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Outline

0 Looking back

9 Learning strategy

e Optimization model

6 Multiclass learning

e Experiments

G One step forward, beyond the positive definiteness

e Extending the scope, other kind of regularizations and loss
@ Learning game, modelling the uncertainty

© Prediction via density functions
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How one can predict something like this ...
What about SVM?
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Examples of known approaches:

@ Cut the problem into several parts,

» Apply plenty of binary classifiers ...
@ Max-Margin Markov Networks,

» Taskar(2003)
@ Least-square approaches,

» Cortes(2005)

Main problems are the high computational complexity and not too

much satisfactory resulits.
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WIPO-alpha dataset

WIPO-alpha | 41 {a P R F1 | Time
SVM 872 184 931 582 716 | ~0.5h
Hier-SVM 76.2 174 903 633 744 ~ 2h
Hier-RLS 721 1.69 885 664 759 | ~1day

Table: Prediction losses ly/1 and /a, precision, recall and F1 values obtained
using different learning algorithms. All figures, except Ia, are given as
percentages. Precision and recall are computed in terms of totals of
microlabel predictions in the test set.
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WIPO-alpha dataset

WIPO-alpha | 41 {a P R F1 | Time
SVM 872 184 931 582 716 | ~0.5h
Hier-SVM 76.2 1.74 903 63.3 744 ~ 2h
Hier-RLS 721 1.69 885 66.4 759 | ~1day
Hier-M3-I 709 1.67 903 653 758 | 40 min
Hier-M3-IF, 65.0 1.73 841 70.6 76.7 | 40 min

Table: Prediction losses /1 and /a, precision, recall and F1 values obtained
using different learning algorithms. All figures, except Ia, are given as
percentages. Precision and recall are computed in terms of totals of

microlabel predictions in the test set.
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WIPO-alpha dataset

WIPO-alpha | 41 {a P R F1 | Time
SVM 872 184 931 582 716 | ~0.5h
Hier-SVM 762 174 90.3 633 744 ~ 2h
Hier-RLS 721 169 885 66.4 759 | ~ 1day
Hier-MB-I 709 1.67 903 653 75.8 | 40 min
Hier-M3-/,q 65.0 1.73 84.1 70.6 76.7 | 40 min
MMRgass | 46.9 177 77.9 77.9 77.9 | [1s!

Table: Prediction losses /1 and /a, precision, recall and F1 values obtained
using different learning algorithms. All figures, except Ia, are given as
percentages. Precision and recall are computed in terms of totals of

microlabel predictions in the test set.
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Learning strategy

Embedding where the structures of the input and output objects are
represented in properly chosen spaces(Hilbert, Banach,
e

Optimization has to find the similarity based matching between the
input and the output representations.

Inversion(Pre-image problem) has to recover the best fitting output
structure of its representation.
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Embedding

H
| . X f ¢
Embedding ¢: input ;pace — eatur%space
——— ———
v : outputspace — label space
Similarity W = (W,b) = 3(y) ~ We(x)

transformation

Inversion 1Y)
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Learning as task to find “Probably, approximately

isomorph” relations

Only target of
the learning ?
¢(X) — (V)
Engineering ? 10 1  Engineering ?

Szedmak (UoS)
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The "real" question!
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The “Classical” Support Vector Machine(SVM)

min. ]+ C17¢

w.rt.jw: H, — R | normal vec.

b e R| bias

& € R™, error vector

st |yiwio(x)+b)[>1-¢
. o . £E>0,i=1,....m
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Dual problem

min 37y ciy| [yiy [(@(Xi), (%)) | = 20124 s

w.rt. aj € R,

s.t. 2,21 Yiaj =0,
0<a;<C,i=1,...,m.

o x input kernel,
o «; output kernel!
@ Kyx = Ky e Kx joined kernel by element-wise product

@ The objective function is a symmetric function of the input and the
output.
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The extended primal

min 3 [W|3|+ C17¢
wrt. [W]
b e R| bias

& € R™, error vector

s.t. F(W;o(x,y)) |[+b>1-¢
£E>0,i=1,....m

@ F(W,; d(x;,y,)) linear function of W, parametrized by a function of
the input and the output. It has to be monotonic, increasing

function of ||W||».
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Reinterpretation of the normal vector w

Original e y; € {—1,+1} binary outputs
@ w is the normal vector of the separating hyperplane.
New @ y; € Y arbitrary outputs
» v (yi) € H, embedded labels in a linear vector space

e w/ is a linear operator projecting the input space into
the output space.
» The aim to find the highest similarity between the
output and the projected input.

