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Abstract

In this paper, drawing inspiration from the commutativity results which hold for a
number of Bayesian approximations of belief functions (like pignistic function and
relative plausibility of singletons) we study the properties of a new probabilistic
approximation of belief functions derived from geometric methods: the intersection
probability. The intersection probability inherits its name from the fact that, when
combined with a Bayesian function through Dempster’s rule, it is equivalent to the
intersection of the line joining a pair of belief and plausibility functions with the
affine space of Bayesian pseudo belief functions. Its relation with the convex clo-
sure operator in the Cartesian space is analyzed, and equivalent conditions under
which they commute are given, showing its similarity with orthogonal projection
and pignistic transformation. A thorough analysis of the distance between intersec-
tion probability and pignistic function in a case study is conducted, and stringent
equivalence relations in terms of mass equi-distribution inferred from it.

Key words: Belief functions, Bayesian approrimations, intersection probability,
convex closure, commutativity.

1 Introduction

The theory of evidence [23] was introduced in the late Seventies by Glenn
Shafer as a way of representing epistemic knowledge, starting from a sequence
of seminal works [14-16], of Arthur Dempster. In this formalism the best
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representation of chance is a belief function (b.f.) rather than a Bayesian mass
distribution, assigning probability values to sets of possibilities rather than
single events.

The interplay of belief and Bayesian functions is of course of great interest in
the theory of evidence. In particular, many people worked on the problem of
finding a probabilistic or possibilistic [19] approximation of an arbitrary belief
function. A number of papers [31,17,18,21,3,2] have been published on this
issue, mainly in order to find efficient implementations of the rule of combina-
tion aiming to reduce the number of focal elements. Tessem [29], for instance,
incorporated only the highest-valued focal elements in his my;, approximation;
a similar approach inspired the “summarization” technique formulated in [22].
The connection between belief functions and probabilities is as well the foun-
dation of a popular approach to the theory of evidence, Smets’ Transferable
Belief Model [25], in which beliefs are represented at credal level (as convex
sets of probabilities), while decisions are made by resorting to a Bayesian be-
lief function called pignistic transformation [24]. On his side, in his 1989 paper
[30] F. Voorbraak proposed to adopt the so-called relative plausibility function
ﬁlb, the unique probability that, given a belief function b with plausibility pl,,
assigns to each singleton its normalized plausibility. He proved that ];lb is a
perfect representative of b when combined with other probabilities through
Dempster’s [15] rule @, pl, & p = b@® p ¥p € P. Cobb and Shenoy [5,6] also
analyzed the properties of the relative plausibility of singletons [7] and dis-
cussed its nature of probability function that is equivalent to the original belief
function.

The approximation problem can be posed in a different setting by investigating
the shape of the space of belief functions, describing the location of probability
functions in this space, and discussing the correct metric to use to assess the
distance between a belief function and a probability. In a series of recent works
[13,12,8] we proposed a geometric interpretation of the theory of evidence in
which belief functions are represented as points of a simplex called belief space
[13]. As a matter of fact, as a belief function b : 2° — [0,1] is completely
specified by its N = 2!®1 — 1 belief values

{b(A),AC ©,A # 0},

it can be represented as a point of the Cartesian space RV 1.

We used the tools provided by the geometric approach to study the interplay of
belief and Bayesian functions in the belief space, introducing a new probability
plb] related to a belief function b, which we called intersection probability. p[b]
is the unique Bayesian belief function determined by the intersection of the line
joining a b.f. b and the related pl.f. pl, with the region of Bayesian (pseudo)
b.f. [9].

Here, taking inspiration form similar properties observed in other Bayesian



approximations like pignistic function BetP[b], relative plausibility ];lb and
orthogonal projection 7[b] [9], we analyze the properties of p[b] with respect
to two important operators acting on belief functions in the geometric frame-
work: convex combination CI(.) and Dempster’s sum.

As p[b] turns out to be affine to the family of Bayesian approximations com-
muting with CI(.) (formed by 7[b] and BetP[b]) we then study the norm of
their distance in a significant case study, and formulate more stringent con-
ditions under which they coincide, based on the notion of equidistribution, as
a step towards a full quantitative assessment of similarities and differences of
all Bayesian approximations of belief functions.

1.1 Paper outline

After presenting the basic notions of the theory of evidence (Section 2) we
will recall the basics of the geometric approach (Section 3), in particular the
definition of belief and plausibility space. As belief functions do not repre-
sent every possible vector of the Cartesian space they are immersed in, we
introduce the notion of normalized sum function (n.s.f.) (3.3) as pseudo belief
function which corresponds to a point outside the belief space.

While examining the simple case of a binary frame (Section 3.4), we will notice
that the line a(b, pl,) joining a pair of related belief and plausibility functions is
always orthogonal to the region of Bayesian b.f. P. However, a(b, pl;) does not
intersect P in general, but it does indeed intersect the region P’ of Bayesian
normalized sum functions: This intersection yields a Bayesian n.s.f. ¢[b] (Sec-
tion 3.5), which is in turn naturally associated with a Bayesian belief function
plb], the intersection probability (Section 4). p[b] can be given different inter-
pretations in terms of the way it redistributes the mass assignment of b to
each element of its domain, according to the difference between plausibility
and belief of each singleton.

Sections 5 and 6 form the core of the paper. After recalling important commu-
tativity results which hold for other Bayesian approximations (5.1) (which can
divided in two groups according to the operator they relate to), we analyze
the properties of the intersection probability with respect to Dempster’ rule
(5.2) and convex combination (5.3).

As p[b] perfectly represents the intersection n.s.f. ¢[b] when combined with any
Bayesian b.f., it deserves the name of “intersection probability”. On the other
side, it shows an interesting affinity with the pignistic transformation, as it
commutes with the convex closure operator in RY~!, under certain conditions
(Section 5.3.2).

In Section 6 we go further in our analysis by comparing the intersection proba-
bility with the other two Bayesian approximations which commute with C1(.),
orthogonal projection and pignistic function. After studying the norm of their



difference in the case study of a ternary frame (6.1), we prove that mass
equidistribution among events of the same size is a sufficient condition for
their equivalence (6.2,6.3).

More stringent conditions are to be looked for in the near future.

To improve the readability of the paper the proofs of all major results have
been moved to an appendix.

2 The theory of evidence

Definition 1 A basic probability assignment (b.p.a.) over a finite set (frame
of discernment [23/) © is a function m : 2° — [0,1] on its power set 2° =
{A C O} such that

m(@) =0, > m(A) =1, m(4) >0 VAC6.
ACO

Subsets of © associated with non-zero values of m are called focal elements.

Definition 2 The belief function b : 2° — [0, 1] associated with a basic prob-
ability assignment m on © is defined as

Conversely, the unique basic probability assignment m,, associated with a given
belief function b can be recovered by means of the Moebius inversion formula

my(A) = 3 (=) FIb(B) (1)

BCA

so that there is a 1-1 correspondence between the two set functions my < b.
In the theory of evidence a probability function is simply a special belief func-
tion assigning non-zero masses to singletons only (Bayesian b.f.): my(A) = 0,
|A| > 1.

