 2} and basic probability assignment
m =1[0.2, 0.3, 0, 0, 0.5, 0], (18)

i.e., mp(x) = 0.2, my(y) = 0.3, mp(z, z) = 0.5.
In the case of the belief function (18) of the above example, by Equation
(14) its Lo conditional belief function in M has b.p.a.:

m(xz) = my(x)+ 1-b.y) b?fm, v _ my(x) + ple(z)’ m(y) = my(y) + plbg(z)
phy(2)
m(z,y) = mp(x,y)+ 3

(19)
Figure 4 visually confirms that such L, conditional belief function lies in the
barycenter of the simplex of the related L; conditional b.f.s.
For what concerns L., conditional belief functions, the b.f. (18) is such
that

mascmy(C) = mas {mp(z). my(a, 2),my(y. 2), mo(©) } = (. )
1 1 0.5
CgA
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Figure 4: The simplex (solid red triangle) of Ly conditional belief functions in M associated
with the belief function with mass assignment (18) in © = {x,y,z}. The related unique
Ly conditional belief function in M is also plotted as a red square. It coincides with the
center of mass of the L; set. The set of Lo, conditional (pseudo) belief functions is also
depicted (green triangle).

We hence fall within Case 1, and there is a whole simplex of L., conditional
belief function (in M). According to Equation (17) such simplex has 214 —
1 = 3 vertices, namely (taking into account the nil masses in (18)):

B
¥

I sdwyd = fmu(e) —mu(e,2), muly) +mu(e,z), m(e2) T
I vdwy) = (@) +mu(e,2), muly) —my(e,2), my(e2) ],
B v} = (@) +m —my(z,2) ]

(20)
We can notice that the set of L., conditional (pseudo) b.f.s is not entirely
admissible, but its admissible part contains the set of L; conditional b.f.s,
which amounts therefore a more conservative approach to conditioning. In-
deed, the latter is the triangle inscribed in the former, determined by its
median points. Note also that both the L; and L., simplices have the same
barycenter in the Ly conditional b.f. (19).

TSR]

s
£
N
R
s
=
_.|_
S
s
£
X

4.5. Features of geometric conditional belief functions in M

From the analysis of geometric conditioning in the space of mass functions
M a number of facts arise:
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e [, conditional b.f.s, albeit obtained by minimizing purely geometric
distances, possess very simple and elegant interpretations in terms of
degrees of belief;

e while some of them correspond to pointwise conditioning, some oth-
ers form entire polytopes of solutions whose vertices also have simple
interpretations;

e conditional belief functions associated with the major Ly, Ly and L.,
norms are strictly related to each other;

e in particular, while distinct, both the L, and L, simplices have barycen-
ter in (or coincide with, in case 2) the Lo conditional b.f.;

e they are all characterized by the fact that, in the way they re-assign
mass from focal elements B ¢ A not in A to focal elements in A, they
do not distinguish between subsets which have non-empty intersection
with A and those which have not.

The last point is quite interesting: mass-based geometric conditional b.f.s
do not seem to care about the contribution focal elements make to the plau-
sibility of the conditioning event A, but only to whether they contribute or
not to the degree of belief of A. The reason is, roughly speaking, that in
mass vectors 1m;, the mass of a given focal element appears only in the corre-
sponding entry of m,. In opposition, belief vectors b are such that each entry
b(B) =% v Mp(X) of theirs contains information about the mass of all the
subsets of B. As a result, it is to be expected that geometric conditioning
in the belief space B will see the mass redistribution process function in a
manner linked to the contribution of each focal element to the plausibility of
the conditioning event A. We will see this in detail in Section 5.

4.6. Interpretation as general imaging for belief functions

The form of geometric conditional belief functions in the mass space can
be naturally interpreted in the framework of an interesting approach to belief
revision, known as imaging [45]. We will illustrate this notion and how it
relates to our results using the example proposed in [45].

Suppose we briefly glimpse at a transparent urn filled with black or white
balls, and are asked to assign a probability value to the possible “configu-
rations” of the urn. Suppose also that we are given three options: 30 black
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balls and 30 white balls (state a); 30 black balls and 20 white balls (state
b); 20 black balls and 20 white balls (state ¢). Hence, © = {a,b,c}. Since
the observation only gave us the vague impression of having seen approxi-
mately the same number of black and white balls, we would probably deem
the states a and ¢ equally likely, but at the same time we would tend to deem
the event "a or ¢” twice as likely as the state b. Hence, we assign probability
1/3 to each of the states. Now, we are told that state c is false. How do we
revise the probabilities of the two remaining states a and b?

Lewis [44] argued that, upon observing that a certain state x € © is im-
possible, we should transfer the probability originally allocated to x to the
remaining state deemed the “most similar” to z. In this case, a is the state
most similar to ¢, as they both consider an equal number of black and white
balls. We obtain (2/3,1/3) as probability values of a and b, respectively.
Peter Géardenfors further extended Lewis’ idea (general imaging) by allowing
to transfer a part A of the probability 1/3, initially assigned to ¢, towards
state a, and the remaining part 1 — A to state b. These fractions should be
independent of the initial probabilistic state of belief.

Now, what happens when our state of belief is described by a belief function,
and we are told that A is true? In the general imaging framework we need
to re-assign the mass m(C) of each focal element not included in A to all the
focal elements B C A, according to some weights {\(B), B C A}.

Suppose there is no reason to attribute larger weights to any focal element in
A, as, for instance, we have no meaningful similarity measure (in the given
context for the given problem) between the states described by two different
focal elements. We can then proceed in two different ways.

