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Abstract

We investigate the use of the L., cost function in geomet-
ric vision problems. This cost function measures the max-
imum of a set of model-fitting errors, rather than the sum-
of-squares, or Lo cost function that is commonly used (in
least-squares fitting). We investigate its use in two prob-
lems; multiview triangulation and motion recovery from
omnidirectional cameras, though the results may also apply
to other related problems. It is shown that for these prob-
lemsthe L, cost function is significantly simpler than the
Lo cost. Inparticular L, minimization involvesfinding the
minimum of a cost function with a single local (and hence
global) minimum on aconvex parameter domain. The prob-
lem may be recast as a constrained minimization problem
and solved using commonly available software. The op-
timal solution was reliably achieved on problems of small
dimension.

1 Thetriangulation problem

LetP;;i =1,...,n beasequenceof n known cameras, and
x; be the image of some unknown point X in 3-space, both
expressed in homogeneous coordinates. Thus, we write
x; = P;X. The problem of computing the point X given
the cameramatrices P; and the image points x; isknown as
the triangul ation problem.

In the absence of noise, the triangulation problem istriv-
ial, involving only finding the intersection point of raysin
space. When noiseis present, however, the rays correspond-
ing to back-projections of the image points do not intersect
in a common point, and obtaining the best estimate of the
point X is not always easy. The correct procedureisto find
the point X that projects most nearly to the image points
x;. Inthis context, the words “most nearly” are usualy in-
terpreted in aleast-squares sense. Thus, we are required to
find the point X that minimizes the cost function
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whered(-, -) represents the geometric distance between two

pointsin theimage.

This problem has been solved for the case of two views
in[2]. There, amethod is given involving the solution of a
sixth-degree polynomial. Unfortunately, this method is not
generalizable to more than two views.

Algebraic method A simple algebraic method exists for
solving this problem in the n-view case. Each equation
x; = P;X holdsonly up to an unknown scal e factor, and can
be written more precisely as k;x; = P;X. Thisequationis
linear in the unknown quantities k; and X = (X,Y,z,1)7.
One may write a complete set of equations as
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which can be solved up to scale by a linear algebraic
method. Though this method of triangulation may seem at-
tractive, the cost function that it is minimizing has no par-
ticular meaning, and the method is not reliable.

Mid-point method In the case of calibrated cameras, and
hence Euclidean triangulation, another aternativeisto find
the closest point in 3-space to the rays back-projected from
the image points. In the case of two views, this is the mid-
point of the common perpendicular to the two rays. This
method fails badly in the case where the rays are amost
parallel, corresponding to a point near infinity, sincein this
case, the computed point will be close to the point half-way
between the two camera centres.

As part of the task of reconstructing a scene from along
image sequence [5] we needed to triangulate about 800,000
points many from several frames. We experienced signif-
icant problems with triangulation, around 0.1% — 0.5% of
points or more giving completely wrong valuesfor the point
position, with resultant very large projection errors (100
pixels). This was enough to cause problems with recon-
struction.



2 Multiple minima

It was seen in [2] that even in the 2-view case there can be
multiple local minima of the geometric cost function. This
is because the solution involves the solution of a degree-6
polynomial, which may have as many as three maxima and
three minima.

We illustrate this for the n-view case and inquire into
its causes. We wish to find the way the value of the cost
function (1) varies as a function of X. Rather than plot this
function for al X, we plot a 1-dimensional cross-section,
parametrized by avariable t. Thus, we consider a variable
point X(t) = Xo + tdx moving along a straight line. The
cost function at “time” ¢ is given by
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where f;(¢) isthe error associated with the projection of the
point in the i-th image. For values of ¢ suchthat X () liesin
front of the camera, the form of the function f,(¢) may be
visualized as follows. Asthe 3D point movesaong the tra-
jectory X(t), itsimage point moves monotonically in acon-
stant direction (thought not with constant velocity) along a
straight line in the image. As ¢ varies, it will approach the
point x;, reach a unique point of closest approach, and then
recede again. At some point, thetrajectory will crossthe fo-
cal plane of the camera, and at this point, the imaged point
recedes to infinity. A straight-forward computation shows
that the squared-distance function f;(¢)? is of the form

a + bt + ct?
(d+ et)?