A dual mathematical representation of the evidence encoded by a belief func-
tion b is the plausibility function (pl.f.) ply : 29 — [0,1], A — ply(A), where
the plausibility pl,(A) of an event A is given by

P =10 =1 S m(B) = m(B) 20 (@)
BCAc BNA#

and A¢ denotes the complement of A in ©.
Belief functions can be combined by means of Dempster’s rule, yielding their
orthogonal sum.



Definition 3 The orthogonal sum or Dempster’s sum of two belief functions
b1, by is a new belief function by & by with b.p.a.

~ Xpnc=a ™, (B)my, (C)

Y Bncs My (B)me, (C) (3)

My @b, (A)

We denote by k(by, by) the denominator of (3).

3 Geometry of belief and plausibility functions

In the theory of evidence the question of how to approximate a belief function
with a probability or Bayesian b.f. naturally arises, specially in contexts in
which point-wise estimates of a quantity of interest are needed. The approxi-
mation problem can be posed in a geometric setting by investigating the shape
of the space in which belief and probability functions live. We then introduced
the notion of belief space [13,8] as the space of all the belief functions we can
define on a given domain®.

3.1  Belief space

Given a frame of discernment ©, a belief function b : 2° — [0, 1] is completely
specified by its N — 1 belief values

{b(A),AC O,A# 0},

N =208 and can then be represented as a point of R¥~!. We can introduce
an orthonormal reference frame {X4 : A C ©, A # (0} so that each vector
V= 3 AcoA20VAaXa in RN=1 is potentially a belief function, in which each
component v, measures the belief value of A: v4 = b(A). We call belief space
B the set of points of RN~! corresponding to a belief function. It can be proven
that [13] the belief space B coincides with the convex closure of all the basis
belief functions b4,

B=Cl(by, ACO, A+0) (4)

where C'l denotes the convex closure operator:

Cl(bl, 7bk) = {b eB:b= Oélbl + -4 O./kbk,ZOéi = 1, (673 Z 0 VZ} (5)

1 Several notations in this paper have been changed with respect to earlier works,
in order to adopt a more standard symbology for belief and plausibility functions.



and
by =0b€ B s.t. mb(A) =1, mb(B) =0VB 7é A

is the unique belief function assigning all the mass to a single subset A of ©
(A-th basis belief function).

More precisely, as the basis b.f. {b4,0 C A C ©} are affinely independent? B
is a simplez, i.e. the convex closure Cl(xy, ..., 251 1) of k+1 affinely independent
points zy, ..., Tx41 of the Cartesian space R*.

Each belief function b € B can be written as a convex sum as

PCACO

Geometrically, then, the b.p.a. m; is nothing but the set of coordinates of b in
the simplex B.

The set P of all the Bayesian belief functions on © is a subset of the border of
B, precisely the simplex determined by all the basis functions associated with
singletons *: P = Cl(b,, z € O).

3.2 Plausibility space

As plausibility functions are also completely determined by their N — 1 values
ply(A), D C A C O on the power set of ©, they too can be seen as vectors of
RN~ 'We can then call plausibility space the region PL of RN~ whose points
correspond to admissible plausibility functions.

In [12] we proved that PL is again a simplex

PL=Cl(pla,0 CACO), pla=—> (-1)Flp

BCA

whose vertices are the plausibility vectors associated with the basis belief
function by, pla = ply,. Again, every plausibility vector pl, can be uniquely
expressed as a combination of the basis belief functions b4

ply= > (A)ba

ACO

2 An affine combination of k points v1, ..., v € RY is a sum aqv; + - - - + v, whose
coefficients sum to one: ), a; = 1. The affine subspace generated by the points
V1, ..y v € RV s the set a(vy, ..., v) = {v € RN 1 v = aqvy +- -+ gy, >0 =1}
If vq,...,v; generate an affine space of dimension k they are said to be affinely
independent.

3 With a harmless abuse of notation we will denote the basis belief function associ-
ated with a singleton = by b, instead of by,y. Accordingly we will write my(z), ply(7)

instead of my({x}), ply({x}).



where [12]

(A) = 3 (=1)MEIply(B) = (=1)AF 3" my(B), A#0 (7)

BCA BDA

(p(0) = 0) is the Moebius inverse of the plausibility function, which we call
basic plausibility assignment (b.pl.a.).

3.8  Normalized sum functions or pseudo belief functions

It may be confusing to think of belief and plausibility functions as points of the
same Cartesian space. However, this is a simple consequence of the fact that
both are defined on the same domain, the power set of ©. As © is finite they
can both be seen as real-valued vectors with the same number N —1 = 2101 —1
of components.

Furthermore, as belief and plausibility spaces do not exhaust the whole RV—!
it is natural to wonder whether points “outside” them have any meaningful
interpretation in this framework [10]. In fact, following the same principle,
each vector v = [v1, ..., V4, ..., Vo]’ € RY¥™1 can be thought of as a function ¢ :
29\ — R s.t. ¢(A) = v4. As the Moebius transformation (1) is invertible, for
each of these functions ¢ there always exists another function m, : 29\ ) — R

such that
<(A) = >_ mi(B)
BCA
i.e. each vector ¢ of RV~! can be thought of as a sum function [1]. However,
m. does not in general meet the positivity constraint” m¢(A) # 0 VA C ©.
The section {v € RY¥"! : vg = 1} of R¥~! corresponds to the constraint
¢(0) =1, so that all the points of this section are sum functions meeting the
normalization axiom,
> me(4) =1

ACO

or normalized sum functions (n.s.f.). n.s.f. (also called pseudo belief functions
in the literature [27]) are natural extensions of b.f. in this geometric framework.
Analogously to the case of belief functions, we can call Bayesian normalized
sum function a n.s.f. ¢ such that

S m(a) = 1. (8)

€O

3.4 Belief and probability in the binary case

It may be helpful to visually render these concepts in a simple example. Figure
1 shows the geometry of belief and plausibility spaces for a binary frame



Oy = {z,y}. As |©] =2 b.f. and plL.f. “are” vectors [v,, vy, ve] of a space with
N —1 = 2% -1 = 3 dimensions. However, since b(0) = pl,(©) = 1 for all
b, we can neglect the component vg = 1 and represent belief and plausibility
vectors as points of a plane with coordinates

b= [b(x) = my(z),b(y) = my(y))
plo = [plo() = 1 —my(y), plo(y) = 1 — my()]

/
respectively. In this case the b.pl.a. of b (recalling Equation 7) is

() = (—=1)* > my(B) = my(x) + my(0) = ply(x),

i) = (—17 3 mu(B) = myly) + my(©) = ply(y)

BDy

and ply, = ply(x)b, +ply(y)b,. We can notice that the two simplices are symmet-

N

AN \\\ 73:
by=[0,1]'=p1\y\\ pl=[1,1]
PL
73
-m,(x) P,
B
#[b] p[b]=n[b]=BetP[b]
m,(y) b
be:[oao]' Il’lb(X) 1_mb(y) * \\bx:[ 1 90]':p1x

Fig. 1. In a binary frame ©2 = {x,y} both belief B and plausibility PL
space are simplices with vertices {bg = [0,0',b, = [1,0]',b, = [0,1]'} and
{ple = [1,1), ply = by, ply, = by} respectively. A b.f. b and the corresponding pl.f. plj,
are always located in symmetric positions with respect to the set P of probabilities
on ©. The pignistic function BetP[b] and the orthogonal projection m[b] of b onto
P coincide with the center of the segment of consistent probabilities P[b], and with
the intersection p[b] of the line a(b, ply) with P.

ric with respect to the Bayesian region P. Furthermore, each pair of functions
(b, ply) determines a line which is orthogonal to P, where b and pl, lie on
symmetric positions on the two sides of the Bayesian region.