The output space is a one dimensional subspace in the SVM.
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Primal problems

Binary class learning

Vector label learning

Support Vector Machine(SVM)

min 3 w'w|+C17¢
——
[Iwi3

& € R™, error vector

Sl tr(WTw)

_,—/
2
| | w | | Frobenius

+C17¢

st |yiwio(x)+b)|>1-¢ ((yi), We(x

£E>0 i=1,....m

Szedmak (UoS)

)+ b>H

SVM with vector output

£E>0 i=1,....m

Maximum Margin Robot(MMR)

W : H, — H, |, linear operator

w.rt.|w:Hy — R|, normal vec. : , i
b e R| bias b € H, | translation(bias)

£ € R™ error vector

>1*§,‘
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One-class SVM interpretation
No bias

Let us reformulate the inner-product occurring in the constraints

o .
°© o L&~ Margin

($(yi), We(Xi) )y, °

= tr(y( v,)TW¢> )) °

= tr(Wo(x)e(yi)") ey ,./;)rigin
= < P(Yi) @ d(X /)}> LM, ’/ -

thus, we have a one-class SVM problem living in the tensor product
space of the output and the input.
(® denotes the tensor product)
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One-class SVM interpretation

One step further ...

One can extend the range of applications by using not only tensor

product but more general relationship between the output and input,
i.e.,

<w, lll(y,-,x,-)>HW, W Hy x Hy — Huy.

If dim(H ) > dim(H,) + dim(7,) then the support of the distribution
of one-class sample items is restricted on a manifold in H .

Szedmak (UoS) SVM with vector output Oxford 09/2009 20/75



Alternative linear functions of W

They are subversions of the general case, but they can better express
some kind of relationship between the input and output.

@ X;,y; matrices, W covers the operation of matrix product. It allows
to use sample items with different dimensionality.

@ X;,y; matrices of same size, W covers the operation of point-wise
product.

@ X;,y; are taken from an algebra with special properties, e.g.
Clifford, Jordan, W expresses the product operation of the algebra.
They can represent complex structures.
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Advantage of the tenzor product

@ The identity
(X;i @Y1, X; @Y) = (X, X)) (Y, ¥))
allows us

» to separate the input and output kernels,

» to work with vectors which may have infinite number of
components, they can be functions, e.g. probability densities,
generalized functions - Dirac ¢ -, etc..
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Dual problem

¢ ¥
K/ij K,I.l,
A

min 357 aicy (@(Xi), d(X))) (¥ (¥i). (Y))) — 74 ey

w.rt. aj €R,

st | (¢(Y)i =0, t=1,...,dim(Hy), | Only if bias is used
0<a;<C,i=1,...,m.

° n input kernel,

n,.j output kernel

@ The objective function is a symmetric function of the input and the
output.
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To get rid of occurrences of explicit labels ...

The explicit occurrences of the label vectors can be transformed into
implicit ones':

z&wulrf))ta,- — 0, t=1,....dim(H,),

Z£1n}fa,'=0,j=1,...,m

This transformation preserves the feasibility domain!

'Tijl De Bie, Private conversation
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Pred

No bias

iction

Szedmak (UoS)

The linear operator:

w

=31 ap(yi)o(xi)T

Prediction in the label space:

P(y)

= Wo(x)

=21 aip(yi) (%), (X))
—_—

K® (xi»x)
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Prediction when the labels are implicit
An approach

Assume the set of outcomes is known

y €)Y <« Setofthe possible outputs
y* = argmax, 5 %(y) We(x)
Kw(y»yi) Kd)(xivx)

A\

= argmaxy 5 X7 i (), 9 (y)) (@(x), $(x))

Finite gutcome
y €YV={y1,-.., ¥k}, K< 0

The best candidate for ) could be the training set!
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Learning convolution operator

input windows = output windows

0.5 100
a0
0 1]
=50
-0.5 -100
] 500 1000
Input Cutput
z0 100
10 50
0 I
-10 -a0
-z0 -100
o 200 400 GO0 0 00 1000
Convolution operator FPrediction
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Representation of multiclass output

@ Indicators, e.g.: 3 classes = {(1,0,0),(0,1,0),(0,0,1)},

@ Vectors pointing into the class centers,
Class centers can be means or medians,

@ Vertices of hyper-tetrahedron Vectors with unit length and with
minimum pair-wise correlation.