One option is to represent our complete ignorance about the similarities be-
tween C' and each B C A as a vacuous belief function on the set of weights.
If applied to all the focal elements C' not included in A, this results in an
entire polytope of revised belief functions, each associated with an arbitrary
normalized weighting. It is not difficult to see that this coincides with the
set Ly conditional belief functions by, a(.|A) of Theorem 1.

On the other hand, we can represent the same ignorance as a uniform prob-
ability distribution on the set of weights {\(B),B C A}, for all C ¢ A.
Again, it is easy to see that general imaging produces in this case a single
revised b.f., the Ly conditional belief functions bz, a4(.|]A) of Theorem 3.

As a final remark, the “information order independence” axiom of belief re-
vision states that the revised belief should not depend on the order in which
the information is made available. In our case, the revised (conditional) b.f.s
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obtained by observing first an event A and later another event A’ should be
the same as the ones obtained by revising first with respect to A’ and then A.
Both the L; and L, geometric conditioning operators presented here meet
such axiom, supporting the case for their rationality.

5. Geometric conditioning in the belief space

The problem of projecting a belief function b represented by the corre-
sponding vector b of belief values onto a conditioning simplex B4 = Cl(b 5,0 C
B C A) can be solved by explicitly writing the difference vector b—a between
b and an arbitrary point a of By, i.e.,

> my(B)bs— Y ma(B)b =

0CBCO @CBCA
> (my(B) = ma(B))bs + > my(B)bp = Y B(B)bp+ Y my(B)b
0CBCA Bz A 0CBCA Bz A

(21)
where once again 3(B) = my(B) — mq(B).

5.1. Ly conditioning in B

We start with the L, norm, as this seems to have a more direct interpre-
tation in the belief space. The orthogonality of the difference vector w.r.t.
the generators be —ba, 0 C C € A of the conditional simplex

(b—d,bo—by)=0 YWCCCA
(where b — @ is given by Equation (21)) reads as
{ >~ mu(B) | (b5, bc) — (B Bad | + D B(B) (b, bo) — (B, Ba)| =0
BZA BCA
for all ) C C C A. Now, categorical b.f.s are such that
(bp,bc) = |{Y D BUC,Y # 0}| = 2I(Buor (22)

and (bg, by) = 2/BUA — 1. As (BU A)° = A° when B C A, the system of
orthogonality conditions is equivalent to, ) € C' C A,
{ Z my(B [2| BUC)?| _ ol(BUA)® q Z 3(B [2\ (BUC)e 2|Ac\] —0 (23)
BgA BCA

This is a system of 214l —2 equations in the 214l — 2 variables {3(B), B C A}.
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Theorem 6. Given a belief function b : 29 — [0,1] with b.p.a. my, and
an arbitrary non-empty focal element ) C A C O, the Ly conditional b.f.
b, B(.|A) with respect to A in the belief space B is unique, and has b.p.a.

mp,5(ClA) =my(C) + Y my(BUC)27 P+ (1)) N~y (B)27 1P

BCA¢ BCA¢
(24)
for each proper subset ) C C' C A of the event A.
5.1.1. A case study: the ternary frame
In the ternary case (23) reduces to the following system
{ 26(x) + my(z) + mp(z,2) =0 (25)
26(y) + mp(2) + mp(y,z) =0
whose solution is clearly (in mg(x), m.(y))
My () = my() + D@2 -y () = gy (y) T2 (26)

ma(,y) = mp(x,y) + my(0) + w

At a first glance, each focal element B C A seems to be assigned to a fraction
of the original mass m;(X) of all focal elements X of b such that X C BUA°.
This contribution seems proportional to the size of X N A€ i.e., how much
the focal element of b falls outside the conditioning event A. Notice that
Dempster’s conditioning bg(.|A) = b @ ba yields in this case:

my(x) + my(z, 2)
1 —my(2)

my(x,y) + mb(®).

m®(x|A) = 1—mb(z)

) mGB(:C ) y‘A> =
L, conditioning in the belief space differs from its “sister” operation in the
mass space in that it makes use of the set-theoretic relations between focal
elements, as Dempster’s rule does. However, contrarily to Dempster’s con-
ditioning it does not apply any normalization, as even subsets of A¢ ({z}
in this case) contribute as addenda to the mass of the resulting conditional
belief function.

5.1.2. Interpretation

In the general case (24) we can notice that the (unique) Ly conditional be-
lief function in the belief space is not always a proper belief function, as some
masses can be negative, due to the addendum (—1)I°+13" m,(B)2-18l.
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It shows, however, an interesting connection with the redistribution process
associated with the orthogonal projection 7[b] of a belief function onto the
probability simplex [52], in which the mass of each subset A is re-distributed
among all its subsets B C A on an equal basis. Here (24) the mass of each
focal element not included in A is also broken into 25! parts, equal to the
number of its subsets. Only one such part is re-attributed to C' = BN A,
while the rest is re-distributed to A itself.

5.2. Ly conditioning in B

To discuss L; conditioning in the belief space we need to write explicitly
the difference vector b — @. We need to recall that the vector b4 associated
with a categorical b.f. by has as entries by(B) = 1 if B D A, 0 otherwise.

Lemma 2. The Ly norm of the difference vector b—d can be written as

lF-dle = > |[(BNA)+b(B) - bBNA)

0CBNACA

so that the Ly conditional belief functions in B are the solutions of the fol-
lowing minimization problem:

Y

argmin, ||b— @[, = argmin Z ’7(3 NA)+b(B)—bBNA)
Y

0CBNACA

where 3(B) = my(B) —ma(B) and v(B) = 3 _¢cp B(B).