In the binary case the plane R? in which B, PL lie is the affine space of the
normalized sum functions on ©,. The region P’ of all the Bayesian n.s.f. is
obviously (recalling Equation (8)) the line

P ={ceR*:m(x) +my) =1} = a(P)

and coincides with the affine space (see Footnote 2) a(P) = a(b,,xz € O)
generated by P.

In the simple binary case the set of probabilities compatible with b (P[b] =
{p € P:p(A) > b(A) for all A) form a segment (1-dimensional simplex) in
P (see Figure 1 again), whose center of mass P is well known [4,20,12] to be
Smets’ pignistic function [26,28]

Betpt] = 3 b X0 D — b (a4 "5, (a4 42 ) . 0

€O ADzx 2

It also coincides with the orthogonal projection w[b] of b onto P, and the
intersection p[b] of the line a(b, ply) with the Bayesian simplex P:

plb] = 7[b] = BetP[b] = Pb).

3.5  Geometry of the dual line

When we study the dual line connecting a pair of belief and plausibility mea-
sures supporting the same evidence in the general case of an arbitrary frame,
we realize that orthogonality still holds [9].

Proposition 1 The line connecting pl, and b in RN=2 is orthogonal to the
affine space generated by the probabilistic simplex, i.e. b — ply La(P).

One might be tempted to conclude that, since a(b,pl,) and P are always
orthogonal, their intersection is the orthogonal projection of b onto P as in
the binary case. In fact, this is not the case for in general they do not intersect
each other. As a matter of fact b and pl, belong to a N — 2 = (2" — 2)-
dimensional Euclidean space (n = |0|), while the dimension of P is only
n—1.1fn=2 n—1=1and 2" —2 = 2 so that a(P) divides the plane
into two half-planes with b on one side and pl, on the other side (see Figure 1
again).

However, the dual line a(b, pl,) does intersect the region P’ of Bayesian nor-
malized sum functions (see Section 3.3 and Figure 2) in the point

s[b] = a(b, ply) NP = b+ B[b](pl, — b) (10)



with

1= Y pco mp(z) _ Z|B|>1 my(B)
Sree (Plo(x) = my(x))  Lip1me(B)[B]
The coordinates of ¢[b] with respect to the basis Bayesian belief functions

{bs, x € O} can be expressed in terms of the basic probability assignment m,
of b as follows [9]:

Bl = (11)

mep () = my(x) + B[0] Z mp(A). (12)

ADx

Equation (12) ensures that mgp(x) is positive for each z € ©.

4 Intersection probability

Even though the line a(b,pl,) does not intersect the probabilistic subspace
in the general case, since >, mqy(x) = 1 and mgp(z) is positive for each
x € O, the quantity ¢[b] is naturally associated with a Bayesian belief function,

assigning an equal amount of mass to each singleton myp () = mqp(x) and
mypp)(A) = 0 to each A s.t. [A] > 1

plo] = >~ mapy (2)b (13)

€O

where mp () is given by Equation (12). We call (13) “intersection probabil-
ity” [9]. The geometry of ¢[b] and p[b] with respect to the regions of Bayesian
b.f and n.s.f. is sketched in Figure 2.

4.1 Interpretation

A first interpretation of this new probability, and an interesting parallelism
with other two Bayesian approximations of b, are immediate after noticing

that
1_Zx69mb($) _ 1_k5

bl = = .
= S (@) — Swco (@ oy — ky

where

k=2 ma(x) Ky, =3 phiz) =Y my(A)[4]

€O €O ACO

are the normalization factors for the relative plausibility of singletons [30] p~lb
and the relative belief of singletons b respectively:

Sy Ph(@) gy mu(x)
) = S0y M) =Sy (14)

yeo yeO

10



ply

g[b]

p[b]
a(b,pl,) a[b]

Fig. 2. The geometry of the line a(b, ply) and the relative locations of p[b], <[b] and
7[b]. Each b.f. b and the related pl.f. pl} lie on opposite sides of the hyperplane P’ of
the Bayesian n.s.f. which divides RN =2 into two parts. The line a(b, ply) connecting
them always intersects P’, but not necessarily a(P) (vertical line). This intersection
[b] is naturally associated with a probability p[b] (in general distinct from the
orthogonal projection 7[b] of b onto P), having the same components in the base
{by,x € ©} of a(P). P is a simplex (a segment in the figure) in a(P): w[b] and p[b]
are both “true” probabilities.

p[b] then becomes

plp(x) — my(z)
e

ply,

plb(x) = my(z) + (1 — k) (15)

When b is Bayesian, pl,(x) — my(z) = 0 Vo € ©. If b is not Bayesian, there

exists at least a singleton x such that pl,(x) — my(z) > 0. The Bayesian b.f.

) = 2 a0: Mo (4) _ ply(x) — my(z)
= o 1] Yyee (Plo(y) — mu(y))

measures then the relative contribution of each singleton x to the non Bayesian-
ity of b. Equation (15) shows in fact that the non-Bayesian mass 1 — k; of b is
assigned by p[b] to each singleton according to its relative contribution R[b](x)
to the non-Bayesianity of b.

An alternative interpretation of the intersection probability comes from com-
paring p[b] as expressed in Equation (15) with another classical Bayesian ap-

11



proximation of b, the pignistic function

=o)X

ADx

mb(A)

BetP[bl(z) = ) Al

ADz

We can notice that in BetP[b] the mass of each event A, |A| > 1 is considered
separately, and its mass my(A) is equally shared among the elements of A.
In p[b], instead, it is the total mass 37| 451 my(A) = 1 — kj of non-singletons
which is considered, and this total mass is distributed proportionally to their
non-Bayesian contribution to each element of ©.

How should f[b] be interpreted then? If we write p[b](x) as

plbl(x) = my(x) + B[b](ply(x) — me(x)) (16)

we can observe that a fraction measured by ([b] of its non-Bayesian con-
tribution ply(x) — my(x) is uniformly assigned to each singleton. This leads
to another parallelism between p[b] and BetP[b]. It suffices to note that, if
4> 1,

Z\B\>1 my(B) 1

bal = _
o) = BB~ A

so that both p[b](z) and BetP[b](z) assume the form

mb(x) —+ Z mb(A)ﬁA,

ADzx

where 84 = const = g[b] for p[b], while 84 = [[ba] in case of the pignistic
function.