The experiments favour the hyper-tetrahedron, it is the most
“symmetric” structure.
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Vertices of hyper-tetrahedron
n-class case:
Consider the matrix V with elements:

1 ifi=j,
Vij={_1 /

=7 Otherwise.

The labels are rows of the matrix A which satisfies V = AAT.
One eigenvalue of V is zero, thus A has nrows but n— 1 columns only.

9 %

* www.wikipedia.org/wiki/tetrahedron
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Experiments

Multiclass classification

Test error rate (%)
SVM MMR
all one hyper-tetrahedron indicator

vs. all Normalized on
Name — item variable — item variable
abalone * 72.3 79.7 || 73.0 73.0 73.4 | 739 73.0 741
glass 304 308 || 27.3 27.6 29.2 | 26.4 29.0 29.0
optdigits * 38 27 2.0 1.6 3.3 2.1 1.9 3.3
page-blocks 3.4 3.4 4.4 3.4 3.7 45 3.6 3.3
satimage * 82 7.8 82 175 8.6 8.7 17.7 9.1
spectrometer || 42.8 53.7 || 99.5 37.5 539 | 996 384 53.3
yeast 41.0 403 || 41.6 406 40.3 | 426 41.6 40.9

Table: Test error rates (%). If the data set has dedicated training and test subsets,
marked with *, then the table shows the accuracy computed on the given test subset
otherwise the presented accuracies are averages computed via 5-fold cross-validation.
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From image to annotation

Images: 695, Words: 132

Method Properties Precision | Recall F1 Comp. Time(s)
KCCA  Linear, 10 factor 44.9(1.4) 36.4(1.5) | 40.2(1.3) 0.59
KCCA  Poly(2,0), 10 factor 43.2(2.5) 34.9(2.3) | 38.6(2.3) 0.59
KCCA  Gauss(0.8), 10 factor | 25.3(10.4) | 20.2(8.2) | 21.8(7.7) 0.58
MMR Linear, unnorm. 24.3(1.8) 32.1(3.2) | 27.6(2.2) 0.03
MMR Linear, norm. 45.7(1.1) 37.9(2.1) | 41.4(1.4) 0.39
MMR  Poly(5,0), norm. 51.1(1.8) 50.1(2.2) | 50.6(1.9) 0.18
MMR  Gauss(0.25), norm. 50.0(2.6) 49.4(1.6) | 49.7(1.4) 0.11

Random baseline 3.63

Table: Precision, Recall and F1 measures provided by the different methods
are in percentages and the computational times in seconds. () contains the

corresponding Standard Deviation. Properties show the types of the kernels,
the number of the factors considered in KCCA, and when the data vectors
were or were not normalised to the length of one. The time data is received

by MATLAB code on a Pentium machine of 2.2 GHz.
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Performance measures
Correctness of the path

o1 Zero-one loss
¢ Symmetric difference loss
P Precision
R Recall
F1 Combination of the Precision and Recall

2PR
=~ PrR
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Methods

SVM Flat SVM
H-SVM Node-wise SVM
H-RLS Hierarchical least square (Cesa-Bianchi)
H-M® — /o H-M3 trained on ¢ (Rousu)
H-M3 — I; H-M3 trained on subtree loss (Rousu)
MMR/;, Proposed method with linear input kernel
MMR,), Proposed method with polynomial kernel
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Enzyme EC-feature dataset

Enzyme: 5934, nodes: 1376+258

Enzyme-EC | 451  Fi
3-levels, 236 nodes

SVM 99.7 58.2
h-SVM 98.5 58.7
h-rls 956 53.3
h-m3 — I 95.7 63.3
h-m3 — I 85.5 534
5-levels, 1376+258 nodes
h-m® —poly | 142 917
MMR i 16.9 90.0
MMR 01 142 917