This distance function has a single minimum, when ¢ =
(bd — 2ae)/(be — 2¢d), and becomes infinite when ¢t =
—d/e.

Details of this computation follow. Let X (¢) = X +tA.
Then the projected point is

p! T (Xo +tA)/p?T (Xo +tA)
( p?T(Xg +tA)/p? T (Xg +tA) )

filt)? = ©)

where p’ T is the j-th row of the camera matrix P. This
expression is of the form

( (r 4 st)/(d + et) )
(u+vt)/(d+ et)

and the squared distance to areference point (z, y) isthen
T+ st 2 4 u + vt 2
— X — .
d+et d+et 4
Gathering terms over a common denominator results in an

expression of the form (3), as claimed.
Thefunctionis plotted in Fig 1.
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Figure 1: Plot of a one-dimensional slice of the projection
cost function (3). Thefunction plottedis ((t—1)2+1/4) /¢2.
Note that the function has a single minimumin this region of
the graph (representing the region in front of the camera),
but it is not convex.

Cheirality By cheirdity, we mean the consideration of
which pointsarein front of the camera. Obviously, sincethe
desired point X isvisiblein theimage, it must liein front of
the camera. Consideration of cheirality requires that cam-
eramatrices are known in an affine (or at least quasi-affine)
coordinate frame ([3]). For most of this paper, we consider
affine or Euclidean reconstruction, briefly considering pro-
jective triangulation in a later section. Given several cam-
eras, the region of space that liesin front of all the cameras
is clearly convex, since it is defined as the intersection of
a set of half-spaces bounded by the principal planes of the
cameras.

From the geometric intuition given above, each function
fi(t) must have a single minimum for pointsin front of the
camera. Thus, we make the following observationregarding
this cost function.

e For valuesof ¢ for which X(¢) liesin front of the cam-
era, f;(t) has a single minimum; however it is not a
convex function.

The total cost function for all imagesis 3, f;(t)%. If
each f; were convex, then we could conclude that their sum
would be convex, and hence have a single minimum; but
suchisnot thecase. Infact, thetotal cost function Y, f;(¢)?
may have several minima.

Thus, we have shown that the sum-of-squares cost func-
tion for triangul ation potentially has multiple minimaalong
any one-dimensional cross-section. Thisdoes not provethat
there is more than one minimum in the three-dimensional
convex domain of the variable point X, but it gives strong
evidence for multiple minima. Besides, the existence of
multiple minimawas shown in [2] for the two-view case. In
any case, the existence of multiple minima along straight-
linesin parameter space indicatesthe complexity of the cost
surface, and the difficulty in finding a global minimum by
iterative optimization methods, many of which proceed by
finding minimaalong suitably chosen search directions.



3 L, cost function

The tota cost function for triangulation may be
viewed as the Ls-norm of the vector f(X) =
(f1(X), f2(X), ..., fn(X)). Aswas shown in the previous
section, this cost function will not have a single minimum
as X varies, because each f;(X(t)) is not a convex function
of t. The key observation of this paper is that the L ., norm
of this vector will have a single minimum. This results
from the following result:

Theorem3.1. For eachi = 1,...,n, let f;(t) bea contin-
uous function on a closed interval I;, having a single mini-
mum on that interval. We assume that the intervals I, have
non-empty intersection N;Z;. Define the function f,.x(t)
on N;I; asthe maximum of the functions, namely

,fmax(t) = m?x fl (t) .
Then fimax(t) hasa single minimumon the interval N, 1;.