4.2 Ezrample

Let us see a simple example to briefly discuss the two interpretations of p[b]
introduced above. Consider then a ternary frame © = {z,y, z}, and a belief
function b with b.p.a.

mp(z) = 0.1, my(y) = 0, mp(2) = 0.2,
my({z,y}) = 0.3, mp({z, z}) = 0.1, my({y, 2z}) = 0, mp(0) = 0.3.

12



The related basic plausibility assignment is, according to Equation (7),

po(a) = (=137 my(B) =

B2{s}
=my(z) + mp({z,y}) + mp({z, 2}) + mp(O) = 0.8,
t(y) = 0.6, m(2) =06,  mw({z,y}) =06,

w({x,z}) = -04, w({y,z})=-03, w(O)=+0.3.

As expected it sums to one, even though is not non-negative in all its compo-
nents. Figure 3-top displays the events with non-zero b.p.a. (left) and b.pl.a.
(right) associated with b: dashed lines indicate a negative mass.

The total mass of singletons is k; = 0.1 + 0 4 0.2 = 0.3 so that the line
coordinate [3[b] of the intersection ¢[b] of the line a(b, pl,) with P’ is equal to

1— k; _
my({z, y})[{z, y}| +O_ﬂ71b({rc, 23|z, Z%I7+ my(©)|O)]

T 03%24+01%2+03%3 1.7

Pl =

The mass assignment of ¢ is therefore, by Equation (10),

mep (z) = mp(z) + Bb) () — my(z)) = 0.1 4 0.7 - I = 0.388,

m(y) = 0+ 0.6 - %L = 0.247, mep(z) = 0.2+ 0.4 - &I = 0.365,
mep({z,y}) =0.3—0.9- %L = —0.071,
( 7
(

O»—‘

mey ({7, 2}) = 0.1 - 0.5 7% = —0.106,

mep({y,2}) =0-0.3- % =—-0.123, m(0) =03+0- % =0.3.
It can be noticed that all masses of singletons are indeed non negative and
sum to one, while masses of non-singletons (A C © : |A| > 1) sum to zero (-
0.071 - 0.106 -0.123 4+ 0.3 = 0), confirming that ¢ is a Bayesian n.s.f. Again
the mass assignment m. of ¢ has signs described by Figure 3-top-right, even
though as m. is a weighted average of m; and u; all values are closer to zero.

To compare it with the intersection probability we need to recall Equation
(15): the non-Bayesian contributions of z,y, z are respectively

plo(x) — my(x) = mp(©) + my({z,y}) + mp({z, 2}) = 0.7,
plo(y) — mu(y) = myp({z, y}) + mp(©) = 0.6,
plo(2) — my(2) = mp({z, 2}) + mp(©) = 0.4

so that the non-Bayesian flag is R(z) = 0.7/1.7, R(y) = 0.6/1.7, R(z) =
0.4/1.7. For each singleton then the original b.p.a. my(z) is increased by a

13



Fig. 3. Sign of non-zero masses assigned to events by the functions discussed in the
example. Top left: b.p.a. associated with the belief function b of the example, with
5 focal elements. Right: the related b.pl.a. assigns positive masses to all events of
size 1,3, while it assigns negative number to the events of size 2. This is the case for
the mass assignment of ¢ too. Bottom: the intersection probability p[b] retains only
the masses ¢ gives to singletons.

share of the mass of non singletons 1 — k; = 0.7 proportional to the value of
R(x) (see Figure 3-bottom):

pb](z) = mp(z) + (1 — k;)R(z) = 0.1 + 0.7 0.7/1.7 = 0.388,
pb](y) = mp(y) + (1 — kz)R(y) =0+ 0.7%0.6/1.7 = 0.247,
pb](z) = mp(z) + (1 — ki) R(z) = 0.2 4+ 0.7 % 0.4/1.7 = 0.365.

We can see that p[b] coincides with ¢ on singletons. Equivalently, 5[b] measures
the share of ply(x) — my(z) assigned to each singleton:

pb](x) = my(x) + Bb](ply(z) — my(z)) = 0.1 +0.7/1.7% 0.7,
plbl(y) = mu(y) + BBl (pl(y) — me(y)) = 04 0.7/1.7 0.6,
plb](2) = my(z) + B[6](ple(2) — mp(2)) = 0.2 +0.7/1.7 % 0.4.

5 Properties of the intersection probability with respect to Demp-
ster’s sum and convex closure

5.1  Commutativity results for Bayesian approzimations

The notion of intersection probability adds another specimen to the small
group of Bayesian approximations of belief functions. It is interesting to note,
though, that those probability functions form in fact two families which can be

14



distinguished in terms of their behavior with respect to two operators acting
on belief functions in the geometric approach to the ToE: namely, convex
combination (5) (acting on belief functions as points of B), and Dempster’s
rule of combination (3).

On one side, in fact, not only the pignistic function (9) commutes with convex
combination

B@tP[Oélbl + OZQbQ] = alBetP[bl] + OéQBetP[bQ]7

but a similar behavior is exhibited by the orthogonal projection of b onto P

[9]

1— yA\zl—Al)
n )

b)) = 3 ma(4)(

ADzx

3 m,,(A)<

Dz

1+ |Ac|2!- A
)+
n A

W[Oélbl + OéQbQ] = Oflﬁ[bl] + Ozg?'[‘[bg].

On the other side, another family of Bayesian approximations turns out to be
inherently related to Dempster’s combination rule. Both relative plausibility
and belief of singletons (14) commute as a matter of fact with the orthogo-
nal sum. Namely, Cobb and Shenoy [6] proved that the relative plausibility
function ]glb commutes with respect to Dempster’s sum @

plblEBbz = plbl D ple'

Concerning relative belief (14-right), it can proven that [10] Dempster’s rule
defined as in Equation (3) can be applied to a pair of normalized sum func-
tions, yielding a new normalized sum function. As a matter of fact, as we have
seen in Section 3.3, the Moebius inversion lemma (1) can be applied to a n.s.f.
¢, yielding a “mass” function m¢. Dempster’s rule (3) can then be applied to a
pair of such mass functions m,, m,. We can still denote the orthogonal sum
of two sum functions ¢, ¢ with ¢; @ <.

Now, plausibility functions are n.s.f., since they comply with the normaliza-
tion constraint pl,(©) = 1 for all b. Their mass function is in fact the basic
plausibility assignment gy (7). Dempster’s rule can then be formally applied
to pl.f. too.

It can be proven that [11] the relative belief operator commutes with respect
to Dempster’s combination of plausibility functions:

B[pll © pla] = g[pll] ® B[Plﬂ-

In this part of the paper we will then study the behavior of p[b] with respect to
both @ and Cl, showing that the intersection probability can be assimilated
to the pair pignistic function - orthogonal projection even though it does not
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commute with C1 in all cases.

We will indeed provide the conditions under which commutativity holds, and
discuss their meaning in terms of degrees of belief. To deepen our understand-
ing of the relations between those Bayesian functions which belong to the same
family, their distance will be evaluated in the case study of a ternary frame
as it is been done for the orthogonal projection [9].