Table: Prediction losses ly/1 and /a, precision, recall and F1 values obtained
using different learning algorithms. All figures, except Ia, are given as
percentages. Precision and recall are computed in terms of totals of

microlabel predictions in the test set.
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Enzyme prediction with special kernels and methods
Enzymes: 3090, nodes: 493+5

@ Accuracies on test:

Nearess MMR MMR HM®  HM?3
neighbour linear poly-51 linear poly-51
F1 GTG 88.0 819 8934 90.2 89.6

Measure Kernels

0/1-loss GTG 24 1 36.3 21.4 23.3 21.6
@ Kernels are
GTG protein 3D structure,

@ Presented on
Machine Learning in Systems Biology (MLSB-2007) Evry, France,
[1], The full version published in BMC.
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Reformulation of the primal problem

The equality
(%(y), Wop(x))ys = (W, ¢(x)3(y) ")
and .
W=>"tp(yi)p(xi)"
k=1

give the constraints, where a the dual variable replaced with u to
distinct the primal.

Hw(yi,yk) K (X, X7)

Sy Uk (W(Yi), ¥(Yh)) (d(Xk), (X)) =1 =&, i=1,....m

C>uc>0, k=1,...,mg
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Reparametrization of the primal problem

Unbiased case

min 5 (W'W)g |+ C1'¢

Wit W Hy — Hy |

§ R,
s.t. | (ep(yi), Wep(x >H¢
£E>0,i=1,....m

>1—§,‘

flwau|+cre

£cR™,

Zr 1UTH/r ;f; >1-¢
£E>0,i=1,...,m

Ky = (i), Y(¥r)n,

R’ = (6%,

d(Xi))H,

H,
[KH,log = "@p&p
[KH¢]rs Fors”
Q= KHw ° KH4> orl

Similar reparametrization proposed by Mangasarian for the binary

SVM [4].
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One class form

@ Let G be a matrix such that
Gj = (W(xi, ))j = Ky K5 = (), (1)) (B(x), D))

’JJ’

and we have the base problem:

Primal Dual
H 1 2 i 1
min  s|uls+C1¢€ min 5;a/'GGa
wrt u, £ w.rt. aeR™
st. Gu>1-¢, st. 0<a<Ct
£>0
SVM with vector output Oxford 09/2009
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|IA consequence!

o All the information known about the data
incorporated into the matrix G

= similar to the kernel trick!
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|IA consequence!

o All the information known about the data
incorporated into the matrix G

= similar to the kernel trick!

o But what kind of matrices are the proper ones
to choose them as data descriptors?
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Properties of G

G is not restricted to be

Positive (Semi)Definite It can contain non-definite inner products, e.g.
Minkowski or Hyperbolic geometry,

Symmetric It can contain anti-symmetric inner products, i.e.
<av b> = 7<ba a)
Square matrix

The structures processed in a learning task might have very irregular
geometrical properties?®

@ they are not vectors of a Hilbert space, or
@ they can not be approximated by this kind of objects.

2See Pekalska (2005) [9]
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Extending the scope, other kind of regularizations

@ Let us change the regularization and the loss terms
min  1%Z(w) +.Z(&)

wrt. w
st. Gw>1-¢
£>

e

where Z(.) and .Z(.) might be |||, ||-l2, |-13, ||l and any
reasonable measures of regularisation.
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Examples for the matrix G

Similarity case: large values of G; mean high similarity
@ e.g. inner product®:

sY(yiy)) s%(X;,X))
Gjj = (¥(¥i), ¥(y))) (&(X;), p(Xi))

@ Using inverse distances, potential functions

1

T 0, 9y (50, 6 (x)

3Mangasarian (1998): Generalized SVM [4]
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Can we use distances or any dissimilarity measures?

Dissimilarity case: small values of Gj; mean high similarity
@ e.g. distances:

Gj = d(9(yi), (y;))d(P(x)), p(xi))

We need to change the regularization strategy!
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Predictions, a plausible approach

@ Conjecture that maximizing(minimizing) the margin gives the best

answer.
@ Assume that the set of the possible outputs is V.
@ Similarity case:

s (Y,Y¥k) 5% (Xk,X)

Y. = argmax 5 7% Wi ($(Y), 9 (Yk)) (B(Xk), $(X))

@ Dissimilarity case:

av(y.yi) d?(x;,x)

y. = argmin, 5 ST 0; d(3(y), (¥i)) d(B(X;), (X))