Proof. We use the result that a continuous function must
have a minimum on a closed interval. Suppose, contrary
to the conclusion of the theorem, that f,.x(t) has two lo-
cal minima, at valuest = a and ¢ = b, and suppose that
Sfmax(a) > fmax(b) and (without loss of generality) that
a < b. Since a isalocal minimum of f,,..(t), there exists
avalue ¢ between a and b such that fi,.x(c) > fimax(a).
Let f; be afunction such that f;(c) = fmax(c). Then we
see that fi(c) > fmax(a) > fi(a)' and fl(c) > fmax(a) >
fmax(b) > fi(b). The function f;(t) must therefore have
aminimum on each of the intervals [a, ¢) and (¢, b]. This
contradicts the assumption that f;(¢) has asingle minimum
ontheinterval [a, b].

This proposition implies that the function ||f(X)|| o has
a single minimum along any straight line in the domain of
X. Consequently, it must have a single minimum over the
whole domain. For, if two local minima exist at two sepa-
rate points, then they must also be local minima along the
line joining the two points. Since this can not occur, only
one minimum can exist. This givesthe following result.

Theorem 3.2. If f;(X) isthereprojection error d(z;,P;X),
then the L, norm ||f(X)||~ has a single minimum on the
region of spacelying in front of all the cameras. Thisregion
iS convex.

Since ||f(X)]| is a function with a single minimum de-
fined on a convex domain, it is a relatively easy optimiza-
tion problem, and we do not risk falling into a local mini-
mum. An unsophisticated method of finding the minimum
isto start at a random point in the allowable domain of X,
then search in a sequence of random directions until no fur-
ther improvement is possible. This method works reliably

(though somewhat slowly) for this simple problem of tri-
angulation, since the dimension of the parameter space is
small — X liesin a3-dimensional convex region.

The L, norm of avector is the maximum absolute value
of its entries, f;(X). These entries are image-space dis-
tances, and evaluating them reguires taking a square root.
This is unnecessary, since we may equally well find the
maximum of the values of f;(X)2. The value of f;(X)?
is given by (3), and does not require taking a square root.

Initialization.  Finding aninitial estimate for X isasim-
ple linear programming problem. The condition that the
point X liesin front of the camera P, is expressed by the
condition that P; X = (z;, s, w;) " with w; > 0, provided
that P, is normalized so that its left-hand 3 x 3 block has
positive determinant ([1, 3]). This is a simple linear in-
equality. Thecheirality conditionsfor all theviewsdefinesa
linear-programming problem; we may formulate some suit-
able goal function to optimize subject to these inequalities;
the precise goal functionis not too important, aslong aswe
find aninitial point in the region determined by the inequal -
ities.

Linesearch.  Finding the minimum of a function along
asingle line is easy if that function has a single minimum
in aknown interval. The minimum may be reliably located
using Fibonacci search ([4]). A more efficient way of find-
ing the minimum of the function max; f;(t) is mentioned
briefly in section 4.1.

4 Multiple-view reconstruction

The method of L., minimization can be used to good ef-
fect in solving somewhat more complex problems. We con-
sider the problem of multiple-view structure and motion.
For simplicity of exposition, we consider the case of cali-
brated omnidirectional cameras, though the method applies
equally well to standard projective cameras.

In our model of a calibrated omnidirectional camera,
each image point is represented by a unit vector, represent-
ing the direction from the camera centre to the imaged 3D
point. Thisvector isrepresented in the Euclidean coordinate
frame of the camera. In applying the method of L ., min-
imization to this problem, we assume that the rotations of
each of the cameras has been determined in advance. This
is not unrealistic. We have implemented ([5]) a method for
structure and motion computation for very long sequences
(up to 10,000 frames) in which the rotation matrix for each
camera is determined in a first step, leaving the positions
of the cameras and the points to be determined in a second

step.



The reconstruction problem may now be formalized as
follows. Consider a sequence of omnidirectional cameras
located at positionsC;;i = 1, ..., n, and several 3D points
X;;j = 1,...,m. We are given some of the unit vectors
xij = (X; — C;)/[|X; — Ci||. These represent the “im-
age vectors’ for each pair (i, j) where point j isvisible in
camera i. The available image vectors x;; are not known
exactly, but rather are subject to some noise disturbance.
Given the noisy image vectors x;;, the task is to determine
the location of the cameras C; and points X ;.