5.2 A justification of the name “intersection probability”: the representation
theorem

A first application of the generalization of Dempster’s rule to n.s.f. brings
about a justification of the name “intersection probability” for p[b], as it turns
out that p[b] and ¢[b] are equivalent when combined with a Bayesian belief
function.

We first need to recall that [10] the orthogonal sum b® (b1 +aabs), a+ag =1
of a b.f. b and any affine combination of other belief functions reads as

b D (Oélbl + Oégbg) = ’yl(b D bl) -+ "}/2(17 D b2> (17)

where

B ark(b,by) B ask(b, by)
T k(0. by) + ask(h,by) 2 ank(b,br) + azk(b, bs)
and k(b,b;) is the normalization factor of the combination between b and b;.
On the other side we already know that ¢[b] can be expressed as a convex
combination of b and ply,

<[o] = Blblply + (1 — S[b])b

(Equation (10)). The Bayesian b.f. p[b] can be instead expressed as a convex
combination of two n.s.f. By Equation (16)

= >~ my(2)b, + 8] Y (pl(x) — my(x))b, =

€O €O

= (1= B[b]) Y_ mp(x)by + B[6] D ply(x)

€O €O

and if we call the quantities

pl, = > ply(z)b, b= > my(2)bs (18)
€O

€O

plausibility of singletons and belief of singletons respectively, we have

plb] = Blblpl, + (1 — B[b])b (19)

16



i.e. p[b] lies on the line joining pl, and b, in the same relative position of [b]
on the segment C1(b, ply).

Plausibility and belief of singletons are both normalized sum functions, as
(since be = 0 is the nil vector in RV=2) they read as

pl, = > ply(z)b, + (1 — kﬁlb)b@)’ b= > my(z)by + (1 — kj)be

€O €O

under which form they meet the normalization constraint (trivial). More pre-
cisely, pl, is a n.s.f. assigning mass 1 — kﬁlb < 0 to the focal element ©, while
bis a b.f. assigning to © the mass 1 — k; > 0.
Equation (19) can then be used to prove that

Theorem 1 The combinations of p[b] and s[b] with any probability function
p € P coincide,

pbl@p=cb®p VpeP.

Theorem 1 is the formal justification of the name “intersection probability”
we chose for the quantity p[b]. In fact, even though p[b] is not the actual
intersection between the line a(b, ply) and the region of Bayesian n.s.f. (which
is <), as a matter of fact it behaves exactly like ¢ when combined with a
probability.

However, p[b] does not seem to have any other meaningful relations with the
orthogonal sum. This is the case, though, for the convex closure operator.

5.8 Intersection probability and convex closure

On the other side, we have seen above that p[b] and Bet P[b] are closely related
Bayesian functions, the link between them being the role of the quantity 3[b].
It is natural to wonder if p[b] exhibits a similar behavior with respect to the
convex closure operator.

Indeed, even though the situation is a bit more complex in this second case, p[b]
turns also out to be related to CI(.) in a rather elegant way. Let us introduce
the notation §[b;] = N;/D;.

Theorem 2

plonbi+asbs] = a1 Dy (cp[br]+awT[by, bo])+ce Do T[br, ba])+ap[ba]), (20)

—

where a; D; = #D;QDQ and T[by, bs] is the probability with values
T[by, bo(z) = f)1p[b2, bi] + f)ﬂ?[bl, by (21)
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(22)

Geometrically, p[ay b +asbs| can be constructed as in Figure 4 as a point of the
simplex CU(T'[by, ba], p[b1], p[ba]). The point ayT'[by, ba] + aap[bs] is the intersec-
tion of the segment CI(T, p[be]) with the line [ passing through aq p[b]+asp|bs]
and parallel to CI(T, p[b1]). Dually, asT'[by, bs] + c1p[by] is the intersection of
the segment CI(T, p[b1]) with the line [; passing through a;p[bi] + aap[be] and
parallel to CU(T, p[ba]). pla1by + aabs] is finally the point of the segment

Cl(arT + agp[ba], axT + aip[bs])

—

with convex coordinate «;D; (or equivalently o@)

Fig. 4. Behavior of the probabilistic approximation p[b] under convex combination.
aoT + aqplbi] and T + aap[bs] lie on inverted locations on the segments join-
ing T'[b1,b2] and p[b1], plbo] respectively: a;p[b;] + ;T is the intersection of the
line CU(T, p[b;]) with the parallel to CI(T, p[b;]) passing through aip[bi] + aap[ba).
plag by +agbs] is finally the point of the segment joining them with convex coordinate

—

OZZD,L
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5.3.1 Location of T[by, bs] in the binary case

As an example, let us consider the location of T'[by, by] in the binary belief
space Bs. In the binary case, in fact,

=1/2

Wby, by € By and p[b] always commutes with the convex closure operator. Ac-
cordingly, T'[by, bo](x) is equal to

My, (6) mb2<@) My (@)
715, (0) + 110, (©) {W"”)(g) 2 | @) - ©)
Amy (@ my, (©) | _ My, ) by .
()T = @) @ T 0) - @)Y

Looking at Figure 5, simple trigonometric considerations show that the seg-

ment Cl(p[b;],T'[b1,bs]) has length \gf? 5> Where ¢ is the angle between the

segments Cl(b;, T') and Cl(p[b;], T).

T'[by, by] is then the unique point of P such that the angles bml] and bmﬂ
coincide, i.e. T is the intersection of P with the line passing through b; and
the reflection of b; through P.

But now this reflection is nothing but ply,, so that

T[bl, bz} = Cl(bl,ple) N 7) = Cl(bg,plbl) N P

5.3.2  FEquivalent condition for commutativity

Even though the intersection probability does not commute with convex clo-
sure, p[b] can still be considered affine to orthogonal projection and pignistic
function. Theorem 3 states the conditions under which p[b] and C1 commute.

Theorem 3 p[b] and convex closure commute iff
T[by,bo] = Dip[bs] + Dap[bi]
or, equivalently, 5[bi] = B[be] or R[b1] = RIba].

As a geometric confirmation of Theorem 3, only when the two lines [, [5 in
Figure 4 are parallel to a(p[bi], p[bs]) (i.e. T'[by,bo] € Cl(p[b1], plbs]), compare
above) the desired quantity p[a;b; 4+ asbs] belongs to Cl(p[bi], p[bs]) (i.e. is also
a convex combination of p[b] and p[bs]).

Theorem 3 reflects the two complementary interpretations of p[b] we gave in

19



Fig. 5. Location of the probability function T'[by, be] in the binary belief space.

terms of S[b] and R[b] (Equations (15) and (16)):

plb] = my(x) + (1 = k) R[b](x), plb] = m(x) + B[0](plo(2) — mu(x)).

If B[b1] = B[be] the two b.f. attribute to each singleton the same share of its
non-Bayesian contribution. If R[b;] = R[bs] the non-Bayesian mass 1 — k; is
distributed in the same way to the elements of ©.

5.3.8  Commutativity condition in the ternary case

To better understand the meaning of Theorem 3 in terms of belief values of
the involved functions b; and bs, let us consider the ternary case (as we have
seen above that the commutativity condition is met by all pairs of b.f. defined
on a binary frame).