Szedmak (UoS) SVM with vector output Oxford 09/2009
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Alternatives

... just a starting collection

Type of Learning

Learning Algorithm 4 £ G g w

Classification] SVM %||w||§ €1l Gy = yi(o(x)); gi=1
LS-SVM 3 IWIZ (€115 Gj = yi((x)); gi=
LPBoost |[[w|ly [, [l1 Gj = yifi(x) gi=1w=>0
LP Machine |[[wil1 1€l Gj = yi(¢(x); gi=

Regression | Ridge Reg. |1[wl2 [I€]2 Gj = (x), 9i =Y
Lasso Iwlls €l5 Gy = (x); g9i=Yi

Structured | MMRoage [ 2IWIIZ (1€, 111 Gy = (#(x) ® ¥ (y1)); gi=1
MMRgim, 2IWIE 1€ 111 Gy = sy (¥ (xi), w()))sx(6(x1), $(X))) gi = 1
MMRgissim. | —IIWIl1 [[€_111 Gji = dy(¥(yi), ¥(¥;))dx((X;), d(x))) g =1

Table: Several different algorithms that can be described under our

framework for classification, regression and structured output learning.
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Let’s play!
The game
We are given
@ two players,
@ a payoff matrix G.

Player 1
-2(-110

Player2 | -1 0 |[1| =G
0 1 |2

@ Player 1 chooses a column index j and
@ Player 2 chooses a row index i then

@ Player 1 gains Gj and

@ Player 2 loses the same.

It is called: two players, zero-sum game.
See von Neumann (1928) [8].
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Let’s play!

Repeat the game

@ Players have to be unpredictable otherwise they can lose
@ They change their choice of indeces

The strategies:
Choose column or row with a certain probabilities.

@ Player 1 chooses j with probability a; and
@ Player 2 chooses i with probability g.

They are called mixed strategies.
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The learning game

@ Choose gj as yih;(xi)!

» g;j > 0if y; and h;(x;) agree in sign and
» gj < 0if y; and hj(x;) are distinct.

G is a real payoff for Player 1.
@ The expected payoff for Player 1 equals to

>_j GjProb(Player 1 = j, Player 2 = i)
=25 Gjad;,

since the player choices are independent by definition.

@ Player 1 tries to maximize, player 2 tries to minimize this value.
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Ly norm regularization, =-linear programming

The learning game

Players
Learner(1) Nature(2)
Strategies
Find the best weights Find the worst distribution,
for weak learners! the weights to the datal
maxy,, min,, Zij a;iGjw; = min, max, Z,-j aiGjw;

ijj:1, w;>0,j=1,...,n,
Yioi=1, ;>0 i=1,...,m
w Learner strategy
o Nature strategy

J. Neumann, 1928
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Learning scenarios, linear example

Learning similarity

G is payoff
/ AN
Learner Nature
! I
Primal Dual
min 1w+ C41'¢ max 1«
w.rt. w, &, w.rt o,
st. Gw>1-¢, st. Ga<1,
w>0 £>0. Ci1>a>0,
Dual Primal
T T
Nature Learner
AN /
Gis loss

Learning dissimilarity
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Boosting

Given
@ asample S ={y;, x;}, i=1,...,m, where
yi € {—1,1} are the labels that we are going to
predict,

X; € R™ are input vectors,
@ a set of so called weak learners
H={h:x—={-1,1}, j=1,...,n},
assume if h; € H then —h; € H.
Let h,’j = hj(Xi).
We are looking for a predictor, a decision function, as a convex
combination of the weak learners

)= _ahx), > a=1,a2>0,
j j

which can outperform the prediction capability of the weak learners.