As we also noticed in the L; minimization problem in the mass space, each
group of addenda which depend on the same variable v(X), ) C X C A, can
be minimized separately. Therefore, the set of L, conditional belief functions
in the belief space B is determined by the following minimization problem:

arg min Z "y(X) +b(B) —b(X) VOCXCA (27)
") ppra=x

The functions appearing in (27) are of the form |z + k1| + ... + |z + k|,
where m is even. Such functions are minimized by the interval determined
by the two central “nodes” —kij,;, < —kine, (see Figure 5 for an example).
In the case of system (27) this yields

b(X) — b(B;,

mnty

) < (X)) <UX) = b(Bj,) (28)
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Figure 5: The function |z + 1| + |x + 4| + |z + 7| + |z + 8] is minimized by the interval of
values delimited by the two central nodes —4 and —7.

where B;y, and By, arethe central, median values of the collection {b(B), BN
A = X}. Unfortunately, it is not possible, in general, to determine the me-
dian values of such a collection of belief values, as belief functions are defined

on a partially (rather than totally) ordered set (the power set 2°).

5.2.1. The special case |A°| =1
This is possible, however, in the special case in which |A°| =1 (i.e., the
conditioning event is of cardinality n — 1). In this case

BX

nty

= b(X + A%, BX

nto

= b(X)
so that the solution in the variables {7(X)} is
b(X) —b(X +A°) <~(X)<0, 0CXCA
It is not difficult to see that, in the variables {3(X)}, the solution reads as
B(X) —b(X +A) < BX)<— Y <b(B) BB+ AC)),
ICBCX

) € X C A, ie., in the mass of the desired L, conditional belief function,

=

m(X)+ > (BB)=b(B+A9)) < ma(X) < my(X)+ (b(X +49=b(X)).
0CBCX

(29)
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Not only the resulting conditional (pseudo) belief functions are not guaran-
teed to be proper belief functions (see Equation (29)), but it difficult to find
straightforward interpretations for these results in terms of degrees of belief.
On these grounds, we would be tempted to conclude that the L; norm is not
suitable to induce conditioning in belief calculus. However, the numerical
example of Section 6.1 seems to hint otherwise.

In the ternary case, in particular, the L, conditional b.f.s bz, g, (.|{x,y}) with
respect to A = {x,y} in By are all those b.f.s with core included in A such
that the conditional mass of B C A falls between b(B) and b(B U A°):

b(B) < mp,5(BlA) < b(BU A).

One could be tempted to conjecture that this simple and elegant behavior is
indeed a general feature of L; conditioning on general belief spaces.
Another fact one can remark is that the barycenter of the L; solutions is

B(z) = _my(2) +2mb(:z:,z)’ Bly) = _mw(2) +2mb(y, z),

i.e., the Ly conditional b.f. (26), just like in the case of geometric conditioning
in the mass space M. The same can be easily proved for all A C {z,y, z}.

Theorem 7. For every belief function b : 28%= — [0,1], the unique Lo
conditional b.f. br, g, (.|{x,y}) with respect to A C {x,y,z} in Bs is the
barycenter of the polytope of Ly conditional b.f.s with respect to A in Bs.

5.8. Ly conditioning in B
Let us finally approach the problem of finding L., conditional belief func-
tions given an event A, starting with the ternary case study.

5.3.1. The ternary case B
In the ternary case, ||b — d||z,, = maxgpcpce [b(B) — a(B)| =
max {|b(96) —a(z)], [b(y) — a(y)|, [b(z)], [b(z,y) — alz,y)|, [b(z, 2) — al(z, 2)],
by 2) = aly, 2)| } = mas{ Jmy(2) = ma (@)1, () = ma ()], lma(2)]
|mb(9€)+mb( )+ (2, y) = ma(x) = ma(y) —ma(z,y)|, [me(z)+
+mp(2) +my(z, 2) — ma(x)], [me(y) +me(z) +me(y, z) — ma(y)\} =
maX{W( ) BW)me(2), 1 = bz, y), |6(x) + me(2) + m(x, 2)],
18(y) + mu(2) + mi(y, 2)| |
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which is minimized by (as 1 — b(x,y) > my(2))

Bla) + max {|8(@)],18() +my(2) + myle, )|} < 1= b(a,y)
Bly) - max { |3 8(y) +ma(=) +maly, )| | < 1= b(a,y).
On the left hand side we have functions of the form max{|z|, |z + k|}, whose

shape is plotted in Figure 6. The interval of values in which such a function
is below a certain threshold & > k is [k, k" — k]. This yields:

M) =1 < B@) < L-bay) = (m() +mez) o
bz,y)—1 < Bly) < 1=0blz,y) — (mp(2) + mu(y, 2)).

The solution in the masses of the sought L., conditional b.f. reads as
my(z) —mp(y, 2) —mp(©) < mg(x) < 1= (my(y) +m(z,y)) (31)
mp(y) —mp(z,2) =mp(O) < ma(y) < 1= (my(x) +mu(z,y)).

Its barycenter is clearly given by

Ma(z) = my(z) + mb(z)+27nb(ff,z) ma(y) = my(y) + mb(z)+2mb(yvz)
ma(,y) = 1= ma(x) = maly) = my(z,y) +my(©) 4 mlE=limln)
(32)

i.e., the Ly conditional belief function (26) as computed in the ternary case.

5.3.2. The general case
From the expression (19) of the difference b — @ we get, after introducing
the variables v(C) = >_ v B8(X), 0 € C C A: maxpcpce |b — @(B)| =

_ max‘ S 8O+ Y m(0)] = max ‘WmBH S mb(C)‘

0CBCO 0CBCO

77 CCANB CCB,CgA == CCB.CZA

- ANB

m{m‘ > om0, mas [AnB) ST w0,

CCB,CZA CCB.OZA
B:er}llai{,B#@’ry(A)—f_ Z mb(C)‘},
CCB,CgA

(33)

where, once again, v(A) = b(A4) — 1.
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Figure 6: Graph of a function of the form max{|z|, |z + k|}, and the interval of values for
which the function is below a threshold &' >= k.