The problem is solvable only up to translation and scale.
This ambiguity may be resolved by requiring that the first
camera C, islocated at the origin, and that some point X ;
visiblein thefirst camerais at unit distance along the direc-
tionx,;. Thatis

(Xj—cl)-leZXj-le:]. . (4)

Cheirality condition. A cheirality condition applies to
this problem, namely that the image vector x;; must point
in the direction from the camera centre to the point. This
gives an inequality

(X; —Ci)-xi5 >0 ®)

for al (i, 5) for which x;; is given. This condition may be
used to determine an initial configuration for the problem
(more about this later).

We show now that the region in parameter space satis-
fying these inequalities is a convex region. The parameters
for this problem are the coordinates of all the camera cen-
tres and 3D points. Thus, a configuration is represented by
a parameter vector of dimension 3(m + n). The parame-
ter vectors that satisfy the conditions C; = (0,0,0)", the
scale-constraint (4) and the cheirality constraints (5) form
a convex set. This follows from the general result that a
region in Euclidean space defined by linear equalities and
inequalitiesis convex.

A cost function.  Given hypothesized positions C; and
X ; for the cameras and points, the error associated with a
given measurement x;; may reasonably be defined as the
angle 6;; between the two vectors x;; and (X; — C;). To
compute this angle would require an inverse trigonometric
function, however, whichwewishto avoid. Sincewearein-
terested in the maximum of al such errors, we may instead
consider any monotonically increasing function of this an-
gle. We choose tan?(6;;), which indeed increases mono-
tonically, as long as 6;; < /2, which will always be the
case when the cheirality conditions are satisfied. Writing
vi; = X; — C;, the cost of the measurement x;; is then
equal to

[[vi;]|% sin®(6;;)
[[vij || cos?(0:5)

(6)

(vij - xi5)?

= tan2 (HU) .

Since the values of the measured image vectors x;; are
known, both the numerator and denominator of this cost
function are quadratic functions of the coordinates of X ;
and C;.

A singleminimum.  We now show that the cost function

max tan® ()
2,7

has a single minimum in the whole convex parameter space
defined by the cheirality conditions. To this end, we show
that it has a single minimum along any one-dimensional
cross-section (line) in parameter space. Thus, let X ;(0)
and C;(0) beinitial parameter values and let §x, and dc,
define an incremental direction for the parameters. Define
X;(t) = X;(0) + tox, and C;(t) = C;(0) + toc,. The
direction from camera to point j at time ¢ isthen

X;(t) — Ci(?)
(X;(0) = C;(0)) + t(0x; — bc;)
vi;(0) + 545

vij(t) =

where §;; is defined by this relation. The angle 6;;(t) is
defined as the angle between x,; and v;;(¢). Finaly, we
define

tan®(6;(t))
[[xij % (v (0) 4 t045)|I?
(xij - (vij (0) + ti5))?

fij (t)

Expanding this expression yields a rational quadratic cost
function of the same form as (3), having a single minimum
for values of ¢ satisfying the cheirality conditions.

Thus, the minimization problem is very much the same
as for the triangulation problem. Along a one-dimensional
direction in space, the cost functionmax; ; f;;(t) hasasin-
gle minimum, and hence the L, cost function has a sin-
gle minimum in the allowable convex region of parameter
space.

There is an important difference, however, in that the
minimum value is not achieved at a single point in param-
eter space. Instead, some of the parameters may vary lo-
caly at the minimum without changing the minimax func-
tion value. Thisis because at a minimum, some of the con-
straints fi; < fminimax are " active” whereas others are not.
An active constraint is onein which equality holds. Param-
etersthat are not involved in the active constraints may vary
locally without changing the value of the L ., cost function.
We thank Bill Triggsfor clarifying this point.



4.1 Minimizing the cost function

In the triangulation problem, the parameter space is three-
dimensional, since we are searching for the best point in a
3-dimensional space. This small-dimensionality makes the
minimization problem relatively simple. Linear searches
along random directions will ultimately find the minimum,
though more intelligent methods of selecting search direc-
tions have been tried.