See Schapire (2002) [10].
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Linear Programming Boosting

How to solve
The point of view of the learner, Player 1, is:

maxaming > _; 9;a;d;
s.t. >j8=1,82>0j=1,....m,
Zidi:1v a>0,i=1,...,n

It boils down into a primal, point of view of the learner, and a dual
problem, point view of the nature, where g; = y;h;(x;)

Primal Dual
MaXpa p ming g 3
m
s.t. Zj:1_ giigj = p, s.t. 2/21_ g;di < B,
i=1,....m, f=1,...,n,
Zja/:1,aj20, Zidi:1,di20.
Learner Nature
Szedmak (UoS) SVM with vector output Oxford 09/2009
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Handling missing views(values)

Views
Source spaces: Z4 Z5 Z3 Z4
I I I I
: . 1 2 3 4
Complete items: z z; z z]
(Training) : :
1 2 3 4
1zm :m zm fm
Incomplete items: z,  , 2z}, 3- ZTJr1
(Test) : 2' Zhni2 Zmi2
" Zngs : :
21 . 74
m+-4 m+4
. 22 Z .
m+5 m+5
.22 23 z
m-+6 m+6 m-+6
z! N .
m+7 m+7
. . L g4
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Multiview learning
Underlying problem

min  3|W|Z+CYT, &
w.rt. Wtensor € Z*, £ € R™,

st. (RzZ.WRzZ)F>1-¢,

SERyY reRx
SN—— N——
Outputs Inputs

51207 i:17"'7m7

& tenzor product
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Hilbert space as container of the features vectors

@ Let H4 and H, be Hilbert spaces of the square integrable
functions on X and ) respectively,

Juex fo(u)?du < oo, fy € Hy

fvey fl/,(V)de < 00, f¢ S Hw
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Inner product, tensor product

Inner product For to functions of the same space:

(f.g) = / e, 1.9,

and similarly in case of ) and H,.
Tensor product For to functions of the same space:

f(u)® g(v) = h(u, v) = f(u)g(v), u,v e X, f,g € Hy,

and we have the same for ) and H,,

Linear operator A
F=Wf = [, W(v,u)f(u)du
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Norms

1t =/ f(u)ldu, f € H,
uex

and similarly in case of Y and H,.
Lo
115 = / f(u)Pdu, f € H,
ueX
and similarly in case of ) and H,.
Operator norm

IW|3 = / W(u, v)2dval,
ueXx Jvex

Szedmak (UoS) SVM with vector output Oxford 09/2009

57/75



Building blocks of the optimization problem

@ Linear functional in the constraints reads as:

(V). WoXi))sy, = ey u(V) Juex WV, u)fy(u)duav
= Jvey Juex W(v, u)fs(u)fy(v)dudv
= <W, [(yi) © ¢(Xi)]>

HyQ@Hy

@ Semi-infinite primal but finite dual!

@ After fixing a basis in the space Hg = Hy ® Hgy, the space of W
will be isomorph to Hg, thus, relative to the subspace of Hg),
spanned by embedded sample items, the linear operator W can
be expressed as a linear combination:

W =>"5ilth(yi) @ d(x;)]

i=1
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Probability density functions, D C 'H

@ Non-negativity
fluy>0,feD,uecXx

@ The integral is equal to 1

Il = / wdu= / M

e Iff,g € Dthen f ® g is a two-variate joint density of those density
functions since:

/ueX /vex f(u)g(v)dvau =1
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Functional features, ¥ ¢ D Cc 'H

Framework

@ Let H, and H, be Hilbert space of the square integrable functions
on X and ) respectively, and the embedding of the input and
output are given by

o: X —>.7:¢(C D, C'H¢),
V1Y — Fy(C Dy C Hy),

@ The embedding follows the rules

¢(X) = f¢(.|X,@H¢), f¢ S f¢, f¢ X —- R
V(x) =1y(.ly,On,), fy € Fy, fy: Y = R

where we have for the parameters of the functions
» x and y corresponding to the vectors of the sample items, they
provide localization,
» Oy, and Oy, are fixed for all sample items. they give scale, or
“shape” to the functions.
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Functional features, a concrete case

A possible simple structure of the feature and label spaces

@ The sample item related parameters described by translations

P(x) = fs(.|x, On,) = fy(u— x|O,)
=T(x)fy(u), forallue X

b(x) = 1(ly,On,) = fy(v — y|On,)
=T(y)fp(v) forallve)y

@ Possible choices for the role of the parameters x and y:

» They can be expected values: E[fs(u — x|O, )] = x and
Elfy(v —yl®n,)]l =y,

» They can be medians, if there is no expected value,

» or give the maximums.
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Functional features
Example

@ Let X = R and the functions be chosen as Gaussian density
functions with fixed variance 2.