Lemma 3. The values v*(X) which minimize (33) are, ¥V ) C X C A:

—(1=b(A) Sy (X) S (1-0(A) = D> m(0).  (34)

CNAc#£),CNACX

Lemma 3 can be used to prove the following form of the set of L., con-
ditional belief functions in B.

Theorem 8. Given a belief function b : 2° — [0,1] and an arbitrary non-
empty focal element ) C A C O, the set of Lo conditional belief functions
br.. B(.|A) with respect to A in B is the set of b.f.s with focal elements in
{X C A} which meet the following constraints for all ) T X C A:

my(X) + > my(C) + 25 = 1)(1 = b(A)) < ma(X) < my(X)
CNAc£),PCCNACX

+( 2K —1)(1 = b(A)) — > my(C) — (=)™~ my(B).

CNAc£DHCCNACX BCA¢
(35)

This result appears of rather difficult interpretation in terms of mass allo-
cation. Nevertheless, the ternary example we will see in Section 6.1 seems to
suggest that this set, or at least its admissible part, has some nice properties
that would be worth to explore.

For instance, its barycenter has a much simpler form.
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5.3.3. Barycenter of the Ly, solution

1
The barycenter of (34) is v*(X) = ~5 Z my(C'), a solution
CNA#p,CNACX
which corresponds, in the set of variables {3(X)}, to the system:

{Zﬁ(CH% Y my(C)=0, VWS XCA  (36)

0cccx CNAc#),CNACX

We can prove the following result, which we will discuss in the subsequent
summary section.

Theorem 9. The center of mass of the set of Lo, conditional belief functions
br.. B(.|A) with respect to A in the belief space B is the unique solution of the
system (36), and has basic probability assignment:

i s(ClA) = m(€) 45 3 [m(BUC) + (-1 my(B)
0CBCAc

= mb(C)—F% > mb(B—FC)—F%(—l)'CHIb(AC).
0CBCAc

(37)

6. Comparison with conditioning in M

It is interesting to compare the outcomes of L,, conditioning in the mass
space (Section 4) and the belief space (Section 5). Given a belief function
b:29 — [0,1] and an arbitrary non-empty focal element ) C A C O:

1. the set of Ly conditional belief functions by, a(.|A) with respect to A
in M is the set of b.f.s with core in A such that their mass dominates
that of b over all the subsets of A:

A}.

Such a set is a simplex My, 4[b] = Cl(m[b]|7, A, 0 € B C A) whose
vertices m, = m[b]| A have b.p.a.:

N

br, a(.|A) = {a . Co C A,;ma(B) > my(B) YO C B

{ ma(B) = my(B) + 1 — b(A) = my(B) + ply( A,
ma(X) = mo(X) WD X CAX £ B;
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2. the unique L, conditional belief function by, r((.|A) with respect to A
in M is the b.f. whose b.p.a. redistributes the mass 1 —b(A) = pl,(A)
to each focal element B C A in an equal way:

plp(A°)

7nL%M(BL4)22"%(B)+‘5;T:jj

(38)

V() € B C A, and corresponds to the center of mass of the simplex
My, a[b] of Ly conditional b.f.s.

3. the L., conditional b.f. either coincides with the L, one, or forms
a simplex obtained by assigning the maximal mass outside A (rather
than the sum of such masses pl,(A°)) to all subsets of A (but one)
indifferently.

Ly and L, conditioning are strictly related in the mass space, the latter being
the barycenter of the former, and they have a compelling interpretation in
terms of general imaging [45, 46].

The L, and L, conditional b.f.s just computed in the belief space are instead:

mp,s(BIA) = my(B)+ Y mp(B+C)271 4 (—1)IPH Y my (0)271°

?gAC . CCAe
mz-p(BlA) = my(B)+ 5 Z my(B + C) + 5(_1)\BH1b(AC).
0CCCAe

As for the L, case, the result makes a lot of sense in the ternary case, but
it is difficult to interpret in its general form (above). It seems to be related
to the process of mass redistribution among all subsets, as it happens with
the (Lo induced) orthogonal projection of a belief function onto the proba-
bility simplex. In both expressions above we can note that normalization is
achieved by alternatively subtracting and summing a quantity, rather than
via a ratio or, as in Equation (38), by reassigning the mass of all B ¢ A to
each B C A on equal grounds.

We can interpret the barycenter of the set of L., conditional belief func-
tions as follows: the mass of all the subsets whose intersection with A is
C C A is re-assigned by the conditioning process half to C, and half to A
itself. In the case of C' = A itself, by normalization, all the subsets D O A
including A have their whole mass re-assigned to A, consistently with the
above interpretation. The mass b(A°) of the subsets which have no rela-
tion with the conditioning event A is used to guarantee the normalization of
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the resulting mass distribution. As a result, the obtained mass function is
not necessarily non-negative: again, such version of geometrical conditioning
may generated pseudo belief functions. Furthermore, if we compare Theo-
rem 9 with Theorem 6 we will notice that, while being quite similar to each
other, the coincidence of bz— 5(.|4) and by, 5(.|A) was really an artifact of
the ternary case, for which) C BC A°=0C BC {z}=B={z},|B| =1
The L, case is also intriguing, as in that case it appears impossible to obtain
an analytic expression, while when this is possible the result is intriguing,
as confirmed in the following empirical comparison. In general, though, con-
ditional b.f.s in the belief space seem to have rather less straightforward
interpretations than the corresponding quantities in the mass space.