Finding the minimax of a set of functions along a line
— one-dimensiona search — may be achieved using sub-
division search, such as Fibonaci search. We have also
implemented an extremely efficient method of doing one-
dimensiona search, using a heap-based ordering of the
curves. This method appears to be logarithmic (or sub-
logarithmic) in complexity, with respect to the number of
curves. In one experiment, the minimax of 1, 000, 000 func-
tions required only about 1, 100, 000 curve intersections to
be computed.

Whereas in the case of triangulation, the parameter space
was only three-dimensional. for the multiple-view recon-
struction problem, it has dimension 3(m + n) — 4, taking
into account the equality constraints on the parameters. In
this case, the strategy of selecting random search directions
is not satisfactory, given the large dimension of the space.
A moreintelligent strategy for minimizing the cost function
is needed.

We tried several strategies for minimizing the L ., cost
function. As just mentioned, we implemented a very ef-
ficient strategy for determining the minimum value of the
cost function along a line search. The remaining problemis
to find a method for determining the best direction for each
subsequent line search. In the case of least-squares min-
imization problems, various strategies for determining the
line-search direction are currently used, such as conjugate
gradient methods, gradient descent, Levenberg-Marquardt.
All such strategies rely on determining the gradient, and
possibly the Hessian of the cost function at the current point.
These methods are not suitable for L ., minimization, sSim-
ply because the gradient of the cost at a given point is not
agood indicator for the behaviour of the cost function even
locally. Recall that the cost function for a parameter set
0 = {X;} U{C,} is of the form max; f;(#). The cost
function is non-differentiable at many points in the space
(in particular, when the two largest components of the cost
function f;, and f;, switch their order).

We implemented various methods for determining new
search directions. The genera strategy is to choose a di-
rection in which one can move the largest distance before
meeting the local minimum. These methods, which will not
be described here, were quite successful in the triangulation
problem, but less successful in the full reconstruction prob-
lem, because of the large dimension of the parameter space.

Eventually, the strategy that worked best wasto reformu-

late the minimization problem as a constrained minimiza-
tion problem. The L., optimization problem we are ad-
dressing isto find ming max; f;(6), where 6 is a parameter
set, and the f;(6) are certain well-behaved functions (with
a single minimum on the convex parameter domain). This
may be reformulated as

e Find the parameter value 6 that minimizes the value
of a supplementary variable & subject to constraints
fi(0) < k for all 4.

Thus, we add one extra parameter & and minimize (over
all choicesof 6 and k) the cost function & subject to all con-
straints f;(#) < k. Thisisaconstrained minimization prob-
lem with a linear cost function and non-linear constraints.
We used the program LOQO ([6]) to minimize this cost
function, starting from an initial feasible solution found us-
ing linear programming (also implemented using L OQO).
The results were very good, usually achieving results very
close to the minimum. Nevertheless, on large problems it
did not appear always to find the absolute minimum. The
iteration seemed to become constricted by coming hard up
against a large number of constraints. In addition, it was
alittle slow for large problems. To this point we have not
quantified the performance completely.

5 Projectivetriangulation

The algorithm for triangulation that was given previously
was valid in the case of affine reconstruction, in which the
plane at infinity in the world is known. With this assump-
tion, it was possible to determine when a point wasin front
of the cameras, and hence constrain the position of the point
X to aconvex region of 3D affine space. In a projectivere-
construction, we do not know where the plane at infinity
lies, and hence can not determine the region of space that
liesin front of al the cameras.

In the projective problem, we are given several (suppose
n) cameramatricesP; and the coordinatesof matching point
{x;}. Thegoal isto determinethe point X that most nearly
satisfies x; = P;X for al 7. Sofar, thisis the same problem
as the affine (or Euclidean) triangulation problem. Aswith
the affine problem, the point X should be chosen to be “in
front of” the cameras. In the affine context, it is clear what
this means. Let us examine the projective case, however.