In this case, the condition 3[b] = [[bs] becomes in fact

a1 ma(A) _ At ma(A)
Dias1ma(A)[A] X a1 ma(A)]A]
mi({z,y}) + mi({z, 2}) + mi({y, 2}) + mu(O)

2mi({z,y}) + 2 mi({z,2}) + 2 mi({y, 2}) + 3 m1 (©)
bttt e L

~ 2mo({z,y}) + 2 ma({z, 2}) + 2 ma({y, 2}) + 3 ma(©)°
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This can be simplified once we denote by o7 the quantity A= mi(A). The
above equation then becomes

ot +o0f  o3+03
20% + 303 203+ 303

which after a few passages reduces to

2 3 _ 3.2

In nontrivial cases (b € P) either o or ¢ are nonzero for both b; and bs.
However, if by (by) has only size 2 f.e. and by (by) only size 3 f.e. the above
equality is never met. Hence there has to exist a cardinality k£ € {2,3} such
that of # 0 # 0. In this case

2 2 3 3
o o o o
1 Y2 3 3 1 _ 02
*3—*37017027&0 52 g2 017027&0
01 03 1 03

i.e. the ratio between the total mass the two b.f. assign to events of size 2 and
3 is the same for the two belief functions.

5.8.4 A sufficient condition for commutativity

The discussion of the binary case of Section 5.3.3 gives as an intuition on how
to provide a sufficient condition for the commutativity of p[.] and CI(.), which
has a meaningful interpretation in terms of belief values. Let us then consider
the following decomposition of 3[b]:

Z[B\>1 mb(B) _ ZZ:Q Z|B|:k mb(B) _ o9+ -+ o,
Z|B|>1 my(B)|B| Zzzgk‘z‘g‘:kmb(B) 209 + -+ +no,

glb] = (23)

where o}, = 32| gj= M (B). B[b1] = B[by] is then equivalent to
(205 + ... +noy) (o + ... + o)) = (207 + ... +no}) (o5 + ... + oF).

Now, as by, by € P in nontrivial cases, there exists at least two cardinalities
ki1, ko for which of' # 0 and 04> # 0, respectively.

Let us assume that there exists a k such that of # 0 # 0.

We can then divide the two sides by of and o}, obtaining

2
(22+ +k+ .. +n)<1+ +1+..+ )

k
o2 \ (02 r
<2 )(§—|—..—|—1+ +§>

21



so that, if o /o¥ = o} /o Vj # k the condition is met.
But this is equivalent to require that

O'l O'l
L =22 YIm>2st ol of#£0
o ol

1 2

in which case ([b1], B[bs] are equal. In other words,

Theorem 4 If the ratio between the total mass of focal elements of different
size is the same for all the b.f. involved, then intersection probability (con-
sidered as an operator mapping belief functions to probabilities) and convex
ccombination commute.

On the other side, if m;(A) = 0 for |A| # k and my(A) = 0 for |A| # [, with
k # 1 (by and by are focused only on f.e. of two different cardinalities), we get

which is impossible, so that 3[b1] # 5[ba].

6 Comparing the intersection probability with other Bayesian ap-
proximations

We have seen that the intersection probability is a member of a family of
Bayesian approximations which includes also pignistic function and orthogonal
projection. The next natural step is then to discuss the difference between p[b]
and its “sister” functions BetP and 7. This is the aim of the last part of this
paper.

As a matter of fact, some sufficient conditions [9] have been already worked
out for the pignistic function and the orthogonal projection.

Proposition 2 Intersection probability and orthogonal projection coincide if
b is 2-additive, i.e. my(A) =0 for all A:|A| > 2.

A similar sufficient condition for the pair p[b], Bet P[b] can be found by resort-
ing to the decomposition of 3[b] of Equation (23).

Proposition 3 Intersection probability and pignistic function coincide if 3
k € [2,....,n] such that 0 = 0 Y i # k, i.e. the focal elements of b have size 1
or k only.

However, it is possible to go further, and formulate more stringent conditions.
Also, those kind of results give only “pointwise” indications of the behavior

22



of each pair of approximations. Ideally it would be desirable to analyze the
distance between those pairs of probabilities as the belief function b varies in
the belief space, in order to fully understand their different behaviors in terms
of belief values.

Let us then pose such a study in a significant but still simple situation, that
of a belief function defined on a ternary frame.

6.1 A case study: the ternary frame

In the ternary frame w[b] = BetP[b] [9], so that checking whether p[b] =
BetP[b] is equivalent to check the analogous condition for the pignistic func-
tion. We will consider three different norms when measuring distances in the
probability simplex, namely

lp =1l = > Ip(@)—p' (@), llp—2l= > Ip(x) —p'(x)?,
reO €O (24)

o - o
lp = P'lloe = maxp(x) —p'()],

i.e. the classical L1, Ly, and L., norms. Let us then recall the expressions of
plb] and BetP[b] in the ternary frame:

o+ o?
202 + 3(53

. o°+o

= mb(l‘) + 72102 T 303 '

Bet PIbl(x) = my(w) + 5 (ma({z, y}) +mu({x 2})) + gma(©) =
1

= () + 5 (0 — my(a) + 307

(ms({2,y}) + mp({z, 2}) + my(O)) =

plb)(x) = my(x) +

(0% = my(2%) + 0°);

Yz € O, once defined as above o* = > A=k Mp(A). Immediately

pl(x) — BetPlo)(@) = (0% = mu(o) (50505 ;2+

2 3
3 0°+o0 _1)_ 5 oy —0°/2 5 0°/3
to (202+303 3/ (0 = my(w )>202+303 to 202 + 308

B o3 <a2 o? — mb(xc)>
202 +30%\ 3 2

so that the difference between p[b](z) and 7w[b] = BetPb](x) in the ternary
frame is

3 1

o c 2
R — —o?). 2
6 202+ 303 (Bma() = o) (25)

plbl(x) — m[b](x) =
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Clearly, the minima of all norms correspond to belief functions b for which the
difference (25) goes to zero for all singletons = € ©, i.e.

o3=my(®)=0 | 3my(z°) =0* Vz

or equivalently

mp(©) =0 [ m({z,y}) = mp({z, 2}) = mp({y, 2})-

In other words, the difference is minimal when either b is 2-additive or it
assigns equal mass to non-singleton events of the same cardinality.

To find the maxima of the norms of the difference, instead, we need to explicitly
compute them.

It is easy to see that, for each norm L, p = 1,2, 0o, the norm of the difference
between intersection probability and orthogonal projection ||p[b] — 7[b]||, has
the following form

lplb] — = [o]ll, = f(0,0°) - gp(b)

where (for 0% = const) g,(b) = g(u,v,w) is a function of

U= mb({xv y})’ v= mb({xv Z})’ w = mb<{y’ Z})

and has maximum when the mass is concentrated on one of the three events:

2.3

Ip[0] — 7[bl|ls = %5555 - (13w — 0?4+ |3v — %] + [3u — &?);
Ip[b] — 7[b)ll> = 2555 - \/(3u — 02)2 + (3v — 02)2 + (3w — 02)%;

Ip[E] — 7Bl o0 = 4 g2ars - masc{[3w — 0%, [30 — 0], [3u — 0%},

Let us then consider the behavior of the factor g(u,v,w) for each norm.