6.1. Comparison on the ternary example

We conclude by comparing the different approximations in the case study
of a ternary frame, © = {z,y, z}, already introduced in Section 4.4. As-
suming again that we want the conditioning event approximation to be
A = {x,y}, the unique Ly conditional belief function in B is given by Equa-
tion (26), while the Lo, conditional b.f.s form the set determined by Equation
(31), with barycenter in (32).

By Theorem 1 the vertices of My, 1,,1[b] are instead

Al eyl = (@) + plo(2), ma(y), my(z, y)Y
Al e yy = [me(e), me(y) + plo(2), my (2, y)],
Al e, yy = [me(a), mu(y), mo(e,y) + ply(2)].
while by Theorem 3 the Ly conditional b.f. given {z,y} in M has b.p.a.:
m(x) = mb(:c) + L(m,y) — mb(x) + plb_(z)
3 3 7
m(y) = mp(y) + plb?fz), m(z,y) =my(z,y) + plb?EZ).

In this case the conditional simplex is 2-dimensional, with three vertices gx,
gy and l;x,y. Figure 7 illustrates the different geometric conditional belief
functions given A = {z,y} for the belief function with masses as in (18),
e, my(x) = 0.2, mp(y) = 0.3, mp(x, z) = 0.5. It confirms that mp, p(.|A)
lies in the barycenter of the simplex of the related L, conditional b.f.s. The
same is true (in the ternary case) for mp, g(.|A) which is the barycenter of
the (green) polytope of my_ g(.|A) conditional b.f.s. The latter does not
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fall entirely in the admissible conditional simplex C(b,, by, b, ), but a good
portion of it does.

Figure 7: The simplex (red triangle) of Li, M conditional belief functions associated
with the belief function with mass assignment (18) in © = {x,y, 2z}, with conditioning
event A = {z,y}. The related Lo, M conditional belief function is plotted as a red
square, and coincides with the center of mass of the L; set. The set of L., M conditional
belief functions is represented as the green triangle containing Lo, M. The set of L., B
conditional b.f.s is drawn as a blue rectangle, and also falls in part outside the conditioning
simplex (black triangle). The set of Ly conditional b.f.s in B is a (light blue) line segment
with barycenter in the Lo conditional b.f. (black square). In the ternary case Lo, B is the
barycenter of this rectangle. Interesting cross - relations between conditional functions in
M and B seem to emerge which are not clearly reflected by their analytical expressions
computed here.

The set of L; conditional b.f.s in B is a line segment with barycenter in
the Lo conditional b.f. mp, 5(.|A), which is:

e entirely included in the set of L., approximations in both B and M,
i.e., a more conservative approach to conditioning;

e entirely admissible.

It seems that, hard as it is to compute, L; conditioning in the belief space
produces interesting results. A number of interesting cross relations between
conditional b.f. of the two representation domains appear to exist.
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1. mg p(.|A) seems to contain mp, r(.|A), while

2. the two Ly conditional b.f.s mp, m(.|A) and my, g(.|]A) appear to lie
on the same line joining opposite vertices of my__ 5(.|A);

3. mp_ g(.]A) and mp_ am(.|A) have several vertices in common.

There is probably more to these conditioning approaches than the simple
comparison run here. For instance, it remains an open problem to find the
admissible parts of my__ 5(.|A) and my_ m(.|A).

7. Conclusions and perspectives

In this paper we showed how the notion of conditional belief function
b(.|A) can be introduced by geometric means, by projecting any belief func-
tion onto the simplex associated with the event A. The result will obviously
depend on the choice of the vectorial representation for b, and of the distance
function to minimize. We thoroughly analyzed the case of conditioning a be-
lief vector by means of the norms Ly, L, and L.,. The present analysis opens
a number of interesting questions.

7.1. Geometrical rules of combination

We may wonder, for instance, what classes of conditioning rules can be
generated by such a distance minimization process. Do they span all known
definitions of conditioning? In particular, is Dempster’s conditioning itself a
special case of geometric conditioning? We already mentioned Jousselme et al
[39] and their survey of the distance or similarity measures so far introduced
between belief functions. Such as line of research could possibly be very
useful in our quest. A related question links geometric conditioning with
combination rules. Indeed, in the case of Dempster’s rule it can be easily
proven that [36],

bdb =b® > m/(A)ba= Y p(Ab®ba,
ACO ACO

where as usual b’ is decomposed as a convex combination of categorical be-
lief functions b4, and p(A) o< m/(A)ply(A). This means that Dempster’s
combination can be decomposed into a convex combination of Dempster’s
conditioning with respect to all possible events A. We can imagine to reverse
this link, and generate combination rules from conditioning rules. Addi-
tional constraints have to be imposed in order to obtain a unique result. For
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instance, by imposing commutativity with affine combination (linearity, in
Smets’ terminology [55]), any (geometrical) conditioning rule b|% implies:

bwd = m(Abwbs =Y m'(AbY.

ACO ACO

In the near future we plan to explore the world of combination rules induced
by conditioning rules, starting from the different geometrical conditional pro-
cesses introduced here.

7.2. L, consonant/consistent approximation

In addition, the same techniques used to project a belief function onto a
conditional simplex can be used to solve the approximation problem.
It has been proven [56] that consonant belief functions (b.f.s whose focal el-
ements are nested), for instance, live in a “simplicial complex”, i.e., a struc-
tured collection of simplices. The same holds of consistent belief functions,
i.e., belief functions whose focal elements have non-empty intersection [57].
Consonant or consistent approximations of belief functions can therefore be
obtained by minimizing L, distances between the original b.f. and the rele-
vant simplicial complex. A preliminary analysis has been conducted in the
case of consistent belief functions, but only in the mass space, in [57]. Given
the paramount importance of possibility measures and fuzzy sets among prac-
titioners, we plan to do the same for consonant belief functions.