Let m; represent the principal plane of the i-th camera—
that is the plane consisting of points that map to infinity in
the image. The n principa planes divide projective space
Pdinto M,, = (%) + (1) = (n® — 3n? + 8n)/6 regions.
If the point X lies on any of the principa planes 7 ;, then
it maps to a point at infinity in the corresponding image,

1This assumes that no four planes pass through a common point. Veri-
fication of this formulais eft to the reader.



and hence has infinite reprojection error with respect to any
finite image point. Thus, both the L, and L., costs of a
point X lying on one of the principal planes must be infi-
nite. Consequently, the cost function must have at least one
minimum in each of the regions. As we have shown, the
L, cost function must have just one minimum on a convex
region, and hence will have just M,, local minima. The L,
cost function may potentially have more than one minimum
in each region.

To find the minimum of the L ., cost function, it is neces-
sary to find the minimum in each of the M, regions. How-
ever, once it is known that some point X visible in all the
images lies in one of the regions delimited by the principal
planes, then any other point must lie in the same region, in
order to be in front of al the cameras. Thus, we are re-
duced to a search over a single convex region. We have not
implemented this approach to projective triangulation from
severa images.

The large number of local minimafor Lo or L, trian-
gulation show the dangers of approaching triangulation as
an unconstrained minimization problem; falling into alocal
minimais areal possibility. The approach suggested in this
paper involves constrained minimization, which in the case
of L., minimization leads to a unique minimum.

6 Prosand consof L fitting

An obviouscriticism of L, optimizationisthat it is highly
dependent on the presence of outliers. Infact, in asensewe
arefitting the outliers, and not the good data. This point of
view has some merit. However, it is undeniablethat outliers
are aso fatal to ordinary least-sgquares minimization. We
suggest this algorithm be used on data from which outliers
have been removed.

A simplistic schemeto outlier removal would beto carry
out an L., optimization, and if the residua error is too
great, then remove the offending measurements and con-
tinue. To date we have not addressed methods of outlier
removal in L. optimization.

L, optimization has other advantages beyond the ob-
vious one of having simpler cost functions. Generally we
have some idea of expected error bounds. For instance in
measuring point correspondences in images, we may ex-
pect accuracy within about one pixel. Being ableto find the
L, optimum gives a certain answer as to whether it is pos-
sible to fit the data to the model within the expected error
bounds. In the case of Lo minimization thereis always the
uncertainty that the data may be good, but we have fallen
into alocal minimum. If it is possible to fit the data with a
model, within stringent L ., bounds, then we have afair as-
surancethat either the answer is correct, or else the problem
istoo badly conditioned to alow for a stable solution.

7 Conclusions

Much was learnt from this investigation. The shape of the
cost functions in some important geometric vision prob-
lems was investigated, shedding light on why there may
be many local minima for Lo cost function, whereas L,
cost function has a simpler shape. In the problemswe have
considered, L., optimization comes down to minimizing a
cost function with a single minimum (local or global) on a
convex domain. In low-dimensional problems, such as tri-
angulation, this minimization task may be solved, reliably
achieving the (global) cost minimum. For high-dimension
problems, general purpose constrained minimization prob-
lems (such as LOQO) do well by finding a near optimum
solution. Given the general simple nature of the cost func-
tion and the convex parameter region, we feel that an opti-
mal solution should be possible, and we open this problem
up to other researchers.

In the course of thiswork we obtained afirm feeling that
constrained optimization has an important role in geomet-
ric computer vision, hereto untapped. Seemingly typical is
the situation with projective triangulation. If the point is
allowed to roam freely in 3D projective space, then there
arelarge numbers of local minima, either for L ., or L, cost
functions. However, by constraining the sought point to sat-
isfy the cheirality constraint in the course of the minimiza-
tion, the possible number of local minima is reduced very
greatly (to oneinthecase of L, cost function). Evenif the
initial point isin the correct region, many optimization pro-
cedures (such as Levenberg-Marquardt) may jump out of
the correct region due to their way of inferring global struc-
ture from local information about the cost surface. Much
more research needs to be done on constrained minimiza-
tion for vision problems.
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