For L the factor gi(u,v,w) = (|]3w — ¢?| + [3v — ¢?| + [3u — 0?|) can be
rewritten after changing variables as

n(UV)=[Ul+ V[ +|U+ V]

where U = 3u — 02, V = 3v — ¢2, with constraints U,V > —0¢?, —202 <
U+ V < % As it can be seen from the plot of Figure 6-left, ¢;(U, V) has
three maxima in

(U7 V) - (_027 202)7 (_027 _02)7 (2027 _02> (26>
which correspond to

(u,v,w) = (0,0%,0), (c2,0,0),(0,0,5%) (27)
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with maximum value max g, = 402,
A similar substitution for the Lo case yields (Figure 6-right)

Fig. 6. Left: plot of the factor g; (U, V') in the norm L; of the difference between inter-
section probability and orthogonal projection, ternary case. Right: plot of go(U, V).

@(UV) = JU2+ V2 4 (U +V)?

with maxima in (26) again, max g,(b) = v/202.
Finally, for L., it is easy to see that, again,
argmaxy goo(b) = b : 3z € O s.t. my(z¢) = 02,  max go.(b) = 202
The three norms have the same mazima and minima, no matter the different

form of the three functions, giving a consistent picture of the distance between
intersection probability and pignistic function.

We are then left with the study of the factor

2.3

. oo
flo® 0% = 297 1 303" o’+0*<1,  o%0°>0. (28)

The derivatives with respect to the two variables o2, 02 are

of 3(03)? of 2( o? )

do? (202 + 303)?’ do?  “\202 4+ 303

so that the gradient

L Bo%) 202

Vi= (202 + 303)

is non-decreasing in both o2 and 3. Vf = 0 when 0? = 03 = 0 where f is
not defined, so that maxima have to be found on the border of the triangular
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domain of f.

For 02 = 0, 0 < ¢® < 1 we have that f = 0, and the same is true for the other
segment 0 = 0, 0 < 02 < 1 (see Figure 7-left). This is obviously consistent
with Proposition 3 which states that, if b gives nonzero mass to events of a
fixed size only, then p[b] = BetP|b|.

In other words, Figure 7-left is exactly the extension of Proposition 3 we were
looking for.

It follows that maxima have to belong to the segment o? + 03 = 1, where
03 =1 — 0?: Let us then study the function

f/(0_2) _ 02(1_02) :0_21_02‘
202+ 3(1 — 0?) 3—o?
By computing its derivative with respect to o
of’ 6
f S —
Oo? (02 — 3)2

we get that f’(0?) has a maximum in 02 = 3 — /6 (see Figure 7-right). In

f(c%07)

f'(o?)

0.12

GZ

Fig. 7. Shape of the factor (28) in the norm ||p[b] — 7[b]||, for a belief function b in
the ternary frame. Left: plot of the function f(0?,03) on the domain o2 + 03 < 1,
02,03 > 0. Right: plot of its section f’(c?).

conclusion, the factor (28) has a maximum in 0 = 3 — /6, 0° = v/6 — 2, so
that by combining this result with Equation (27) we can claim that

Theorem 5 ||p[b]—BetP[b]||, in the ternary belief space Bs has three mazima,
corresponding to the three belief functions with b.p.a.

my, = [0,0,0,3 —/6,0,0,v6 — 2,
mp, = [070a07073_\/6707\/6_2]/a
my, = [0,0,0,0,0,3 — /6,6 — 2]
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no matter the norm p = 1,2, 00 chosen.

The results of this case study can be seen as a first step towards a more com-
plete quantitative analysis of the differences between the intersection prob-
ability and the other Bayesian approximations of the same family. Another
sensible direction to follow, in this pursuit, is to look for less stringent condi-
tions for their equivalence, by relaxing the hypotheses of Propositions 2 and
3. This is the aim of the rest of this Section.

6.2 FEquidistribution as sufficient condition for p = BetP

The analysis of the ternary case, in which pignistic function and orthogonal
projection coincide, invites us to assess the possibility that equidistribution

mp(A) = const VA : |A| =k, Yk =2,...,n. (29)

is a sufficient condition for the equality of intersection and pignistic probability.
Indeed, this turns out to be the case.

Theorem 6 If a belief function b meets condition (29) (mass is equally dis-
tributed among focal elements of the same size) then the related pignistic and
intersection probabilities coincide.

Proof. If b meets (29), then the expression (12) for the probability values of
the intersection probability gives, for each x € ©,

plb](z) = my(x) + B[b] Z my(A) = my(z) + B[0] Zn: o (k—1> _

n

ADzx k=2 (k)

(as there are (Zj) events of size k containing x, and ("

k) events of size k)

1 o?2+..4+0o"
n202+ ...+ no"

— mufa) + B8] Y o*

k=2

(20° + ... + no™) =

= my(z)

3|

1
= my(x) + 5(02 +..+0")

after recalling the decomposition (23) of 5[b].
On the other side, under the hypothesis the pignistic function reads as

BetPlb](x) = my(a) + 3" 3 mb}if“) _

k=2 ADaz,|A|=k

n k("1 n gk n _k
:mb(x)+zg(’“;1> =)+ 3 T =my(2) + Y
il (k> = kk k=2
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and the two functions coincide. O

6.3  Equidistribution as sufficient condition for p[b] = m|[b]

In the same way, condition (29) is sufficient to guarantee the equality of in-
tersection probability and orthogonal projection.

Theorem 7 If a belief function b meets condition (29) (mass is equally dis-
tributed among focal elements of the same size) then the related orthogonal
projection and intersection probability coincide.

Proof. The orthogonal projection of a belief function b on the probability
simplex P has the following expression [9]:

c|91—|A] _ 1-]4]
i) = X m)(FHTE) « S (5 e
Under condition (29) it becomes
) =)+ 3 (FUTEE) S s
T R (32
+Z( I sy
k=2 Apz,|Al=k

where again 3 45, (aj=r M (A) = ok /n, while

m :Uk(";l) _ ok (n—1)"!  Kkl(n—k) :Ukn_k
Azﬂ%‘k o (") El(n —k —1)! n! n

k

Replacing those expressions in Equation (32) yields

mb(m)+§; <1+ (n—k)21k>akk+zn: <1 —(n—

n nooi = n

" k n—=k 1
kN k _ 1 k
+]§::2<cr n2—|—a > ) mb(:zc)—i—nkz:;(j

k)21—k —k
) )O_kn

n

which is exactly the value (30) of the intersection probability under the same
assumption. O
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7 Conclusions

In this paper we provided an interpretation in terms of degrees of belief of
a Bayesian approximation of belief functions derived from purely geometric
considerations, the intersection probability. Also, after noticing that Bayesian
approximations can be classified in two groups according to the operator they
commute with, we analyzed its behavior with respect to Dempster’s sum and
convex combination (of b.f. as points of the belief space). It turns out that p[b],
even though does not always commute with C' can be assimilated to pignistic
function and orthogonal projection. The conditions under which commuta-
tivity holds are given in terms of non-Bayesian contributions and degrees of
belief. Finally, we investigated the case study of a ternary frame as a first
step towards a fully quantitative assessment of the distance between different
approximations, in particular between p[b] and the couple BetP, 7, showing
that results are consistent no matter the particular norm chosen.