Appendix

Proof of Lemma 1
By deﬁnition, mb — rﬁa = Z mb(B)TﬁB — Z ma(B)mB.

0CBCO 0CBCA
The change of variables 3(B) = my(B) — m,(B) further yields:

iy — e = B(B)ip+ Y my(B)iip. (39)

PCBCA BZA

We need to observe, though, that the variables {3(B),) C B C A} are not
all independent. Indeed,



as Y ycpcaMa(B) =1 by definition, since 1, € M. As a consequence, in
the optimization problem (8) there are just 24/ —2 independent variables (as
() is not included), while: 3(A) = b(A)—1— >_scpca B(B). By replacing the
above equality into (39) we get Equation (9).

Proof of Theorem 1

The minima of the L; norm (10) are given by the set of constraints:

B(B) <0 VO CBCA
> B(B) > b(A) — 1. (40)

0CBCA

In the original simplicial coordinates {m,(B),) C B C A} of the candidate
solution m, in M 4 such system reads as:

my(B) = ma(B) < 0 WeBCA
S (mu(B) — ma(B)) = b(A) ~ 1,
0CBGCA

i.e., my(B) > my(B) Y C B C A.

Proof of Theorem 2

It is easy to see that, by Equation (40), the 214/ —2 vertices of the simplex
of L; conditional belief function in M (denoted by m[b]|7 A, where ) C B C
A) are determined by the following solutions:

MR AL BX) = 0 WS XCA,

L BB) = Ay -1,
m[bHZA'{B(X) 0 WCeXcAx-p MWEBGA

In the {mq(B)} coordinates, the vertex m[b]|f A is the vector m, € My
which meets Equation (13).

Proof of Theorem 3

In the case that concerns us, p' = my, is the original mass function, ¢ = m,
is an arbitrary point in M 4, while the generators of M 4 are all the vectors
gp =mp —ma, Y0 € B C A. Such generators are vectors of the form

[Oa 70a1a07'“ 707_1a07"' aO]/
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with all zero entries but entry B (equal to 1) and entry A (equal to -1).
Making use of Equation (39), the condition (1, — g, mp—m4) = 0 assumes
then a very simple form §(B) — b(A) + 1+ > ycxca x5 B(X) = 0 for all
possible generators of My, i.e.:

28(B)+ > BX)=bA) -1 WCBCA (41)

PCXCAX#B

System (41) is a linear system of 214l — 2 equations in 24/ — 2 variables (the
B(X)), that can be written as AfF = (b(A) — 1)T, where 1 is the vector of
the appropriate size with all entries at 1. Its unique solution is trivially
3= (b(A) —1) - A'1. The matrix A and its inverse are

9 1 ... 1 d -1 - —1

12 ... 1 T I T AT
A= L AT =0 ,

11 ... 2 1 -1 - d

where d is the number of rows (or columns) of A. It is easy to see that
A1 = -L-1, where in our case d = 214 — 2. The solution to (41) is then

d+it

S . 1 -

_ 11 _
f=A"1-(0(4) = 1) = g —1(6(4) — 1),
.. b(A) —1
or, more explicitly, 3(B) = AT for all ) € B C A. In the {m.(B)}
coordinates the L, conditional belief function reads as
1—b(A) ply(A°)
ma(B):mb(B)—{—m:mb(B)—i— 2“4‘ 1 V(Z)QBQA,

A included.

Proof of Theorem &

For the norm (15) the condition ky > ki /m for functions of the form (16)
reads as:

1
maxmy(C) 2 o C%%mb((?)- (42)
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In such a case the set of L., conditional belief functions is given by the
constraints x; > —ks, > . x; < ko — Ky, ie.,

> — C
B(B) glg}mb(c) VB C A,
Z ﬁ < maxmb Z mb
BCA CZA

This is a simplex Cl(mi[b] ]%‘”A, B C A), where each vertex 17[b] ]%wA is char-

acterized by the following values BB of the auxiliary variables:

3p(B) = — maxmy(C) VBC A B+B
33(B) = — C%mb(o) + (2% = 2) maxmy(C)

or, in terms of their basic probability assignments, (17).
The barycenter of this simplex can be computed as follows:

> mbliE=(BlA)

BCA

mr m(BlA) = olAl _ 1

(241 = ma(B) + (2 = 2) e my(C) + > mu(C) — (2 = 2) mam ()

) CgA

- 2141 — 1

(241 — 1)my(B) + Z my(C Z my(C
B Cza 3 CgA
= 2|A\ 1 = mb(B) + 2|A| 1 y

i.e., the Ly conditional belief function (14). The corresponding minimal L,
norm of the difference vector is, according to (15), equal to maxcga my(C).
The opposite case reads as

1
rélgzlcmb(C) < m%mb(C). (43)

For system (15) the unique solution is 3(B) = o A‘ Z my(C') for all
CgZA

B C A or, in terms of basic probability assignments,

1

mr., m(BlA) = my(B) + oA 1

> my(C) VBC A
CzA
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The corresponding minimal L., norm of the difference vector is in this second
case equal to > cgamp(C).