@ The input items x give the expected value to these functions
°

- C=x)? =)
<¢(Xl)7¢(xj)> = f_oo 217me 202 \/21?03 2.2 dt
= 1 e_ (Xi‘;);j)
V2ryv2o
gives a Gaussian kernel with width 402, and multiplied by a

constant.
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Prediction

Margin maximization

@ Margin maximization

y* = argmaxyyer) ¥(y) We(x)
YY) K2 (X;.X)

= arg Max y|y(y)er} Someq i (B(Y), YY) ((X:), p(X))
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Prediction

Probabilistic approach

@ The prediction is a mixture of the densities of the training outputs,
where the mixture weights computed on the dual variables and the
inner products of the corresponding inputs:

f(v—y*)

where

~ IWo(x)

Bi

1 ——f
=z 2 ai{d(X), p(X) (v — yi)

712/ 151(
Z_Z/ 15/

f(v — y*) may not be of F!
@ From label to the output; if E[f,(v — y)] = y forall y € ), thus the
prediction of the outputs can be derived in a simple form:

y*

Szedmak (UoS)
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Example: Gaussian Process

Sample of Gaussian process Estimation via regression
0

0 20 40 60 80 0 20 40 60 80
X coordinates X coordinates

A Gaussian process and its density estimation
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Normalization

@ Preprocessing

wyi) = P/l y)ll,
d(xi) = &(x)/lld(x)];

» It can happen within the optimization. (no additional cost!)
@ Kernels with implicit normalization, e.g. Gaussian,
(u,v) =exp (—d(u,v)), d() > 0.
@ Spherical embedding

¢: X — S C He, Sy : } Hyper-spheres
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Spherical embedding

@ Spherical embedding

Y8 CHy, Sy

¢ X — Sx CHgy, Sx: }Hyper spheres

@ Stereographic projection

® :p(x) — ¢'(x),
K, < (X)17¢I(X)>
oy 2RI
=R (1~ (PR )
_pe(1 2Pk -6
( (Ki+R?)(Kj+R?) )
R Ball radius.
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Effect of the normalization

o Effect of L2 normalization
Wandering support vectors

X
X — X X — ——
]|
A
~ Q\
. ~ ~
identity projection onto ball
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Solution
Quadratic Augmented Lagrangian Form

min 307 [Kyy) @ Ksmla —17a
AT Ko+ H42aTK] Ky <+ biased case

w.rt. o € R™ primal variables,
A € R™M Lagrangian variables,

s.t. ,<: Simple box constraint

Cap Augmented Lagrangian Penalty Parameter
. component-wise(Schur) product
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Solution schema

Outer loop

@ Fix the Lagrangian variables,
Inner loop

» Solve the problem above the box constraint,
» The update formula

af ! = Ppg (1~ (X, Kj)/Ki)

1
i=1,....,m

@ Update the Lagrangian,
@ Increase the penalty constant

If there is no bias only the inner loop has to be processed!!!
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Alternative solution approaches

@ Extragradient based methods for variational inequalities
» Korpelevich [3]
» Nesterov [7], [6]
» Nemirovski [5]

@ Cutting plane methods(e.g. column generation, decomposition)
» Joachims [2]

@ Active set methods
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Multiview learning

Additive case

We have {1(y);, (¢'(x]), 9*(x2),...)} several sources of inputs taken
out of distinct distributions.

min

w.r.t.

s.t.

Kernel:
[ ]

Szedmak (UoS)

L tr(WIW) |+ C1T¢

n—

Wy Hy — Hy |, linear op.

b € H,, translation(bias)
& € R™, error vector

(i), Yo Wk¢k(xf‘)+b>w >1-¢
£E>0i=1,....m

Ky o SR04 Ky,
element-wise product
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Multiview learning

Product case

min tr(W'W) |+ C17¢

N[—

wrt.  |W:H,©@HE — Hy | linear op.

b € H, |, translation(bias)
£ € R™ error vector

st (v W(e'(x)) 2 6208) +b) |>1-¢

P

€>0,i=1,...,m,

Kernel: K, oK, e K,q,
. element-wise product

Szedmak (UoS) SVM with vector output Oxford 09/2009 73/75



Epilogue

“Young man,

in mathematics you don’t understand things.
You just get used to them.”

John von Neumann, one of the greatest mathematician of the Twenty
Century.
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This is the End

Thanks!
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