The latter, in particular, is promising direction of research which is worth
pursuing. In the near future we plan to present an extensive and exhaustive
discussion of the quantitative distance between all Bayesian approximations
in a coherent picture.

Appendix

Proof of Theorem 1

Applying Equation (17) to ¢ & p yields ¢ & p =

BIblk(p, ply)ply ® p + (1 — B[b])E
Blblk(p, ply) + (1 — BIb])A(

b)b @ p

= [ Blblply+(1—BB))b| @p = (33)

(p,
p,b)
where

ppl) = > p) (D ub(A)) = > pla)my(x

€O ADx €O
=3 p@) (X mu(A)) = > p(a)pl(x
€O ADx €0

When we apply (17) to p[b] @ p, instead, we get (recalling Equation (19))
plb]&p =

= [Blblpl,+(1—p[b])B]@p =

Bk, Py}l ® p+ (1 — BRDE(, ?5 DP (3

Blblk(p, ply) + (1 — B[b])k(p, b
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But now, by definition of Dempster’s combination (3),

> bep(x)(ply(z) + 1 — k) > bup(z ) +1— k)
]5[ 69p:xEG 76@1?::069
' > p(@)ph(x) +1 -k, > pla)m(x) +1 -k

€O €O

so that

k(D ply)ply, @ p = > bap(2)ply(x) + (1 — Ky ) Y bap(2)

€O €O

= k(p, ply)p @ ply + (1 — ky,)p = k(b,p)b & p + (1 — ky, )p
kp,0)b®p = bep(a)my(z) + (1 —kp) Y bup(x) =

€O €O

= k(p,b)p @b+ (1 — ky)p = k(ply, p)ply © p + (1 — k;)p.

as from [30] b@® p = ]z;lb @ p, while [11] pl, ® p = b @ p. After replacing these
expressions in the numerator of Equation (34) we can notice that, as

1—/{25 k-

-1
9 1— ﬁ[b] = Pl
ks, — ks

it = e

the contributions of p vanish, leaving expression (33) for ¢ & p.

Proof of Theorem 2

planby + asbs](x) can be written, by definition, as

p[albl + a2b?]('x> = Mayb+asbs (CL’) + ﬁ[albl + a2b2] Z Moy by +asbs (A) (35)
ADzx

But now flagb; + asbs]| =

ZIA\>1 Mayby+azbs (A) _ Qg Z|A|>1 My, (A) + Qg Z|A|>1 My, (A)
ZIA\>1 Mayby+azbs (A)|A| 6[621]ZA|>1 mﬁb1[[()"é]l)|"4| + Qg Z|A|>1 My, (A)|A|
aiNy +aaNy ;D B[b1] + as Dby — —
— — = a1 D.0b Dy0b
OélDl + 0[2D2 O[1D1 + OZQDQ a 16[ 1] T+ 25[ 2]
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once introduced the notation 3[b;] = N;/D;. Replacing this decomposition for
Blanby 4+ asbs| into Equation (35) yields

e, (7) + azma, (@) + (@1 D1 fo] + 02DaB0)) (a1 X may(4) + o
ADzx
1 >

-;Qmm@m)) = 5o { (@D + cwDa) i, (2) + cam, )+

+(1D158[b1] + a2 Daf3[bs]) (041 > mp, (A) +as Y mbz(A)>} =

ADx ADzx
a1 Dy

- oD+ oD, {almbl () + cgmy, (z) + [[b1] (041 AED; my, (A)+

+Qo Z My, (A)):| + m [oqmbl (I) + a2y, (l’) + ﬁ[bg]

ADzx

.(al > my (A) +an > me(A)ﬂ = Om.

ADzx ADzx

Jos (e ) 4+ 8100) X2 ey (4)) + (e (@) + 8] 3 ()| +

ADzx ADzx

2Dy~ {041 (mbl (x) + Blba] Y mbl(A))+

alDl + a2D2 ADz

+arg (me(;p) +6[bo) me(A))} _ oiD

p
ADe a1 Dy + aa Dy
Oé%DQ

i a0
041D1 + OégDQp

[b1]+

[ba] +

[Dlp[bz, bi](x) + Daplby, bo)(x)

OélDl + CBQDQ
after recalling Equation (22). We can then notice that the function

F(x) = D1plba, b1](z) + Daplby, ba)(x)

is such that >, .o F(x) =

=3 [Dimi,(2) + Ni(ploy () — ms, (x)) + Doy, (x) + Na(ply, () +

€O

—my, ()] = Di(1 = Ny) + NyDy + Dy(1 = Ny) + NoDy = Dy + Dy

(recalling Equation (11)), so that T'[by, bs|(x) = F(x)/(D1+4D,) is a probability
(as T'[by, bo](z) is always non negative), expressed by Equation (21). playb; +
agbs] () then reduces to

. OélDl

n OélDl + OéQ.DQ
ag Dy Qg

+041D1 ¥ 042132 Ckgp[bg](il?) + 061D1 ¥ OCQDQ (D1 + DQ)T[bl, bQ](.’E)

planby + asbs)(x) aip[bi](z)+

i.e. Equation (20).
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Proof of Theorem 3

By Equation (20) we have that

plaiby + aobs] — aqplby] — aoplbe] = a1 Dyaqplbi] + cy DT+
+062D2061T -+ OéQDQOégp[bQ] — Oélp[bl] — Oézp[bQ] = alp[bl](olel — 1)+
+oy Do + 04/2\D2041T + agplbe] (e Dy — 1) = _alp[bl]a/Z\DQ'f'
+cﬁa2T + (@MT - azp[bﬂ(ﬁ = @(QQT - O-/Qp[bQ])“‘
+CY2D2(CY1T — Cklp[bl]) = %[Dl (T — p[bQ]) + DQ(T — p[bl])]
which is nil iff
T[by, ba) (D1 + Dy) = p|b1] Dy + plba] Dy = T'by, ba] = Dip[ba] + Daplby]

as —1%2 g always non-zero in non-trivial cases. This is equivalent to (after
a1Di14a2Ds

replacing the expressions for p[b] (16) and T'[by, bo] (21))

Dy (ply, () — mu, (2)) (B[b2] = Bba]) + Da(plo, () — m, () (B[br] — Blbe]) = 0

in turn equivalent to

(Blba] = Blb1]) | D1 (plo, () — 1, () = Da(ply, () — ms, (2))| = 0.
Obviously this is true iff 5[b1] = B[ba] or the second factor is zero, i.e.

plbz (l’) — My, (.1') plb1 (l’) — My, (33') _
D, Db D, N

= D1 Dy(R[bo](z) — R[bi](w)) =0

DD,

=0 for all x € ©, i.e. R[b;] = RI[bs].
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