Proof of Theorem 6
In the {3(B)} variables (24) reads as:

B(C) =— Z my(B U C')27|B| + (_1)|C| Z mb(B)Q*IBI’

BCAe BCAe

To prove Theorem 6 we just need to replace the above expression in {3(B)}
into the system of constraints (23). We obtain, for all ) C C C A:

S mi(B) [2‘<BUC> | gl(BUAYF ] 3 [ 3 my(X U B2 ¥y

BZA BCA XCAe

nELDY mb(X)Q*IX\] [2|<Buc>6| _Q\AC\] —0.

XCAe

Now, whenever B ¢ A it can be decomposed as B= X + Y, with ) C X C
A° ) CY C A. Therefore BUC = (YUC)+ X, BUA = A+ X and,
since 27 X121V _9lA%ly — oll(VLO)FXI _9l(A+X)] e can write the above

system of constraints as

> D m(X+Y) (2H<YUC>+XJC| - 2|<A+X)C\>+

PCXCAcPCYCA

DD ( DMl X)—mb(XUY)>2*‘X|(2|(YUC)CI_2\A0|>:0_

PCXCAcOCYCA
As 27IXI(2I(YUO)T| _glA%ly = gn—[YUCI|-IX] _ gn—|A|=X] — ol[(YUCO)+X] _ 9|(A+X)"
the system of constraints further simplifies as:

Z Z my(X +Y) (2\[(YUC)+X]C| _ 2|(A+X)c‘>+

PCXCAcPCYCA

> D < 1)y (X) = my (X + Y)) <2H<YUC>+XH _ 2\(A+X>C|> —0

0CXCAcOCYCA

After separating in the first sum the contributions of ¥ = () and Y = A,
noting that AUC = A as C' C A, and splitting the second one into the part
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which depends on m;(X) and the one depending on m,(X +Y), the system
of constraints becomes, again for all ) C C' C A:

SN my(X ) (20O glr0T) S (X

PCXCAcPCY CA PCXCAe
.(2\<X+C>C| _ gl(X+a) )+ S om X+A)(2\ (X+A)| _ 2\<X+A>C|>

(Z)CXCAC

1)l YOO+ XP] _ ol(A+X)
Y Mm(x)(2 2lla+)

ICXCAcPCYCA

S _mb<x+y>(zu<yuc>+xw_2|<A+X>Cw):o

PCXCAc PCY CA

and by simplifying further:
3 mp(X) (2|(X+c>6| _ 2|(X+A>C|)Jr
BCXCAe (
+ 3 Y (=)Vim )(2\[(Yu0)+xm _ 2|<A+X>C\> — 0.

PCXCAcPCY CA

44)

Now, the first addendum is easily reduced to
> my(X) (2'<X+C>C| - 2|<X+A>Cl) = Y my(X)2 W (zm _ 2|ACI).
PCXCAe PCXCAe

As for the second one, we have:

Y )im )<2H<Yu0>+xr| _ 2|<A+X)C|>

0CXCAcOCYCA

= 3 om0 Y (_1>|Y|<2|<Yuc>6\_2\AC|>

PCXCAe 0CY CA
= Z mb(X)2‘|X|[ Z (—1)"! (2\(Yuc)6| _ 2|AC|> _ (2l0uO)l _ glachy
PCXCAe PpCYCA

_(_1>\A|(2|(Auc)c| — 2|A°|)
= ) mb(X)z—IXI[ S (= (2\(YUC)C| _2|AC|> — (21C — glAh].

ICXCAC pCycA

(45)
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At this stage we can notice that

3 (- <2|<Yuc>cw _2\A0|) = 3 (~pMlloeert gl 3 ()

PCYCA PCYCA PCYCA
= Z (_1)|Y|2|(YUC)CI

PCYCA

since ngygA(—l)‘Y‘ = 0 by Newton’s binomial. As for the remaining term
n (45), using a common technique we can decompose Y into the disjoint
sum Y = (Y NC)+ (Y \ C) and rewrite it as

IC] [A\C|
Z C Z A\ C] (_1)|YﬂC|+\Y\C|2n—|Y\C|—\C|
vacioo \Y NCI 52 \IVAC]
IC] |A\C|
- C| AN\ CI
— on—I[C] Z ( | ) \YﬂC\ Z ( )|Y\C|2 \C|
[YnC|=0 Y'nc] \C|

|A\C|

A\C 1

where Z (| \ D )|Y\C|2 Y\c| _ (_1+§)|A\C| = —271M\C By New-
IY\C|

ton’s binomial, so that we get

c)
c C|
S (—YIrer = _gnefe-iael § | _pyvnel _ g

again by Newton’s binomial. By replacing this result in cascade into (45)
and (44) we have that the system of constraints is always met as it reduces
to the equality 0 = 0.

Proof of Lemma 2
After introducing the auxiliary variables 3(B) = my(B) — m,(B) and
Y(B) = >_ccp B(B) the desired norm becomes

IB-al = > BB -aBl= > | > O+ Y m(c)

PCBCO PCBCO OCCCANB CCB,CZA

= Y hanp+ Y me)

PCBCO CCB,C¢A

= > | X m@+ ¥ puns+ S mie)
B:BNA=() CCB,CZA B:BNA#),© CCB,CZA

+ > b+ X mio)

B:BNA=A,B#60 CCB,CZA
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where y(A) = Y B(C) = > my(C) = Y my(C) = b(A) — 1. Thus, the
ccA ccA ccA
first and the third addenda above are constant, and since

> my(C) =b(B) —b(BN A)
CCB,CZA
we obtain, as desired:

argmvin |b—dl|lL, = argm&n Z "y(B NA)+ Z mb(C)‘.
0CBNACA CCB,CZA

Proof of Lemma 3
The first term in (33) is such that

max ‘ Z mp(C)| = max

B:BNA=0 BCAe
CCB,CZA CCB

> my(C)| = max b(B) = b(A°).

BCAc

For the third one we have instead
> m(C) < ) my(C) = ply(A°) = 1= b(A),
CCB,CZA CnAe
which is maximized when B = A, in which case it is equal to

A -1+ mb(o)‘ — |b(A) — 14 0] = |b(A) — 1| = 1 — b(A).
CCA,CgA

Therefore, the Lo, norm (33) of the difference b — @ reduces to:

max |b— a@(B) :max{ max ’7(AﬂB)—|— Z mb(C)’,l—b(A)}

0CBCO B:BNA#D,A cChTaa
(46)
which is obviously minimized by all the values of v*(X) such that

* < _ .
B:Bnﬁlz%;{@,A ‘7 (AN B)+ CC;W‘ mb(C)’ < 1-b(4)

The variable term in (46) can be decomposed into collections of terms which
depend on the same individual variable v(X):

ANB 0)
b5 TAN D+ 32 m(O

(X

= max max
PCXCAPCY CAe

-

BN
E
N
_|_
3
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where B= X +Y, with X = AN B and Y = BN A°. Note that Z # (), as
C=Z+W¢gA.

Therefore the global optimal solution decomposes into a collection of solu-
tions {7*(X),0 € X ¢ A} for each individual problem, where:

X+ S Y m(Z W) S1-b(4).  (47)

0CZCY ICWCX

Y(X): max

PCY CAc

We must distinguish three cases.

1. If v*(X) > 0 we have that

Y(X) : max {7*(X)+ Z Z mb(Z—I—W)}

PCY CAc
0CZCY OCWCX

= 'y*(X)—i— Z Z mb(Z—i—W)

0CZCAc BCWCX

= YO+ Y m(0) < 1-b(A)

CNAc#),CNACX

since when v*(X) > 0 the argument to maximize is non-negative, and
its maximum is obviously achieved for Y = A¢. Hence, all the

VX)) (X)<T=b(A) = D m(C) (48)
CNAc#£0,CNACX

are optimal.

2. If v*(X) < 0 the maximum in (47) can be achieved for either Y = A°
or Y = (). We are then left with the two corresponding terms in the
max:

(X0 max {[V(X)+ D m(€)

PCY CAe
CNAc#£),CNACX

7 (X)} <1 0(A),

(49)
Now, either [v*(X) + > cnaesp.0nacx M(C)] > —7*(X) or viceversa.
In the first case

PO+ Ym0 =X+ > ml(0) = = (X),

CNAc£),CNACX CNAc£D,CNACX

as the argument of the absolute value has to be non-negative, i.e.,

FX) =2 Y me).

CNA°C#),CNACX
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Furthermore, the optimality condition is met when

VX + > m(C) <1-b(A)
CNAc#£0,CNACX

which is equivalent to

VX)) <1-b(A)— > m(C) = 3 my(C) > 0,

CNA£0,CNACX CNA£D,CN(A\X)#£D

in turn trivially true, since 7*(X) < 0. Therefore, all

» 1
027 ()23 Y m(©) (50)
CNAc#),CNACX
are optimal as well.

3. Inthe last case, |v*(X)+ Z mb(C)‘ < —v"(X),ie, v (X) <
CNAc#£),CNACX
-1 > cnaczp.cnacx Mp(C). Optimality is met for

() S 1—b(A) = 7(X) 2 b(A) ~ 1.

which is satisfied for all

b(A) —1 < 4" (X) < —= > m(0). (51)

CNAc#£),CNACX

Putting (48), (50) and (51) together we have the thesis.

Proof of Theorem 8

Following Lemma 3 it is not difficult to see by induction that in the
original auxiliary variables {G(X)} the set of L., conditional b.f.s in B is
determined by the following constraints:

—KX)+(=DF 3 m(C) < BX) < K(X)- Y, m(0)
CNAc£),CNACX CNAc£),CNACX (52>

where

K(X) = (2" = 1)(1 - b(4)) ~ >, my(C).

CNAc£),0CCNACX
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In the masses of the sought L., conditional b.f.s (52) becomes

my(X) = K(X)+ > my(X + B) <me(X) <

§CBCAc

my(X) + K (X) = (=1)* Y my(B)

BCA¢

which reads, after replacing the expression for K (X),
my(X)+ > my(X +B)+ > my(C) + (2% = 1)(1 - b(A))

0CBCAc CNAc#D,PCCNACX
<ma(X) <
my(X) + (25T = 1)(1 = b(A)) — > my(C) — (=)™~ my(B).
CNAc#£0,0CCNACX BCA¢

By further trivial simplification we obtain the thesis.

Proof of Theorem 9
The proof is by substitution. In the {5(B)} variables the thesis reads as:

50y=5 Y [0 m(B) ~myBUO)] (53)
0CBC A
By replacing (53) in (36) we get, since Z DI =0—-(=1)° = -1 by

0cCccx
Newton’s binomial,

> 3 Z{ Dmy(B) = my(BUC)| +5 3 m(C)

U)CCCX 0CBCAc CNAc£),CNACX

I (T N - Y Y muos

0CBCAe 0CCCxX 0CBCAc pCCCX

+% > m(0)

CNAC£),CNACX

_ _% Z mb(B)—% Z Z mb(BUC)-i-% Z my(C)

N | —

| OCBCAc 0CBCAc @gfgx CNAc#£),CNACX
= —3 > > mBUO+y > m(0)
] 0CBCAc 0CCCX ) CNAc#£0,CNACX
= —= > my(C) + 5 > my(C) =0
CNAc£),CNACX CNAc#),CNACX

for all ) € X C A, and system (36) is met.
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